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AUTOMORPHISMS AND PROPER BASES IN SP ACE OF ANALYTIC 

FUNCTIONS OF SEVERAL COl\fPLEX V ARIABLES REPRESENTED 

EY DlRICHLET SERIES(융) 

By J. K. Srivastava and Rajiv K. Srivastava 

1. In this note for simplicity we are considering functions of only tWQ vari-
。

ables. resul ts can easily be extended to any fini te number of variables. Let ~-

be the cartesian product of ~ with itself equipped with the usual product 

topology. Let 

D二 ((", + il1' "2+iI2) : ", < Cl' "2 <C2• and -∞<11' 12 <，∞]. 

wherc C, and Cz are arbitrarily chosen positive real numbers but fixed through. 

out this note. Let 

τvith 

( 1. 1) 

。〈신〈X2〈-- - 〈Am<-- --→∞ ; 

0<μ， <μ2<" ' <μ.<"'-→∞ ; 

lim 쁘웰'--=O=lim꾀얄. 
…--OCO Am '/--0。 μn 

Consider E to be the class of functions / : D→~ represented by DirichJet series 

∞ ‘ 

(1. 2) /(5,. 52)= ε ι'1111μ.$ t + I'.S2 ， (51' S2)EÐ. 
m.n=L 

and the series ( 1. 2) be convergent in D (on account 0아，f (1. 1) the s없e히n밍e않s ( 1. 2.잉 ) 

will then be a따bs∞o이이hωu따lπt야떠e리ly con'‘verge이nt). Equi“lva떠len따1πtly’ E is the class of all runctions 
/ for which the DirichJet series (1. 2) sat isfy 

logla’",, 1 +À ‘C ， +μ"Cz (1 . 3) lim sup 
’"+n→∞ λ시， +μ” 

ln [4]. we have studied some of the properties pertaining to the topologica l 

structures of the linear space E by endm .... ing it with different topologies, particu. 

larJy with respect to the locaJJy convex topology 강 on E generated by the 

famiJy of seminorms (11. : "1 : "211.", < C l' "z <C2) where 

e) The research 'work of the first au thor has been suppor ted by SCßtOr Research Fellow' 
ship award of C. S. 1. R.. (Govt. of lndia) Ne、，\' Delhi and of second author by Rcscarch 
Assistantship of S. C. S. T. (U. P. ). 
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(1 .4) 
∞ ‘ 

11 1; "1' "211 = ε a”l”CAι μ，.!!! 
’;~ . n= ~ 

Let ,, ( k ) .-et u; ' • Ci • k-→∞; ‘=1.2 and considering the invariant metric 

∞ 1 |1f-g : 0l(k), 6?(k〉 1 「
(1. 5) pCf. g)= E;- • l -

k=l 2k i f Jf-g : 6lke/, oz(k)ll ’ 

、ve have shown (see [4] ) that (E. 0 is a Fréchet space 

Let δ씨(sl' s2) =상·ι+μ.'.μ. 11는1. We recall that a double sequence {α”’1: } is 

said to be a basis 01 t"e subspace E o of E if it is linearl y indcpendent and spans 

E o' {δ….1 is a basis of E. A double sequencc {α’1m } CE which i5 also a basis 

for a subspace Eo of E is said to be proper bos;s lor E O if for all double sc. 

∞ ∞ 
qucnces {ai1m } of compIex numbers L .om1.겨’lln convergcs if and only if ε~ a’1111 

_. 0=1 >>’ .11=1 
tXnm COTI\-ergc5. 

Following characterization of proper bases has been obtained in (4J 

THEOREM 1. 1. A bos;s [α”“‘l μ， a closed sllbsþace E O 01 E is þToþer U au .l 

0111)' ,j 
( 1. 6) 

log llα’"，，; (J l ' Ci ?II-λ1C1-μ"C.， 
lim sup "‘” ι '" .L “ =-<0, and 
”’ + 11-∞ λ씨+μ. 

( 1. 7) 리
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Kamthan and Gautam [2] initiated the study of the spaces of analytic Dirichlet 

functions. We intend to generalize their results to the case of analyt ic functions 

of several complex: variables represented by Dirich1et scries. 

1n section 2. wc study certain linear homecmorphisms in (E. S) and charac. 
tcrize 1inear homeomorphisms in terms of proper bases. In scction 3. we sludy 
continuous linear operators from (E. f) into itself and form (E. n onto the 
closed subspace (F. Y) of (E. f). (Y is stronger than f). The last section 4 

is devoted to the study of simultaneous automorphisms in tcrms of proper bases. 

2. Linear homeornorphisms 

The main result of this section is the characterization of proper bases in tcrms 

of linear homeomorph isms. We first prove thc following lcmma: 
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LE:VIMA 2. 1. Lel T be a linear maþpillg of E ;1110 ilse!f. Thcll T is cOllli l1" OllS 

01l (E, D íf a /ld o/l ly 1I for each "1 < C1 alld "2<C2 Iilere corTcspolld δ1 <C1 
alld δz<C'}. sl~cl，‘ Ihal T is a cOlltim<OIIs mappillg fro r.. ECδl' δ，) i /l lo E((j l' "2) ' 

PROOF. Let σ1 <CI' (j2<C2 be given. Then from the hypothcsis we can find 

d‘ l<Cl' δ2<C2 such that T maps continuously Eω‘l' δ，) into E(,,1' ([2) ' Lct 

f"• o in f. Hence in particular 11지 ; δl' δ2 11→0， wh ich implics that I:Tf" ’ 이， 

" 211• O. Sincc ([1 <C1 and "2<C2 are arbitrary, wc conclude 니1at T is continuous. 

Conversely, assume T be continuous on (E, O but for ([1 < C1 and a,<C, 
thcrc do not exist 이<C1 and δ， <C， such tbat T maps E(δl' 써) continuously 

into E(" l' "2)' Thus [or cvcry p we can find fp such that 

and 

(p) 1T(Þ)Il<...L l!f p ; a; ’ 진 II~ P 
dTfp ; "1' "211는1. 

Then 
( k) _(k) 

II f p ; "r', ar' lI 
p(f‘’ 0)=g」I

P k=lZ l +1|4 ; u?, o상J .l 

Ck) Jk) + 울 ~~ fp ; O"ì"-', 0"2") il 
k~P+ 12R 1 +11감 ; oF, σ상)11 

<-;으-P+ l ’ 
1. e. , ρ(fp 0)• o but T μ→→o in ç, a contradiction. 

THEOREM 2. 1. Lel (a,."I be a dωble sequelκe in (E, ~). T Íl en tJzere exis/s a 

contiwlOl!S linear nzaρpitlg T : E • E such that Tδmn α'nm if and ollly σ ( 1. 6) holr!s. 

PROOF. Let T bc a continuous linear mapping with Tδmn-αmJI and vl<C1’ 
"2 <C2 be giveo. Theo by Lemma 2.1 we can find δI<CI' δ2 <C2 such that T 

maps E(힌， δ，) continuously into E(" l' "2)' i. e. , there exists K such that 

lI a ",u ; 171' 17211 = 11 To"," ; "1' 17,11 

? .. õ， +μ.if. 
<KIIδnm ’ δl' δ2 1 1 =Ke 
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hg K + 7."， (δ， -C，) +μ.(Ö2-C2) < lim 5Up ι 
"， +n--∞ }.111+μ” 

드max(δ，- C，. δ2-C2) <0. 

Conver5el;'. supp05e (1.6) holds and 17, <C1 and 172<C~， We can lhen !ïnd e> O 

suc: h that 

logllαmn ’ σl' 172 11-it끼C1 -μnC2 
lim sup 
m+tJ-‘。 ι，+μ~II 

i. e. • we can find K 1 5uch that 

J •• CC， -e) +μ .• (C,-,) 
(2.1)α'mn ; (J l' 0'2 11드K1e ‘ . 11Z. 1l는1. 

∞ 

Let f = ε"J .amn δm.EE. For η<e. owing to (1. 3) we can find K 2 such that 
m.n=l 

l.(-C1 +이+μ.( -C1+η) (2. 2) 117
m

• I 드K2 eA.\-"'IT'UT~\- "" l '.'i.I . 111 . 11늘1. 

∞ 

From (2. 1) and (2. 2) we see thatll.c .am,’ αmn ; a p <1211 is convcrgcnt. and hencc 
m, n=l 

∞ 

ε" a.’” α… converges in ~. vVe defi ne 
t ’.n=1 …… 

∞ ∞ 

T(f )= T ( .c amnð‘ mn)= ε ‘amll α”’，，' ’“, 11=‘ 1/l . 1I = 1 

Clearly T is well defined and is linear. AIso. in view of (2. 1) 

∞ J, .. CC， -E) +μ.(C，- ，) 
IITf; 171' 17211<K1 .c 씨'IIn le 

’'lI, n=J 

=K ,U; C1- e. C2- e ll . 

i. c . • T maps E(C1-e, C2-e) continuously into E ( I71' 172) , Hence by Lemma 2. 1 

T maps continuously E into itself. 

THEOREM 2.2. Jf T is a [j1lear lz17me17m17rph islll 17f ( E. n illt17 itself . theJl 

(Tõ’'111'} Ù a proper basis i’‘ some closed s’‘bspace EO 17f E. C17llverse{y. if t1ze 

d17uble seqlle1lce (am.J is a pr17per basis i1l s17me closed subsþace BO of E. theη 

there exlsts a Unear h011lcomorphism. T 01 E into EO such tllal T δ111"-α”‘n ' 

’!l, 112.1 

PROOF. Let T be a Iinear homeomorphism of (E. 0 into itself and EO bε the 

rangc 이‘ T. Clearly EO is a closed subspacc. Let Tδmn.-αmu ' Suppose / EEO 
∞ 

lhen T • ' f EE and 50 T - ‘ f = .c a’>111' ð‘”’IJ for some sequcncc {a’IIn} C~. By con 
tu. 1!=l 
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∞ 

t inuity of T it follows that f = ε .amn α’IIn ' i. e. ， αmn) spans E o' Sincc both 
’”’ n=l 

T and T- 1 are continuous, it casily follows that {αm .，) is a proper basis in E ú' 

Convcrsely, lct {αnu’) be a prφer basis for some closcd subspace E o of E. 

Then by Theorem 1. 1 and Theoref!) 2. 1 there exists a continuous Jinear mappinε 

of E into itsclf such that Tδnt1 =amn From cODtinuity and Iinearity of T wc 

can easil l' see that T is one-onc mapping of E onto Eo' Now Ec' bcing a 

closed subspace of E , is completc hence applying Opcn Mapping Theorem [1. 

Theorem 2, p.57] we conclude that T is a homeomophism. 

As an casy consequencc of the above result, wc get 

COROLLARY 2. 1. Let E 1 aηd E 2 be two c10sed s싸spaces 01 E . 11 {an,,) mld 

(ßmn } are. resþectively. proper basis for El and E 2' then there ezists a liJ lCf!'i 

hωlleo1ilorþhism T Irom E't on/o E ?, sltcli‘ that T α'mJ， =ßmn• C01ZveTsely 2/ T is 

lincaT homeol1lorphic mapp씨g of E 1 01110 E 2 alld {a",.) is a proper basis f or E I" 

/helZ (T a"’n) is a proper basis for E 2• 

3. Certain continnous linear opcrators 

N。‘v wc deal with ,wo tûpological linear spaces, one is thc spacc (E. n and 

the othcr is the space F as a subspace oÍ E equipped with the topologl' .'T, 

which Îs stronger than the reIativc topology induccd on F by S. and with 

respect to .'T, F is complete metrizablc 10caJly convex space. i\"aturally thi, 
topology .'T can completcly bo determined by thc sequence o[ scminonlls. Let 

{lf 1p" P는 1 ) be the required family of seminorms. Since ι9"'" is stronger, implies 

that for cverl' 111 < C1" 112< C2 wc can find a constant K (depcnding on 111" "2) 

and p르1 such that 

(3.1) II f; "1' 1121 1드Kllfllγ fEF 

In this section we construct certain continuous linear operators from E into 

itself and from E into F. 

T HEOREYI 3. 1. Let {a n’.) be a proper basis i" E alld {Ømn) be a do“ble 

sequeJlce tuhich satisfies 

[ 3.2) lim sup logll !h’"" ; 111" 
112 11 -ι，C1 -μ.C2 <α 

m+ n-o。 λm+μR 



256 

f ar euery 

J. K. Srivaslava atld Rajiv K. Srivaslaεa 

이 <C1• u2<C2 aJ’dif 

∞ 

f二 L; a_ .. ",_.EE. the’‘ .-mll- J1’ t 
m.’‘=‘ 

∞ 

(3.3) Pf= ε .amnøltltt 
m.n=l 

defilI2S a cOlltinuous lillear operator ou E . 

P:<OOF. Let fεE. then there exists a doublc scquencc {a’1m} such that 
∞ 

f= L .amn a mn• moreover siDce {amJ is proper basis. {anm } wi l1 sat isfy (1. 3). 
;’ n=! 

Now iJ we follow the proof of sufficiency part of Thcorem 2.1, for every 

U1<C I' UZ<C2 wc can easily fin d 이<C1 • 띤<C2 and K 1 such lhat 

(3.4) 119"", ; UI' u211드!(li.fi， +P.P'I. m, 1t~1 
∞ 

and L; ι’'/11' øn‘
" is (absolutely) convergent in (E, s). Thus the mapping P is 

:;!, I:= 1 

‘r’ dl dcfi ncd by (3.3) and is linear. 
∞ ∞ 

Letf= ε_ a…"a'mH:’ sinceαm:ff.} is a proper basis. thercforc. g = 주그 a.，，，，~_ δ’，UI 
”’ 11 = 1 η" '1=1 ‘ 

exists in E. Moreover there exists a linear homeomorphism T (see Theorem 2. 1) 
-1 

such that T-'"，，，‘"δmn’ i. e. , T - ' f = g. Hence for ð‘ l' δ2 wc can find δ1 ' δi 

an t1 ](2 such that 

(3.5) ,Ig; δl' 젠I= IIT 냥 , 이， δ)1드](21If ; δl/， δ2’ 11 
lis;ng (3.4) and (3. 5) we get 

.I Pf; U1' uzlI드K1 1Ig ; δ l' δ2 I1SK1](Z ll f ; ò'‘l ’, δ2’ 1 1 ， 

",herc ](1 ant1 I( 2 are independent o[ f , hcnce P is continuOUs. 

THEOREÌ\l 3.2. L et {a m,,}, 1껴끼’‘} alld P be as defilled in Theore i1l 3. 1. The/Z P 

. , ω씨α"OIlS oþerator of E i’zto F if alld only if {9’1m} ζF alld 

(3 6) lim sup log,19",.'lþ - Ám
C 1 - μnC2 <α (þ?' l). 

m+n‘∞ λ';1 +μ" 

j\lorcover tJze e.ψansioll (3.3) cOflverges ’" ( F’ ‘:T) for euery fEE. 

PROOF. Fix an integer P. then from (3. 6) it follows that thew eχ1St η>0 

a:1d K l such that 

(3. 7) II Ømn .l fr드K낭.(C1얘+μ.(C，-η) 111’ ”는1. 
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∞ 

Let f= 프fm까"… then [a"",) will 잃tisfy (1. 3). Choose 0: <η then there exis잉 

K ? such that 

(3. S) lamnl 드K2e2-(; Cl)÷P·(e c,). ”‘， IL는1. 

∞ 

From (3. 7) and (3. 8) 、，ve get that ~. c m.'1 9mn converges in Y. Hence the 
lI/ .n= l 

mapping P from E into F is wcll defincd and is linear. 
∞ 

Let g= ε-J a .. ’‘ δ...... Since {α， .. ,,} is proper basis. in vicw of Thcorem 2. 1 therc 
m.n=l .… …-

cxists a linear homeomorphism T such that Tδm，，=amu (or T lg”lt=δ1111’). 
Therefore for C1 -η C2-ηwe can find 이， δ2 and K3 such that 

(3.9) IIg: C, ηC2 η1l = 1lT lf ; Cl - η C2- 미l 
< K 311f: 0 1' δ2 11 • 

얘
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i. c.. P is continuous. 

On the othcr hand. let P be a continuous. then obviously I꺼끼，，1 ζF. 、Vc
∞ 

note lhat if for [a’””) 
, E FJ;,l αI1! I‘ convcrg'잉. thcn α111/1 αm:‘→o in (E.O. 

hence by continuity a"“‘ ι"" should ncccssarily convcrge to 0 in (F. Y). Further 

suppose (3. G) is not Lrue for somc p. We can find. for a scquence [ r찌 o[ real 

numbers incrcasing to α subsequencc of integers {l1i씨 and [nk) such lhat 

11까… 
\\'c now define 

i -
‘ F 

; -
n 

---… 「•n r 

’ 

• l 
l 

n 
u 

r 
」l 

l 
” a m= JJl 1., ’‘=n Ii! "-"k 

olher‘,vise. 

Then we see tl1at 

log la,ml →Àm C， +μn C2 lim sup /!I1I""} , .l ' If ..;; < Iim T þ=Q 
m+ n‘∞ λ끼+μn --'i":':~ 

" g 

∞ 

i. C. . ~ a
’111' α’lW converges but la끼끼) 91f:1t:

‘
j'p= l a conlradiclion 

끼 ~= l 
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In casc when the functions 1 (5 1' 52)= 울 !'"μÃ.써.'. belonging to F arc 
….n=O 

bounded on D and the topology .:r is weaker than SUp norm topology 

11/ .1.= SUp 1I(5 ,.5?) !, 
(s , . s닝)ED ‘ -

and if the condition (3.6) is rep[aced by a weakcr cond ition (3. 2) even then P 

remains continuous. 1n this direction we provc: 

THEOR8M 3.3. Lel F con5i5t 01 bOlmded 1;ι1lctions aμd Ihe lopology .:r be 

weaker than IIIa / deler11l…ed by the 5UP 110 "，η /opology on F. 11 /he lunct“10αon5 ø끼 

belong /0 F aω’nd are umfoY1Illy contiltUOμS 0" D, the.'1 P is continuolts !illear 

1Ilaþþi1tg 01 E inlo F. 

PJWOF. For IEE and δ ∞〈δ<α we dcfine 

PÕI (5" 52)=PI(.δ+s1' δ+52) ' 

then 
∞ , 

Paf(Sl, s2)=mgF”짜" (s (, s2) 

whcre 

얘"，(5" s2) =rþmn(δ+S1 ' δ+S2)' 
∞ ‘ 

We note that if tþEF and 1>(s(. -'2)= ε ‘ Cmneι.s ， + μ.'. 
，ι ， 11= 1 

|뼈|ψ때1>611ιμ/ .긴‘= s뼈u뼈P 1:풍은 cι“.……‘ 
.. (s ,. sl '5EÐ m, n= l … .. 

.. - ∞ 」ιÓH，) +μ.(0+ <1，)
드 sup ε-:; /C_.!e ‘ 

<1,<C, m. n=l …… 
u.<C1 

= 111> : δ+C1' δ +C211 . 

In vicw of the abovc observations and since the sup norm topology is stronger 

than .:r. for ea 이1 þ, thcre exists K p such that 

”쩌"lIþ드Kþll앓’‘ 11，드Kþll1>mn: δ +C1' δ + C2 11 . 
T;sing (3. 2) we get 

logll강， I!p -À"，C μ C 
1 m""l t'"n 2 <0, for þ:는1. 

III T n-∞ Á"‘+μn 

Hence for each δ. Pð is continuous from E into F. Further since II P6/1Iþ:S; II P/II, 
for aIl δ(-∞ 〈δ <0), therefore, Põ is pointwise bounded. Moreover since tPmn 
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are uniformly continuous on D. therefore. 

IIP.;Ò’II"-Pδ11111"5 
=, suP_ J 1'’”’(δ+51' δ+s，)-1'"，.(s l' s2) / • 0 

(S ， . s~)εD 

as δ→0， Thus P iI• P 00 a total sub3et, applying Banach-Steinhaus Theorcm [1. 

Theorem 18, p‘ 55J , we sce that P i3 con tinuous Iinear mapping of E into F, 

4. SimultaneollS automorphlsms 

We now consider two sequenees (α”’.) and (ß",,) in E for which the differ• 

ence funcnons 
(4.1) ømn=ßmn-a，끼 n' m. n르1. 

belong to F and satisfy (3, 6). Since the topalogy Y is stronger, for cvery 

0", < Cl' O"z<C" we can find p and K such that 

(4. 2) 11[: 0"1' 0"， 11드K llfllþ， fEF. 

Using (3.6) and (4.2) we get (1.6) and hence there exists η>Osuch that 

(4· 3) ||4” ; op O2” < K ie2-(C1-”)+Pi(c,-,), ?lZ· ”르1. 

LEMMA 4. 1. Let (αm，‘J and [ß’”’‘) be two sequences j 1l E for wlziclz tlze 

di[[erence [/llIctio1ls 1'm" (nz , n므1) belo1lg 10 F alld satisfy (3. 6), tιen the sefJ ue시ce 

Iβ….) satis[ies (1. 6) j[ and only i[ /a.’.) does. 

P ROOF. Suppose [α써 satisfies ( 1. 6) then for arbitrarl' 0", < C1 and 0"2<C2 
there exist δ and K , such that 

(4. 4)α'IIIn ; (J l' (] 2[[드K2e2-(ClJ)+μ，(Cra)， m! ,t= l. 

Hence using (4. 3) and (4. 4) we get 

l. e. , 

i .• (C‘ -η<)+μ.(CI-17) 
11βm“ : 0"1. 0"2 11드K1e 

)..(C‘一0+μ.(C1一 iI)+KoØ ‘.\ ..... y~ ， /"". \. .... t Y .1 

logllβ ; σ , 0,11- ÀmC，-μ C 
lim sup …Jf' '''l' V;:! 끼 , "". 2 드max( -δη)<α 
11I +n-∞ Â，πTμ” 

Since [am.J and [ß .. ,,) are symmctricaI in nature, they can be interchanged in 

the above arguments. Hence the result. 

In the above Lemma 4. 1, we can not replace ( 1. 6) by (1. 7) because if we 

consider E= F and 
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-aIJII1(sp S)= ifJ
lI‘

,, (s1' S2) =김"，SI+ It.S:， 1η.n는1. 

thcn {a’ .. 1 satisfies (1.7) but Iβ’""J does not satisÍy (1. 7) . But corresponding- to 

thc abovc Jemma 、，ve havc the following 

LEMMA 4. 2. Lel Iα”‘’， J and Iß",,,J òe Iwo seqιeuces {n E for wMcι the /t ηc. 

lions 껴111'" (끼 . " :2:0. of (4.1) òeloηg 10 F and salisfy 

f ‘ logl,Ø.",II. -끼.C，→μ.C2 1 
[ • 5) sup 1Iim inf _.". m ，， -~ '" 1. . " ~ ~ <α 

ρ;el l”t+a-。。 AIν ÷ μ’‘ j 

Ihen IJze sequence [βm"J salisfies (1.7) if and only Ij [α"，.J does. 

PROOP. In view of (4. 5) there cxists η，> 0 such tha t for cvery p 
) .• (C‘-끼+μ.(Ct η) 

IIØ.‘’‘IIp <e 
fcr sufficien tJy large 끼+n. Hencc by (4.2) for cvcry u , . u2 wc havc 

hgIØ.", ; u1' u2 1 ! - ，l."，c， -μnC2 
lim sup j =-<-η<α 
m+n--∞ 샤+μn 

01' 

(4. 6) |Pml ; Ol, o2lj 〈ex.(C「”) +μ‘(C1 -η)， m+n"는Nl' 

Further. if [α’“"J satisfics (1. 7) we can find for δ• o<ö<η. u, and u2 c10se 

enough to C, and C2 rcspectiveJy, such that 

ì..(-å+C1 ) +μ，(-δ+Cο (4.7) la"’11 ; up 0"211> e".\ ~'-"'IJT ，"""，\ - ~ T .... tJ m+ Il'2.N zo 

Hence from (4. 6) and (4. 7) we get 

11βm n : 0"1' 0"2 11는i.(-ò + c，l+μι- .:r +c~)_/.( -η+C1)+ lt.( -Tf+CI) 

Â.(-Ô+C,)+.“(-õ+C,) f 1 _(0-μ) (1..+μJ 、_e\~-""'j\r'. ' ，"".JJ. 1Jt + n는max(N，. N강 

1. e. , Jog II ß"",; u1' u2 11 -2’ ，Pl-μ’‘C2 lim inf ' j ." ~ > -δ， 
111+ "→∞ λ’，， +μ” 

",here u[' u2 are sufficien t ly close to C1, C2 respectiveJy. Hence (1. 7) is satisfied 

by [,5"",} and thc proof is complete due to symmetry of Iß",,,} and [αmnJ • 

Combining Lemmas 4. 1 and 4. 2, we get 

THEOREM 4. 1. Lel Iα’."J alld {ß’"1m} be bases t'll E f or wflich the ftmctious 

9/Jl 1‘ . (11l , 1!르1) of (4.1). belong 10 F and salisfy (4.5). Thell [ß’ •• J t's proper ,j 
and ollly if {a，’fπ} t's Pγoper. 
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ßy an automorphism on the topological linear space (E. 야 we mean a ] inear 

homeomorphic mapping of E onto itself. A simultaneous automorphism on E and 
F is then a mapping T such that T is an automorph ism on (E.O and T / F (T 

restricted to F) is an automorphism on (F. .5'’). 

THEOREM 4. 2. Lel [a’",,1 clld [ß",.l be proper bases in E alld lel T be Ihe 

elldomorþlu.s까 maþþillg (am’
1 01110 [ß",.l. If t1ze f'“tclio1ts ømn• (1J.ι t르1). of 

(4. 1) belollg 10 F and satisfy (3. 6) . then T is a Si1llultalleolls aulol1lorp1zùm 011 

E alld F 

PROOF. Let fEE and its expansion in the basis (α，써 be given by 

∞ 

f = ε ‘ amnam .... m. Il=l 

Then 
∞ ∞ ∞ 

Tf= ε a’ .... ß.., .. = ι a"， “ α’" ，， + ε a",., tþ", .. 
111 , >>. = 1 “” …… 111.11=1 …- … - ’'1I .n= 1 “… …” 

Let P bc as defined by (3.3) aod I be the ident ity mapping. We 똥e that T = 

I수P. Obviously I is a simultaoeous automorphism 0 0 E and F. In vie、、 of 

Lemma 3.2. we sec that P maps E into F continuousl)'. Thus P also maps F 
in lO itself continuously and same is true fo r T 

R。、，\' wc show that T maps F onto irself. Lel gEF lhcn g = Tf. for some 

fEE. 

~If=g-Pf. is in F 

~fεF. sincc 1 is a simulraneous aUlomorphism on E and F. ßy Open 

Mapping Theorem {l, Thcorem 2. p. 57] it [ollows that T is a si multancous 

aUlomorphism. 

CORO l.LARY 4. 1. Lel {amnl aκd [ßmnl be bases ill E fo r w1zicli‘ Ilze f unctiolts 

9"’n (m. 1121) of (4. 1) belollg 10 F alld salisfy (4.5). I f O/1e of the give’‘ bases 

is proper, tlZetl 60th are proper and thø elldomorþhism T maþpillg {α/II í’ 1 01110 

!β”‘“ is a simultaneous au.tom01ψhiS1Jl on E al1d F . 
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