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PROPERTIES OF RIEMANNIAN SPACE WITH PROJECTIVE 

CURVATURE TENSOR 

By M. D. Upadhyay and A. K. Agarwal 

O. Introduction 

Let us consider an ,,( ,,> 2) dimensional Riemannian space V. with Weyl prcr 

jective curvature tensor P~jk g뼈 as follows ([2], [4]) 

(0. 1) 되l*=R?lk-김늑)(δ챙'J까Rik) 
(0. 2) 되jk. J=O. 

Then V n is called thc projective sym까elric space. Where c. ) denotes the 
covariant differential. 

The space V n is called Projective recurrent or ProjecUve birecurreμ respec 
t ively if it satisfies [4J 

(0· 3) P Ck l=KIP아 . 
or 

ω. 4) P ?lk· lm= al”tP?lk 

where K J and a1m a re ca lIed veclor and leltsor 01 recltrreltce resp. Gupta [2J 

has shown tbat in a projective space ( .. > 2) tbe scalar curvature R is constant, 
that is 

(0.5) RI= 0 

50 that in an Einstein space, we have 

(0. 6) RILl = 0. 

smce Rjj=풍gtj" 
Contracting fo r " and k respectively in (0.1) , we get 

(0.7) P~ . =p • . =p • .,=O. ’Ja - ta, 
From (0,1), we also have 

(0. 8) P = g”p ‘ =τ뜬γ(R -」ζgu 0 - kijk {n-1 J \ hk tZ Ohkl 

Let v‘ be any arbitrary vector field satisfying [1] 
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h .. 11 . h. 
(0. 9) o" .， = c힌 +o" B， ’ 

then /, "Ïs 'caHcd cOlzcircltlar - vector f ie1d .. where Bf an생 C a re some scalar 
fields. 

1. Projectivc recurrent and birecurrcnt space 

Different iating (0: 3) cova riántly and using (0. 3) . I>i<! get 

(1 .1 ) a’llll = K m.n . K I1lK II' 

Let 

(1 . 2) Amn = amll - Cnm, 

which in view of (1. 1), yieIds 

( 1. 3) Amn =K，찌’ n-Kn. m' 

lt can be easily ver ified that a vcctor of recurrence is gradient then the 2nd 

order recurrent tensor is symmetric. 

THEOREM 1. 2. 11 the Projective rec1trre’zt space P 11 is afl E…slei1l space, then 

ß" (the veclor 01 recurre.η，ce이) t's C0 1Ja1’rta’”찌z“씨t“ly cons찌t“anl“ι tι . 
PROOF. Differentiating (0. 1) covariantly then using Bianchi identity and 

(0. 6), we get 

( l .4) PCkm+PLm， 1 +PL샤=0. 
Again differentiating (1.4) , cova r iantly a nd making USe of (0. 4) , we obtaiÌl 

( 1. 5) 

Let 

(1. 6) 

p~"~ + a ;.P~z. • • + a , .. P~. =0. mtL ijk T U jtr ik" ‘ μ 

amγ 빨g…-
From (1.5) and (1 . 6) . we h~ve 

( 1. 7) β껴야껴PK’”+&PL1=o. 
Compar ing (1 . 4) a nd (1.7) and in view of (0. 3) , we say that ßn“ 

is a vectoT 

01 reα(TrellCe. 

Differentiat ing ( 1. 7) and πith the help of (0. 3) and (1.7) , πe can get a 

relation as follows 

( 1. 8) 짜”p;k+찌. ”pt샤+마，，PLl=0. 
Contract비g for h and k or h and j in (1. 8) and usiÌlg (0. 7) , we find 

βr’”pμ=0. 
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SInce p;’.，낯0， thelefore gr ”= o. 
1 ι 1 ν d 

‘ - ‘- ‘ 
THEOREM 1. 3. ht a projective recurre.κ1 space let .Ilte veclor of recurrence be 

.a gradie1l1 tJzell ;1 is an EinsieiJt sþace. 

‘ PROOF. From (O. I) -and (0. 6) , we have 

(1 . 9) (Phijk,1’'11- Phijk , m) + (P jk1m, hj- P jk1m , ih) 꾸(P1mhi ， μ - PImhL kl) =o 

"Vlhere we ha、 e used the Ricci identity 50 that 

( 1. 10) (Rhijk,1’11 - Rhijk ,m) + (R jklm.hi- R jkl’'H, ’.) + (R'mhi , jk - R'mhi, kj) =0. 

F rom (0.4) , ( 1. 2) and (1 . 9), we obtain 

(1 .11) A' mP hijk + AhiP jk,.‘+ AjkP lmhi =0 

.since in a n Einstein space Phijk =Pjkhi' 

We give here a Jemma due 10 WaJker [101 as foJlows 

L E:>ü 1A 1. If aa,i alld ba are "u11tb.rs sa!‘sf yi1lg 

a .... =a 、 alld a . D b.+aa b.+a . ba=O aß v r I ußr 

.thell eitller all ha are zero or al! ûaß are zero. 

Therefore aJJ A ,,,,=O, beca use P.ijk"" O. l-1ence the theorem follov;s. 

THEOR EM 1.4. Jf the ProjecHve space V" bf:. . Ricci-recl‘γre.씨 m:d E t's :Iradient 

the1l K'치 is also g radien.t. 

PROOF. ln a Ricci-rccurrent space, we have [71 

( 1· l 2) Rtl l=Kr R·l· 

Let us assume that 
I Rg \ 

(1.13) l1 ij = ( Rij -갓폐 

From (1 .12) and (1.13), “ e get 

, (~. 씨 ‘ Rtl·l=Kr n ,l · 
1n vie、、 of (0.1) and (1.13), we have 

’‘h def .... h r..h 1 ( .. h..-r ",h..-r , .... " .,.h ,.;1 ", , 
(1· l5) DlJk = R:lk Pl1k=강각끼Olnlk녁.;Uij+ R (ðj gik -싸gij) ) J 

which in view of ( 1.12) and ( 1. 13), yieJds ‘ / 

(1. 16) DCk l=xr까jk 
Vsing (0. 4) , (1 . 2) , ( 1. 10) , (1.15) , (1 .16) andaJso thc fact t ha t K, is gri'die!1t , 
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、YC can obtai n 

(1.17) A‘ D .... + A’‘ D ... _. + A ‘ D,_I..";::::' O. lm~ hijk ' ~ ~ ih~ jklm ' ~~ jk~ 1m"" 

where Ar,= Krm K‘ 

‘ since Dhijk= D jkhi' thcn we have a ll A~n =O. becausc a l1 Dhijk are not zero ... 

Hence the theorem follows. 

2. Projective symmetric space 

THEOREM 2.1. 11, a projetive s)'m’”et7tc spaec (,t> 2) R;.j=o. 

PROOF. Let u떠5 con뼈e안r a tensor VLl, such that [9] 

(2 l ) Vh = Rh + Rk + R? + Rh = 0 
’jkl Hijk,l ' Hkil.i ‘ kj. ’ jli. k 

、，vh ich 00 contraction yields 

(2 잉 Vt~jkh=되1k h+ 4 , 1-Rlt k= o. 

Multiplying (2. 2) by g'1 an:l summing on i and j , we fi nd 

(2. 3) gl1v?lkh二2R;， 1 R-k 

From (0. 1) and (0. 2) , we get 

l δ~R δ~R .. 
(2. 4) t lk l=4장각「: 
Substituting (2. 4) in (2. 1) and con ~ract i ng the resul ting equation on 

" 
and l' 

and then multiplying by g" , we get 

(2.5) g" Vμ=한F(쩌 j-R .• ) , 

which in view of (2. 3) reduces to 

R . 
(2.6) 쩍，J 다즈- • 

Since in a projective symmetric space (,,> 2), wc bave R =constant, therefore 

the theorem follows. 

COROLLARY 1. 11, a pTojec!ive symmetric space 

(2.7) P ,j.*+Pl k,t + P ki,1=0, if 

(2. 8) R ij, k + R jk.i+ Rki, j=O is sali서fied. 

PROOF. From (0. 2) , we get [5] 
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( ~ Rghk \ 
(2.9) Phk =김::: 1 \ R hk - ----,;"-) 

(2. 9) , in vi ew of (2. 8) reduces to (2.7) . Hence the corollary follows. 

COROLLARY 2. 1[ 111_ projecli"e sy’1l1JZ이ric space (,,> 2) admils a co시ârcular 

veclor [ield , IIIen lile [ollowùlg γelatiolls hold. 

(2 1O)a CP/i jk + gkiT jl -gi7 kl 

(2.10)b 

a1ld 

(2. 10)C 

where 

(2.11)a 

atld 

(2.11)b 

01so 

=걷1) {CgjlPik -CgkIRij+앤k.t- V며ij.l} • 
( R /k - Rg/,) R~ 1 

CP1k + (l-1l )T kl =C ., 1 + Vi (., K.; , kl- V n - l -, Vj (11. - 1) ’ 

vlR" , 
T ji-Trsg ‘ = -CRij - 강적f 

T .. = D .B c-D jk-L'j~k L' j.k' 

Dl=C1-CBl 

Cl= C l 

PROOF. From (0. 9) , we can write 

(2. 12) vμ =Cgh! , vhB ,. 

Differentiating (2.12) covariantly and making use of (2. 10)-(2.12), we gct 

(2.13) v‘R~ij=D와l-Dlghl· 
From (0. 1) and (2. 13) , we obtain 

(2.14) v짜=Djg，; -D잭ji 강노(vkR꺼jRik) 
Differcntiating (2.14) covariant ly and taking account of (2. 11)-(2. 14) , we 

fi nd that 

CP1’
jk + gkiT jJ - gj;T kl -념하C(gμRik-gkIRij) +(νjRik. ， -vkRij 시} 

、‘’ bich on mult iplication with g'j and g'" yiclds (2. lO) b, c respecti\'cly. 
f 

THEORE.\'I 2.2. 111 a projecUve symmelric space (1l> 2) with a concircuJar vecfor 

field .. ’ we have 

(2.l5) zfzlipks.r=urusprs, k= o protltded tlle relatjon (2·9) holds-

id 
PROOF. Conlracting (2.IO)b by g" and using (0. 5) , (0.7) . wc obtain 
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(2. 16) CR 
Trsg' ~=갓=1' 

In vie~v of (2. 1Q)b, (2. 16) , we obt~in that Tη 18 symmetric w. r . t. i and j. 

Interchanging 1 and k in (2. 1O)b and then subtracting the resulting equation 

froln (2. 1O)b, where (2.7) is also uscd, yiclds 

(2. 17) V
1
Pjk.,=v

1
Pjl.k’ 

or Equivalently 

(2.18) ν1야 . p ,,_ ， = v J 야p jk, l - '" ... ... jl ,k. 

Transvecting (2.7) with v1 and putting j = s, 、ve -get

(2.19) v'p ‘ =- 2v'P ’ -R , S - - - 15， ι ’ 

from 、、rhich on multiplication by v’ and changing the dummy indìces, we get 

(2.20) V
Y 

V
S P __ . __ = _2v T 

V
S P ’ 

rll, S • R 

From (2. 18) and (2.20) , we obtain (2. 15). 

THEOREM 2.3. 11 the projective sy",,,,etric space is an Einstein space, we have 

(2.21)a Tjì=慧삼 
and 

(2.21)b eithιr C = O or P“ijk =O. 

PROOF:‘ From (0.5) , (0.6) , (2.10) and (2.16). we obtain (2.21)a. Substituting 

(0. 5). (0. 6) and (2.21)a in (2. 1O)a, we get (2. 21)b. 

3. Projective Veblen identity 

Let us define as follows 

(3. 1) h ~h ~h u ,'".=rc .-i- F':" ,+r" ,+p ijkl ~ ijk‘ l ' ~ kil , j '.L ikj , l , ... jli, k" 

From (0. p . (2.1) and (3.1) . 、‘rc g~t 

(3· 2) Uh = v h +←L← {δh(R" ,-R" J+δ‘(R R ,1) ijkl - , ijkl ' (η -1) <vj\.H ik .1 .J. ~lk.i 

+야(Rij， k - Rik. j) +야(R'k， j-R'j , k)] 

On contrac tion for h and 1 and in view of (2. 2) , we find 

(3. 3) u?짜 
Thus 

‘ r 
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h 
conformal Veblen identity [9], we call W*;jkl the ÞηjecUve Veble1t tellsor and 
equation (3. 5) projeclive Veble l! ide l!Uty. 

THEOREM 3.1. Projective Vebletl ‘'delltity in a Riematl1lia1t space alld thc 

Eillslei’11 space are 'identical. 

PROOF. Substituting (0. 6) in (3.2) , we get 

Uh" ,=Vh 
ijkl • ijkl 

(3.5) and (3. 6), we obtain 

g야h‘’”얀j 

-gjn…)‘V，μ씨l“j-gkm‘Vjμ끼l“‘ -gl“"'‘V’ijk - gimVlk j) = 0. 

1n a Riemannian space ordinary Veblcn identity is satisfied therefore (3, 하 

holds. Thus we have 

(3.6) 

From (3. 1) , 

(3.7) 

(3. 8) u3kt =o 
Hence the thcorem follows. 
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