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AUTOMORPHISMS AND PROPER BASES IN SPACE OF ANALYTIC
FUNCTIONS OF SEVERAL COMPLEX VARIABLES REPRESENTED
EY DIRICHLET SERIES(*)

By J.K. Srivastava and Rajiv K. Srivastava

1. In this note for simplicity we are considering functions of only two vari-
ables, results can easily be extended to any finite number of variables. Let 62
be the cartesian product of ¢ with itself equipped with the wusual product
topology. Let

D= {(o,+ity, o,+it,) 1 0,<C,, 0,<C,, and —oo<t,, 1,<o0],
where C, and C, are arbitrarily chosen positive real numbers but fixed through-
out this note. Let
0Ly <Ay oo KA, Sore 00 3

0<pty pty oo <t Kovv—00 3

with
- logwme A4 logan
1.1 1i =0=1im —=".
1.1 mmT lim 4

Consider E to be the class of functions f : D—C represented by Dirichlet series
oo
(1.2 flsp 8)= X2 a,,,,,ez's‘” . G s)ED;
m,n=1 -

and the series (1.2) be convergent in D (on account of (1.1) the series (1.2)
will then be absolutely convergent). Equivalently, E isthe class of all functions
f for which the Dirichlet series (1.2) satisfy

logle,, | +4 C,+u C
(1-3) lim sup gl mn m 1 "L’i 2 <

m+ﬂ_’m klll+uﬂ

0.

In [4], we have studied some of the properties pertaining to the topological
structures of the linear space E by endowing it with different topologies, particu-
larly with respect to the locally convex topology & on E generated by the

family of seminorms {||+ ; o ; 6,l, 6, <C;, 0,<<C;} Where

(*) The research work of the first author has been supported by Senior Research Fellow-
ship award of C.S.LR., (Govt. of India) New Delhi and of second author by Research
Assistantship of S.C.S.T. (U.P.).
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(1.4) If 300 Goll= 3 a,,d =" 4,
i ﬂ—
) : ot Hes . . :
Let cr,.( '—>C; k——oo, i=1,2 and considering the invariant metric
® W)
o0 If=gzo, " 0,
(1.5) of. D=L E -
B=12b 1+ f-gi0,\", o

we have shown (see [4]) that (E, §) is a Fréchet space.

Let 7. (8p 32)=el"s‘+‘“"s’, nt, n=>1. We recall that a double sequence {a,,} is
said to be @ basis of the subspace E, of E if it is linearly independent and spans

Eg {0, 1s a basis of E. A double sequence (&, |CE which is also a basis

for a subspace Ej of E is said to be proper basis for E; if for all double se-

quences {g, ] of complex numbers ”"}_TL a,.0,, converges if and only if .;Z B

-’X”m converges.

Following characterization of proper bases has been obtained in [4] :

THEOREM 1.1. A basis {e, .} in a closed subspace Ey of E is proper if and

!
only if
logla,,, : oy, 0l —4,C,—1.Co

1.6 im s nn 1 1 o i
e l"m"‘g A +;1 <0, an
a.m lim {lim inf 103‘|[a' an * Op 0'9” R C -, C }

0y —C \nt+n—co )‘m'ﬂﬂ =

1~C1 5

02 o

Kamthan and Gautam [2] initiated the study of the spaces of analytic Dirichlet
functions. We intend to generalize their results to the case of analytic functions
of several complex variables represented by Dirichlet series.

In section 2, we study certain linear homeomorphisms in (Z, §) and charac-
terize linear homeomorphisms in terms of proper bases. In section 3, we study
continuous linear operators {rom (£, £) into itself and form (E, §) onto the
closed subspace (F, %) of (&, &). (& is stronger than £). The last section 4
is devoted to the study of simultaneous automorphisms in terms of proper bases.

2. Linear homeomorphisms

The main result of this section is the characterization of proper bases in terms
of linear homeomorphisms. We first prove the following lemma:
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LEMMA 2.1. Let T be a linear mapping of E into itself. Then T is contfinuous
on (E, §) if and only if for each 0,<C, and 0,<C, there correspond d,<C,
and §,<C, such that T is a continuous mapping from E(3,, 0,) into E(g,,0,).

PROOF. Let o,<C,, v,<C, be given. Then from the hypothesis we can find
0,<C,, d,<C, such that T maps continuously £(d, d,) into E(g,, o,). Let
f,—0 in §. Hence in particular an ;0 0,10, which implies that |[Tf,: 0,
5ll—0. Since ¢, <C, and ¢,<C, are arbitrary, we conclude that T is continuous.

Conversely, assume T be continuous on (E, §) but for ¢,<C, and ¢,<C,
there do not exist ¢,<C, and §,<C, such that T maps E(d,, J,) continuously
into E(¢;, 0,). Thus for every p we can find f; such that

e Y M o1
1f 5007 05 I<

and ITf,3 00 05l21.
Then
17,3 08, o

= W) (k)
k=12° 140f,3 07" a5 |

. LB (kY
_]_ sy 1 “ff"al 30-2 ||
Fepil ot (k) (&)
2H12° 141 fp3 015 037l
2
S

i.e., o(f, 0)—0 but T f,—=0in §, a contradiction.

THEOREM 2.1. Let [z

mn
continuous linear mapping T . E—E such that Té =« if and oniy if (1.6) holds.

} Be a double sequence in (E, £). Then there exisis a

PROOF. Let T be a continuous linear mapping with 7d,, =«a, and ¢,<C,
7,<C, be given. Then by Lemma 2.1 we can find ¢,<C;, ,<C, such that T
maps F(J,, §,) continuously into E(g;, 05), 1.e., there exists K such that

Haﬂm : g]_' Ug|i=|1T5,,m H 0’1, 0‘2”

<KI9,,,; 8, Tpll=Ke
Thus
Jim sup_ 281%ma * Tp Ooll = 4,C1 = 1,y
w4+ oo Rm'f"!_t”
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<lim sup log K +2,,(0,—C)+#,(95—C))
M+ n—s0 ")‘m +1u,

<max(0,—C;, d,—C,)<0.
Conversely, suppose (1.6) holds and ¢, <Cl and g,<C,. We can then find >0
such that
logler,,, : 01 0,l-%,C — 1. C,

lim su -8,
RS rzo—»cg Zm T L,
i.e. , we can find K, such that
@1 @ty 3 0y TA<K GO THE=D oy >,
Let f= )__,' Zonn J,.,SE. For n<e, owing to (1.3) we can find K, such that
m, n=1
@2 1@, | <K, FCHEMI-CAD) sy
From (2.1) and (2.2) we see thatil}:f Conn o 3 O .| is convergent, and hence
m,n=1
oo . r .
F!E 1“”"' «,, converges In £. We define
oo 00
TUI=TC 5 8,0 = 2 Oy,
w,n=1 tz l

Clearly T is well defined and is linear. AISO, in view of (2.1)
= ;-n i LA e
ITf s 0y oI <K 22 la,,,le KBS i~
=K f;Ci—&Cy—el,

i.e., T maps E(C,—¢, C,—¢) continuously into E(cy, 0,). Hence by Lemma 2.1
T maps continuously E into itself.

THEOREM 2.2. If T is a linear homeomorphism of (E, &) into itself, then
{Td,,) is a proper basis in some closed subspace E, of E. Conversely, if the
double sequence («,,} is a proper basis in some closed subspace Ey of E, then

there exists a linear homeomorphism T of E into Ey such that T 0,

n, n=>1.

m n*

PROOR. Let T be a linear homeomorphism of (&, £) into itself and E, be the
range of T. Clearly E;is a closed subspace. Let Td,, =a, . Suppose fEE,

mn

then T—leE and so T_lf: 2 a

n,n=1

for some sequence {a .} C€. By con-

mn mn m n
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tinuity of T it follows that f= Z‘ a

m, n=1
T and 77" are continuous, it easily follows that («

mn Cns w05 lee, .} spans Ej Since both

m+ 1S @ proper basis in E.

Conversely, let {a,,] be a proper basis for some closed subspace E; of E.
Then by Theorem 1.1 and Theorem 2.1 there exists a continuous linear mapping
of E into itself such that 7J__=ea, . From continuity and linearity of T we
can easily see that T is oneone mapping of E onto E; Now E, being a
closed subspace of E, is complete hence applying Open Mapping Theorem [1,

Theorem 2, p.57] we conclude that T is a homeomophism.
As an easy consequence of the above result, we get

COROLLARY 2.1. Let E| and E, be two closed subspaces of E. If |e,.| and
{Bnxl are, respectively, proper basis for E, and E., then there exists a lincar
homeomorphism T from E| onto E, such that T e, =8, . Conversely if T is
linear homeomor phic mapping of E, onto E, and |, ) isa proper basis for E,,
then Tc is @ proper basis for E..

}}lﬂ]
3. Certain continuous linear operators

Now we deal with two topological linear spaces, one is the space (E, &) and
the other is the space F as a subspace of E equipped with the topology &,
which is stronger than the relative topology induced on F by &, and with
respect to F , F is complete metrizable locally convex space. Naturally this
topology % can completely be determined by the sequence of seminorms. Let
{Ifl, »=1) be the required family of seminorms. Since % is stronger, implies
that for every ¢,<C,, ¢6,<C, we can find a constant £ (depending on oy, 7,)
and p=1 such that

B If s 01 0ol<KIfll, FEF.

In this section we construct certain continuous linear operators from E into
itself and from E into F.

THEOREM 3.1. Let (a,,} be a proper basis in E and {Pn) be a double
sequence which satisfies

IogIl¢ 2 Ty @ "—R.
3.2 1i mn ) s M
( ) ITRSUD ] e

1-“n2<0
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for every 5, <Cy, 0'2<C2 and if

= m_)_.:; 1'2””‘ e =E, then

(3.3) Bf= 10 O G

m, =1
dejines a continuous lincar operailor on E.

PROOF. Let f&E, then there exists a double sequence {z such that

ﬂlﬂ}

»n) 1S proper basis, e, .} will satisfy (1.3).

(=]
= @y Oy TROTEOVET since {a,
L, E=1
Now if we follow the proof of sufficiency part of Theorem 2.1, for every

7,<C,, 7,<C, we can easily find J,<C;, §,<C, and K, such that
(3.9 16, 2 0y GI<K = H% g p>1

S @y Oy is (@bsolutely) convergent in (&, §). Thus the mapping P is

and 37 @,
mu=]

well defined by (3.3) and is linear.

since {o

mnamn’ mn}

Letf= 37 la

oo
is a proper basis, therefore, g= 3~ @,,0,,
e, = iy

=1
exists in E. Moreover there exists a linear homeomorphism T (see Theorem 2. 1)
such that T_la'm'ch

and K, such that
(3.5) lg: 0y 8,1=IT7"F s 0, GAI<K,F 3 0/, 851,

Using (3.4) and (3.5) we get
IPf s 04 0,l<K|llg s 6 OI<K K, f:3d), 3l

. o=t p N : o
o t€, T~ f=g. Hence for d;, d, we can find 4y, d,

where K i and I!f2 are independent of f, hence P is continuous.

THEOREM 3.2. Let ). 9, and P be as defined in Theorem 3.1. Then P

S

is conlinuous operator of E info F if and only if {9,,)CF and

logld. Il =2 C,—pu.C
(3. 6) lim sup 08161y~ 2uCy = #,Cy <0, (p=>1).

m+n—co Zm +!l,,

Moreover the expansion (3.3) converges in (F, %) for every fEE.

PROOF. Fix an integer p, then from (3.6) it follows that there exist 7>0
and K, such that

@D l!gﬁm,,fl_,,ﬁKlez’{c‘—ﬂ)+""(c’_ﬂ). n, n=>1.
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Let f= Z’ am @, then {g .} will satisfy (1.3). Choose ¢ < then there exists

"=

K, such that

(3.8) la ]<K.331'(" ‘)lﬂg'(s_c’). m, n=>1.

nn
From (3.7) and (3.8) we get that }:' o B converges in 5. Hence the
mapping P from E into F is well defmed and is linear.
Let g= X2 Zunn O, Since {a, ] is proper basis, in view of Theorem 2.1 there
m, =

: ; : =] ,.
exists a linear homeomorphism T such that 79, =«, (or T "a, =3,.).

Therefore for C;—u, C,—n, we can find d,, d, and K3 such that
(3.9 g3 Cy—m Co—gll=IT"'F: C;—n, Co—1l
<Kjlf: dy dsll
Using (3.7) and (3.9), we get
”Pf” <K E ifz n(cl 1)+ 1(Ca—7)

ﬂ'zﬂ'
SKIK:J.f;@p dylls
i e., P is continuous.
On the other hand, let # be a continuous, then obviously (¢, JCF. We
fosl
2 B X,

note that if for {e,}), 37 e,
m,n=1

., converges, then a,,a,..—0 in (E. &),

hence by continuity e, ¢, should necessarily converge to 0 in (F, 5 ). Further

suppose (3.6) is not true for some p. We can find, for a sequence (#,} of real
numbers increasing to 0, subseguence of integers tm,) and {m,} such that

[l < ek GO+ (1t Ca)
nlg n; p—

We now define
—.‘hﬁl-», m=ny, w=n,
(l”m:‘l I?;:;,zf, §i
0, otherwise,
Then we see that

logla,,,|+2,Ci+u,C,

Iim su = <lm r,=0,
mvH:Hag Am'i'i-'-,, o F

|',=1 a contradiction.

<O
X T‘_‘é @y Oy, CODVerges but la, . o, 1,
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oo
In case when the functions f(s, sp)= 3 - Gt pelonging to F are
m, n=

bounded on D and the topology % is weaker than sup norm topology
Ifl.= sup |f(sp s)ls
£l ¢ ?('—_'D Fsps sy

s Sz
and if the condition (3.6) is replaced by a weaker condition (3.2) even then P
remains continuous. In this direction we prove:

THEOREM 3.3. Let F consist of bounded functions and the topology 5 be
weaker than that delermined by the sup norm fopology on F. If the functions ¢

belong to F and are uniformly continuwous on D, then P is continuous linear
mapping of E inio F.

mn

PROOF. For fEE and d, —co<d<0, we define
Pyf(spy s,)=Pf@+s;, 0+s,),
then
b b}
Pof(sp $9= X By, o 53)
where
g - "
D u(S1> 52)=0,,,(d+5), F+5,).
We note that if §EF and §(s;, s)= I ¢, gt
m,n=

g i i F+5)
If%,= sup 57 g, e OTTBES
|¢ i]s (s,.sg)pED m,n=1""

©0 ]
< sup X7 Icmn]el-(§+al)+#-(afﬂa)
0, <Cym,n=1
0:<C:
=llg; 6+Cy, 7+Cyll.
In view of the above observations and since the sup norm topology is stronger
than &, for each p, there exists K " such that

182 K B | K1 3 9+C 3+Cl
Using (3.2) we get

d
loglg) /I, ~2,C1~,C,
" 2 Sop.
e, O
Hence for each d, P; is continuous from £ into F. Further since IIPaﬂlpglIPfII .

for all §(—o0<d<0), therefore, P; is pointwise bounded. Moreover since ¢,
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are uniformly continuous on D, therefore,

“Pb‘almu = Pé‘ﬁmns
= (SUB_ a1 048 =y 10 5910

as 0—0. Thus P;—P on a total subset, applying Banach-Steinhaus Theorem [1,
Theorem 18, p.55], we see that P is continuous linear mapping of E into F.

4. Simultaneous automorphisms

We now consider two sequences {«,,} and {8,,} in £ for which the differ-
ence functions

4D Boun =By = Xy 1> N1,

belong to F and satisfy (3.6). Since the topology ¥ is stronger, for every
7,<C;, 0,<C, we can find p and K such that

42 If 3 03 0|<K|fl, FEF.
Using (3.6) and (4.2) we get (1.6) and hence there exists 7>>0 such that
(4.3) 1By 3 01 Ooll KK =CDHECD gy,

LEMMA 4.1.  Let (e, and (8,, be two sequences in E for which the
difference functions ¢, (m, n=1) belong to F and satisfy (3.6), then the sequence
(B satisfies (1. 6) if and only if {am} does.

PROOF. Suppose (e} satisfies (1.6) then for arbitrary ¢;<C; and ¢,<C,
there exist ¢ and K, such that

49 ety 3 03 Tl SEpe ™ CmPHE=D >,

Hence using (4.3) and (4.4) we get

| 2a(Ci— 1) +24(Com
;lﬁmn H t':"'_1, UgTISKle (Ci—m)+p(Ce—n)

+K‘zelmicl*-6}+#-(cz“d)’

e, lim sup logl 5, 5 Bye o/l =2,C,—,C

M+ n—co AT,

Zmax(—ad, —1n) <0
Since {a,,} and (8,,} are symmetrical in nature, they can be interchanged in
the above arguments. Hence the result.

In the above Lemma 4.1, we can not replace (1.6) by (1.7) because if we
consider E=F and
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A1t S
L]

"anm(sl’ 52):95”;?;(51: 52>=E‘ m, =1,

} does not satisfy (1.7). But corresponding to

then {a,,,} satisfies (1.7) but {8,,,

the above lemma, we have the following:

LEMMA 4.2, Let la, | and {8,,) be fwo sequences in E for which the func-

tions @, (m, n=>1), of (4.1) belong to F and satisfy
loglg, |l.—2 C.—p C
(4.5) sup {Iim e Punly w2 a2 }<0,
P>l Mt n—oo ﬂm—rlun

then the sequence (8,,,) satisfies (1.7) if and only if |« ) does.

PROOF. In view of (4.5) there exists 7>0 such that for every p
Ao(Cr— 1)+ 1t Co— 1)
(18,41, <e T
for sufficiently large m-+n. Hence by (4.2) for every ¢;, 0, we have

loglg,, ;s 0y, 05l =2,C1—1,C, < -7<0,

lim su
ffz-Hz—voc? Zm'i‘#n
or
(4. 6) B 3 T1s Ol g G, m+n=>N,.

Further, if [a,,} satisfies (1.7) we can find for 4, 0<d<» ¢, and o, close
enough to C, and C, respectively, such that
‘ I —0+C ) +p—d+C,
“@ e, , 3 0y Ol TIFONTRCICD N,
Hence from (4.6) and (4.7) we get
;Ls"m 505 0.2“283n(—5+c‘.)+#-(' 3+Cs)_37--(—1?+C|)+L¢n("7?+cz)

262-(H5+ Cl+u(—d+C.) il e(J—#)(R-+#-)] ] m-l—n}_max(NP NQ)»

loglB
it lim inf—o "=
i+ H—00 zm‘i*ﬂ“

P 0y 0-2‘1_’1":01_#36‘2 %

where g, 0, are sufficiently close to Cl. C, respectively. Hence (1.7) is satisfied
by {8,, and the proof is complete due to symmetry of {3, and (a,,l.

Combining Lemmas 4.1 and 4.2, we get

THEOREM 4.1. Lzt (a,,) and {8, be bases in E for which the functions

B (s #=1) of (4.1), belong to F and satisfy (4.5). Then (B, is proper if
and only if {«

Ll 15 Droper.
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By an automorphism on the topological linear space (%, £) we mean a linear
homeomorphic mapping of E onto itself. A simultaneous automorphism on E and
F is then a mapping T such that 7 is an automorphism on (E, §) and T/F (T
restricted to F) is an automorphism on (F, % ).

THEOREM 4.2. Let {a,,) cnd (B8,,} be proper bases in E and let T be the
endomorphism mapping e, ) onto {8,.). If the functions ¢, (m, n=>1), of

(4.1) belong to F and satisfy (3.6), then T is a simultancous automocrphism on
E and F.

PROOF. Let fEE and its expansion in the basis {a,,] be given by

f= 5 gy

m,n

Then

Tf: E {Zm" 'Sﬂm Z C‘1"7.‘«1}3 a}??fl+ Z amn ¢mn

m, n—=

Let P be as defined by (3.3) and I be the ldentlty mapping. We see that T=
I+P. Obviously 7 is a simultaneous automorphism on £ and F. In view of
Lemma 3.2, we see that P maps E into F continuously. Thus P also maps F
into itself continucusly and same is true for 7.

Now we show that T maps F onto itself. Let g&€F then g=Tf, for some
fEE.

—If=g—Pf, sin F

—>fEF, since I is a simultaneous automorphism on £ and F. By Open
Mapping Theorem [I, Theorem 2, p.57] it follows that T is a simultancous
automorphism.

COROLLARY 4.1. Let (e, } and (8, be bases in E for which the functions
Bpw (1. n=1) of (4.1) belong to F and satisfy (4.5). If one of the given bases
is proper, then both are proper and the endomorphism T mapping (o

(B, 75 @ simultancous automorphism on E and F.

r:m] oitto
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