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ABSTRACT. In order to analyze the role of axial carbon atoms in rotational barrier of ethane,
we take the carbonless ethane, as a model, which is made of six hydrogens in coordinates of
ethane. The energy of the system is calculated by McWeeny’'s open-shell restricted Hartree-Fock
selfconsistent-field (RHF-SCF) method, and the transition density on the staggered-to-eclipsed
rotation is examined. As being expected, the eclipsed form of the model is more stable than the
staggered one. Through the transition density comparison of this model and real ethane, it is
found that the existence of the axial carbon atoms induces the electronic density to be diluted in
the vicinity of protonic sites and to be attracted to the region of carbon atoms or further to C-C
bond region as the barrier is traversed. This migration of electronic charge tell us that the barrier
to the internal rotation of ethane originates from the fact that the magnitude of electronic energy
depression is not large encugh to offset the increased nuclear-nuclear repulsion on the staggered-
to-eclipsed rotation,

conformation to a more-crowded one, nuclear-
1. INTRODUCTION nuclear repulsion plus the electronic energy (in
When a molecule experiences a deformation the framework of non-relativistic Born-Oppen-

of the nuclear skeleton from a less-crowded heimer approximation) may increase or decrease
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depending on the negating effect of the elec-
tronic energy depression on the increased
nuclear-nuclear repulsion. In the case of ethane,
a typical organic molecule with internal rotat-
ion, the magnitude of electronic energy. depr-
ession is not large enough to offset the increa-
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Fig.1-1. The position of hydrogens in staggered

conformation.
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Fig.1-2. The position of hydrcgens in eclipsed ¢on-
formation.

sed nuclear-nuclear repulsion on staggered-to-
eclipsed conformational change. The electronic
energy change is, of course, originated from
an alternation of the electronic environment
around and between atomic nuclei of the mole-
cule. A closer observation shows that a part
of the electronic rearrangement contributes to
elevation of the energy and another part of
the rearrangement has the effect of energy
depression, although the net effect is the de-
pression. In terms of “origin of barrier”, what
we really mean is the origin of electronic por-
tion of the barrier, that is, a close profile of
the portion of electronic rearrangement having
energy-enhancing effect. In the previous work, !
through the transition density

analysis, that the electronic portion of the

it is found,

barrier of ethane is originated from the migra-
tion of the electronic charge from the general
vicinity of the moving hydrogen nuclei to
carbon located on the rotational axis as the
barrier is traversed.

The objective of the present work is to
justify the previous claim® (the role of carbon
atoms on the barrier), by showing the dis-
appearance of the electronic portion of barrier
by extracting carbon atoms away.

We take carbonless ethane, the imaginary
molecule of 6 hydrogens in the geometry of
ethane, as the model (see Fig.1). The restrict-
ed Hartree-Fock selfconsistent-field formalism
is employed for the energy calculation of
each conformation. We use the coordinates of
Pizer and Lipscomb,? and geometry optimiza-
tion is dismissed. The transition density analy-
sis is carried out in order to see explicitly the

role of axial carbon to the barrer.

2. McWEENY’S OPEN-SHELL RE-
STRICTED HARTREE-FOCK
SCFFORMALISM?~3
The space groups of staggered-and eclipsed-
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carbonless ethane conformations are Ds; and
Dy, respectively.

The configurations of these are (a);)%(az,)?
(e,)? and (ay)2(ay’')2(e')? respectively.

According to Hund’s rule, each lowest energy
state of these configuration is 3%,~, Let’s make
use of McWeeny’s open-shell RHF-SCF
formalism in order to determine the optimum
MO’s for each state.

The energy expression is

E=u[S(AIK|A)+$0 S ((ABIg| ABy—
{ABIg| BAY) 1+ SCUIRIU) +5v,3

(UVIg|UV)—<UVigl VU] +wy
[Z(AUlg| AU)—$(AULg|UAN]T ()

where A, B, ......:Closed shell orbitals ;
U, V,.c....Open  shell orbitals ;
vy ¢ Closed shell occupation number ;
vz ¢ Open shell occupation number.

According to Roothaan’s LCAO-MO SCF me-
thod, the molecular orbitals A, B, ...... s Uy Vi eee
...can be expressed as a linear combination of
basis functions i¢;} which is initially assumed

orthonormal,
(ABC--) = (¢162...) T @)
(UViin) = (@1 T (3)
where T=(CAiCgl-) 4)
T;={(Cyl|Cyl|-+) (5)

and the column vectors €4, Cg, ---or Cy, Cy,
are the expansion coefficients of A, B, ---or U,
V, ---respectively. And we define density ma-
trices for each shell

R,=T\Tt R,=T,T; (6)

The orthonormality conditions may be replaced
by equivalent condition on the density matrices
defined by eq. (6).

Thus
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Ri=R, Ri=R; RR,=0 (7

where the third expression describes the ortho-
gonality condition of the closed-and open-shell
MO’s.

From egs. (1) and (6), we obtain

E=vitrRy(h+ LG +vatrRy(h+2G) (8)

where electron interaction matrices G, Gy of
the two shells,
are given by

G1=G (W R) +G (Ry) (closed shell) (9)
sz_—' G (lqR]) +G (szz) (open shell) (10)

which are slightly different,

where G and ', expressed in terms of

coulomb and exchange matrices,
are

R =J(R)~LK(R) )
G (R)=J(R)-K(R) (12)

and the matrix elements of the one-electron
Hamiltonian A, J and X are given by ©®~12

h;j={$:|R1$;> (13
J(R);= ‘Zl;Rf§<¢f‘¢! igldibo 14
K(R);;= §Ru<¢z¢ﬁ [gigid;) (15)

By the variation method constrained to the
orthonormality condition eq. (7), we can derive
the orbital energy expression

RC=¢C (18)
in which the effective Hamiltonian? is

A=R) R, + Ry bRy + Ry (2h,—h) Ry
an

where R/ =1—R,; is defined as the projector
complementary to R; and each projection
operators Ry, Ry and Ry (=1—R,—~R,) corres-
ponds to the doubly, singly occupied and
empty MO’s.

If the basis set {¢;} is not orthonormal, then
eq. (16} is replaced by
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kC=¢SC (18)

The constraints eq. (7) become, in the non-

orthogonal case,

RISRI:RI, RzSRg‘:Rz, Rlst=0 (19)
Let's transform the non-orthogonal set {¢s}
into an orthogonal set {z} and, correspond-
ingly, ¢ into A=z 13
Now A% can be diagonalized by an orthogenal

transformation, and this will permit the cal-
culation of the coefficient matrix C.

¢=¢C=pVU=xU (20)
Substituting eq. (20) into eq. (18), we have

Ch$C=C*S9Ce @n
UrVHVU=U+V+S*VUe (22)
Tk so1
and then
UtheU=UUe=c¢ (23)

where ¢ is a diagonal matrix.

Lowdin showed that the unitary matrix V
V=812,
With this choice, one has Léwdin orthogonal-

may be chosen to be 8712 e

ization:

Diagonalization 8*88=D
where 8 is orthogonal matrix
2nd step: Rasing D to the —1/2 power
D12

Backtransformation

§-1/2=9 D172+

where the process from 2nd to 3rd step is based

1st step:

3rd step:

on the special properties of diagonal matrices,
according to which any operation on the dia-
gonal element is equivalent to the same operat-
ion on the whole matrix. Thus, if V=8"1/2,

then V¥§V =121

3. TRANSITION DENSITY AND COR-
RESPONDING ORBITALS

Rotational barrier for the change of x ta ¥

conformation is given by the IHF theorem! as
follows

AETHF={Q | H ,— H, |50, | >
=AEyn+ 4E, JHF

=JENN+IATJ(1)P3y(1)de (24)

where 4v(1) is the difference of the nuclear-
electron attraction potentials of the two con-
formations, dEyy is the difference of the nu-
clear-nuclear repulsion potentials, and p,,(1)
is the transition density defined by

p.ty (1) = Nj@x*d)jdfzdfg‘ "d’foI@z*@ydfl " -drN
(25)
(N; the number of electrons)

In the case of the carbonless ethane, the wave
functions @,, @, for the eclipsed (e) and stag-
gered (s) conformations are given by

.= (6!) "V det{a;, 4y, a3, 47, ¢}, €}

B,= (61) "V %det{ay,, d1g, a2y s Cuc €y}

(26)
27

where 4}, a5+-and @y, @5+, which are obta
ined by McWeeny’s open-shell RHF-SCF me-
thod, are listed in Table 1 and Table 2.
And the transition density is shown by

s (1) :6I¢f¢,d’32“ ‘dfsfj.¢?@‘d{-1 . .dfs
=¢(1)d™1g*(1) (28)

where ¢=(a;, @, 3,43, ¢}, €,) and ¢= (@rg: drg,
B2y, A2y Cusy €yy) and d7' is the inverse of the
overlap matrix d= {{¢;|¢,>}

The overlap matrix d is given in Table3 (for
simplicity we consider overlaps between spin
up wave functions).

The above matrix & is not diagonalized, but
if we use the corresponding orbitals which are
listed in Table 5,6 the overlap matrix D be-
tween the corresponding orbitals, f; and g3, is
diagonalized (see Table 4). Then the p, (1)
is given simply by

D =Zng (VA O Filgd™? @9
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where v;=v,=2, v3=y=1.

Eq. 29 tells us the corresponding orbitals are
useful to trace the change of the real charge
density and to analyze the contribution of each
molecular orbital to the barrier. !

If we use the cylindrical coordinates (z axis
is taken as ¢=0, see Fig.1), then we define
the effective transition density as

00 (rs &, 2) —poe(r, —¢+7/3, 2}
; ¢e stabilizing region
0 ; d¢ destabilizing region
if pu(r, @, 2) ~0:(r, —¢+7/3,2) 20 at
$=0.
0 ; ¢e stabilizing region

L?,,(r, &, 2) —ps.(r, —p+7/3, 2)

l ; ¢ destabilizing region

121

if 0,(r, ¢, 2) —po(r, —9+7/3,2)<0 at

6=0.
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Fig. 2. MO energy level for carbonless—ethane.

Table 1. Occupied SCF-MO of eclipsed carbonless—ethane,

a a; A &

1H-1s 0. 300790 —0.363523 0.641475 0.0
2H-1s 0. 300790 —{. 363523 —0. 320738 —{(. 555534
3H-1a 0. 300790 —0. 363523 —0. 320738 0. 555534

4H-1s 0. 300790 0. 363523 0. 641475 0.0
6H-1s 0. 300790 0. 363523 —0.320738 —0. 555534
8H-1s 0. 300790 0. 363523 —0.320738 0. 555534

Table 2, Occupied SCF~-MO of staggered carbonless-ethane.

37 a2, Cux fuy

1H-1s 0.301267 —0. 362687 0. 651001 0.0
2H-1s 0. 301267 —0. 362687 —0. 325500 —0. 563783
3H-1s 0.301267 ~0. 362687 —{. 325500 0. 563783
5H-1s 0. 301267 0. 362687 0. 325500 —0.563783

7H-1s 0. 301267 0. 362687 —0.651001 0.0
9H-1s 0.301267 0. 362687 0. 325500 0. 563783

Table 3. Overlap integrals between eclipsed and staggered-carbonless-ethane.

a1, an Cux Cuy

a 0. 956760 —~0. 050346 0.0 0.0

a; —0. 053985 0.937063 0.0 0.0

e 0.0 0.0 0. 795833 0.0
e, 0.0 0.0 0.0 0. 795854
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Table 4. Overlap integrals between the corresponding orbitals f and g.

A fz fa S
& 1.0 0.0 0.0 0.0
g2 0.0 0. 893826 0.0 0.0
g3 0.0 0.0 0. 795833 0.0
& 0.0 0.0 0.0 0. 795854
Tabie 5. Occupied corresponding MO of eclipsed carbontess-ethane.
g2 83 2]
1H-1s 0. 463480 —0. 088375 0.641475 0.0
2H-1s (. 463480 ~{. 088375 —(. 320738 —(. 555534
3H-1s 0. 463480 —0. 088375 ~0. 320738 0. 555534
4H-1s 0. 000051 0.471830 (.641475 0.0
6H-1s 0. 000051 (. 421830 —0.320738 —0. 555534
gH-1s 0. 000051 0.471830 —{0. 320738 0. 555534
Table"s. OccupiedTcorresponding MO of staggered carbonless—ethane.
fe Ss fa
1H-1s 0. 463482 ~0. 086536 0. 651001 0.0
2H-1s 0. 463482 —0. 086536 ~—0. 325500 —{0. 563783
3H-1s 0. 463482 —0. 086536 —0. 325500 0. 563783
5H~1s 0. 000045 0.471491 0. 325500 —0. 563783
7H-1s 0. 000045 0.471491 —{. 651001 0.0
9H-1s 0. 000045 0.471491 0. 325500 0. 563783
Table 7. Energy changes in internal rotation.
ET Ex( Eee Ed ENN ETolai
CoHg?
Staggered 79.07193 —267. 46447 67. 35617 —121. 03637 41.93239 —79.10393
Eclipsed 79. 08337 — 267 *49706 67. 37488 —121. 03881 41.63988 —79. 09893
A(E-S) 0. 01144 —0. 03259 0. 01871 —0. 00244 0. 00749 0. 00505
keal/mole 7.18 —20.46 11.74 —1.53 4.70 3.17
Hg
Staggered 2.63898 —12.92323 3.95845 —6. 32580 3.54643 —2.77937
Eclipsed 2.61038 —12.91832 3. 95168 —6. 35627 3.55392 —2.80235
4(E-S) -, 02860 0. 00491 —0. 00677 —0.03047 0. 00749 —0.02298
kcal/mole —17.95 3.08 —4.25 —19.13 4.70 —14.43

< Energies in atomic units; see Ref. 1; “Er: Kinetic energy; E,. Nuclear attraction energy; F.: Electron
repulsion energy; E.;: Electronic energy; Eyy: Nuclear repulsion.
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The effective transition density of the car-
bonless ethane is depicted in Figs. 3-1~3-10.
For comparison, the effective transition density
of the real ethane, obtained in the previous

work,! is presented in Figs. 4-1~4-10.

4. TRANSITION DENSITY ANALYSIS

The IHF perturbation energies of the real
ethane and the carbonless ethane is expressed
as follows

JEE, (staggered—eclipsed) =

[t de+ 28w 30)
AEL (staggered—eclipsed) =
jdvil) o (Ddry+A4Eyy (31)

It is evident that 4dENy and dv(1) are com-
mon to real ethane and the carbonless ethane.

ww=-(Z7)-(-%7)

> o (32)
p: eclipsed protons at the moving end; g¢:
staggered protons at the moving end.

AEyy (staggered—eclipsed) is always given
exactly if one knows the exact protonic arrange-
ments. Thus the total perturbation energies
of the ethane and the carbonless ethane can be
in terms of the electronic
which
in turn could be analyzed through the transition
densities, pZ™(1) and p%(1). And because of
rather large absolute valuse of 4v(1) in the

compared solely
perturbation energies, 4EG™ and 4E¥,

vicinity of the moving end protonic sites, the
trapsition density near the sites would be
In the vi-

cinity of the moving end protonic site the ef-

expected to play the crucial role.

fective transition density’ of the real ethane
appears in the Destabilizing-Region.

On the other hand, the effective transition
density of the carbonless ethane, in all planes
perpendicular to 2-axis,? is dominated in the
Stabilizing-Region. The fact is thus clearly
consistent with the large negative value of
4E},
ed from that the distances between hydrogen

—19. 13 kecal/mole, which can be expect-

atoms in hydrogen molecules of equilibrium

conformation. Namely, in the case of the
carbonless ethane, the magnitude of electronic
energy depression overwhelms the 4Eyy. But
on the staggered-to-eclipsed rotation, in the
the magnitude of electronic
energy depression is not large enough to offset

And

case of ethane,

the increased nuclear-nuclear repulsion.
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in the previous work,! the transition density
of fixed part, pf*(1), almost completely screen
the fixed end proton against the moving end
protons and the barrier is originated from the
destabilizing effect of p"(1). Analysis of tran-
sitton density (a superposition of the overlap
density) contours convinces us that, in the
carbonless ethane, the electronic charge in the
vicinity of the protonic site becomes concentr-
ated as the staggered-to-eclipsed
proceed.

On the other hand,

electronic charge in the vicinity of the pro-

rotation
in the real ethane,

tonic site is diluted and is attracted to carbon
nucleus as the the barrier traversed. Thus the
electronic charge rearrangement which renders
the destabilizing effect of p2" (1), as the
barrier is traversed, is caused by the existence
of axial atoms (carbon atoms). Due to the
axial atoms, the overlap (repulsive) interac-
tion between the opposing C-H bond orbitals
becomes a dominant term in the barrier.
This is analogous to the Closed-shell repulsion
between a pair of helium atoms.

5. CONCLUSION

From Fig. 3 and Fig. 4, we find that the
shift of the effective transition charge density
from the stabilizing-region to the destabilizing-
region, due to the existence of the axial atoms,
causes the decrease of the magnitude of the
electronic perturbation energy to such an extent
that the change of the nuclear-nuclear repul-
sion energy becomes the dominant portion of
the total perturbation energy.
that the
barrier of ethane is originated from the dilu-

Thus it is confirmatively found

tion of the electronic charge in the vicinity

Val. 26, No.3, 1982

of the protonic sites and from the electronic

charge attracting effect of axial carbons as
the barrier is traversed.
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