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THE OPERATOR T k• q AND CHARACTERIZATION OF A CLASS OF' 

POLYNOMIALS BY THE GENERALIZED RODRIGUE’S FORMULA 

By C. M. Joshi and M. L. Prajapat 

1. Introduction 

。 d
Employing the operator x'D where D=경~ Chak [2J defined the generalized:i 

Laguerre polynomials by means 01 

다a)(x)=x-a- ’‘- l e상D)" (xa+1 e - ') 
” 

--( 

Later, Al.Salam [1J characterized these polynomials in terms 01 the operator 

e = x(1 + xD) and proved that 
x .. a + n - x .. 1 r(a) 6 x e = x e n! L,, (x) (1.2) 

Recently, Mittal [7J observed that relations (1.") and (1. 2) can , in lact, be 

derived from a more general operational representation. To this end he considered 

the operator T k=x(k十xD) ， k bcing constant and showed that the ]Jolynomial 

set (T~) (x) I n = O, 1, 2, ... } [6} where 

T않)(x) =솔x-a eþ~ (x) D (1. 3) 

PJx) is a polynomial in x 01 degree r, admit the relat ionship 

T(a 샤- 1) (χ)=감，. x • a • n eP~ (x) T:[xa e-Pμ (x) J 
νn ι ’ ‘ 

in terms of the operator T k 

The question, that attractcd our attention, was if thesc aforementioned char­

acterlzatlons could be unlfled- ThlS led us [5] to deflne the operator Tk q= xq(k+ 

xD) and the introduction 01 the polynomial set in the form 

M~:)(x， k , q) =놔'1 x- a - nq 강v(X)TZ qIxa e Pu(X) ] (1·5) 

where Pr., (x) is a polynomial in X of degree r and k and q are constant5. 

( 1. 4) 

In 50 far as the generality is concerncd. obviou5ly the definition is quite 

general. !ndeed, it pro、 ided a direct generalization of all the known generaliza­

tions of classica! Laguerre polynomials lor which one may refer to the work of 
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‘ Chattcr jea [3J and Singh 21ld Srivastava [9J. Yet the definit ioD is limited , since 

it is not possible to carry o\'cr a number of well knm.yn properties to the 

-gcncralized case. This limitation is. to a great extent, QverCome by introducing 

the polynom ial set [M ;a>cx, r , p, k , q) 1, 11 = 0 , 1, 2, "'}, 

M? )(x, r p, k, q) =콰 X -(X- lIq eÞX’ T; q(xae- pxr) (1. 6) 

.... where P. r , k and q a re constants and assume integral values. 
(u) 

For k= O, one 、‘ ould obtain the polynomial ,et I G~"'(x， r , p, q) 1, n=O, 1, 2, ... } 

.considered earlier by Srivastava and Singha l [ 1이 . It may be noted here that the 
(a ) 

polynomial set IG~U )(x ， r , P. q)} can r:Qt t e fa id to gh-e a direct ge r.era1izat ion 

of the classica l Herm ite or the gcnera lizcd Hermi te polYDúmials of Gould ar.d 

lIopper [4 }, since 

G:% 2, l, -야옥꽉 H. (x) , 

and 

G~a) (x， r , p, -1) =..i.펴나:(x， a , p). 
’‘ 

The quest ion , therefore. natura l1 y a r Îses if there does in fact exi st a unificd 

representation for the two cJasscs of ::ccmingly al ike polynomials. the Laguerre 

and I-Iermîte polynomials. Interestingly, the ans、‘ er is in the affirma tive and 

"will be presented in dctail in a subsequent com municat ion. 

2. Thc operator T k .
Q 

We [5} have dclï ned the opera tor T k., as 

T，.q르x' ( k - xD) “' herc D드숲 
Liiited belc、"; a rc ~'ome of the propcr tics that we sha l1 requirc in our investiga. 

'tiOilS ‘ 

T Z q(xa +m) = ql (ε판~)" .rα ~ 1II + nq ‘( 2.1) 

‘νhere as usua l (α). = a(α + 1) .. . (α 十 " - 1 ) . ,,> 1, (a )o= 1 

F (T /' . q) I xα f(x) ) = .<u F (T I .. , + x'α)f(x) (2. 2) 

F (T k. , ) le ' (') f(x ) ) = e'(") F lT k" + x'+ I g ’ ( .<)) f ( x ) (2. 3) 

” (Tι ) "('<11ν) =X L C )(T:-:' v) (T~' . κ ) (2.4) 
"‘ ~ O ’ “ ’ ‘ ’ 
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w here T l, q=rq(l + xD) 

1n pa rt icular , 

(T “ )' (tlv)=슴 (~，) (T~-~" ν) (T’끼 “ ) , T -=xFi D 
‘"‘=0 “ ’ 

(2. 5) 

(2. 6) ”ι，/ 1 --주-뉴::- 1 
，二 l (L - i ψ ‘ , J 

( l -x'qt ) , 

a 
x e'T •. • [xa f (x)J 

λFμ[따 tT •. J 앙 eÞX' =흙 팎Frl 

(2. 7) 
1 
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'Where (0λ) stands for the sequence of λ pa ramctcrs namely 01' o?' .. . 0λ with 

5imilar in terprctation for (bμ). 

1n par ticu la r 

4二얀그m 1:' r으소섣낀!!-. 으소k . ~q ，， 1 I 
m! l ~ - l L q ’ q ’. '1 ‘ 」

(2. 8) 

∞
 ε
 써
 

각
 

ι
 

f 

π
 렐

 
q 

「1 

니
 사
 

F 
O 

(2. 9) 

1n addition , note aIso tha t 

n;; l .... ~ 1. .. .... r I .'_'\ • _ • • 1 ~r(a) rr (ö + a + k- prxr + jq). 1= n! .\(u'(x , r , p, k, q) 
j = O 

1νhich can be put in an equi valcn t form 

(2, 10) 
(<<),.. _ _ J.. 1. ，，\_요: Pf/ 6 a ÷ k \ 

M'~- J(x. T. P. k, q) =--;zr eP" \ ~ Q ' " ')ne-P;<'. δ=xD， 

3 nd suggcsts the elegant operationa l rela tionship 

(2.11) x- !Iq T; qE(δ --ck)(δ+k+q) .. . Cδ +k+꾀q). 

The eXlllicit f orm 3 

It follows from ( 1. 6) and (2. l ) tha t 

M~U)(x， κ p, k. q)=좌 울:노앞Z“￡ (- 1) ’”기" ;t ) (얻캉±식 (3. 1) 
’II = U J=O J 、 • 

(3. 2) 

This can be put in the form 

” M?) (x, r , p, k, q) = 1r ePX (a) t y 
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∞ ( - !J'/ (a -l- n),l/ i Jj α f- k 
v'lhere y =첩 켜1'/ --(짜rx , -「-a，

웅= 1Jl, 11l being a p빠lνe mteger. 

Nmv. if 

"a. , f(α)=f(a+r)-f(α) 
80 that 

,,: J(a) =윤 ( _1)m • 1 깐) f(α+η) ， 
“ j=O J 

(3.3)' 

tf:1 
it becomes obvious that the inner series in (3. 1) can be expressed as the ηg 

difference of a poJynomiaJ of degree χ m α \vhich 、ranishes for m> n, 8uch that 

M?] (x, r , p, k, q)=환 ￡ 4二흙2rAZ-k r /요추석 (3.4) 
“ ’η =u …‘ \ “ '" 

This 8uggests on the one hand that M~alcx， r , p, k , q) is a poJyno 

1t in x". since one could 、，vnte

M;α)(x， r , p, k , q) =꽁 exp [- px' I!.a+k., l (감호)n (3. 5) 

(0) 
whereas in view of the definition and the formula (2. 5) lvI~V. j (x, r. P. k. q) cam 

be expressed as a polynomial of degree n in α in the form 

M(a ) (x. r, p, k , q) = 1; 좌(~J.γ M~안 m(X， r , P. k , q) 
m=O"‘ 、 닝 , '“ ” 

(3.6) 

4. The differentiaJ equation 

Assuming that f =m, a positive integer and er빼ying the operator T k" , 
possessing the property that 

x- q Tk q x”= (”+ k)x”, 

in Vlew of (3. 2), we obtain 

[x • qTk q -k] [몫(x-qTk q4) + a - m]m Y 

∞ (-p)l+1(a+%),n+m Xf1+7 
=r잠꺼(a)mj 

= - prx' [똥 (x-'Tk， q - k) +α+ηlm Y 

This shows that the poJynomials satisfy the differentiaJ cquation 
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[ (,,- q T k , q -k-pη') {몫(x qTk q- k)-pd÷ a-…}m 

+ prxr {F(x qTk q -k) -prxr +a+1t}” ] M ? )(x, r , p k q) = 0 (4 1) 

Or. siilce (2.11) holds. we have a lte rnatively 

[(μ(öδ-γprx'η)서(강꽁L δ-껴pψ”’m“‘dx;r +%a「”-”…싸‘，) , 1 ,,(a ) 
+ a +1l) m IM~-)(x. r. P. k. q)=O. (4.2) 

giving r ise to the product form 

[(δ Pπ’)EFP7xr+a+k 써q-q) 

~ / ~ ...... r ,_. , l.. , : _ _" l 'l (a ) + pr,,' rr (ö - prx' +a +k+1lq + jq -q) 1M‘ ( ". r . P. k. q) =0. (4 , 3) 

If.’ ho>'、"\vev、，v

assumes the form 

} = 1 J 

[(6 Prxr) El @ -mxr-a - k-7-”q ÷jq) 

+prx폐δ- prx' - a - k + jq싸?)(x， κ p， k， q)=O (4 . 4) 

5. Generating functions 

For the sa ke of brevity. if we assume that [(a).)) n and [ (bμ)] " stand for 
). u 

낌lμ(a)λn an찌d 낌l (@띠b까;\ respe야c야cti뼈 

￡울s j섣l삭L Mr〉시(x’ r . p. k. q) t n 

‘ n~O [ (aμ)]n 

þ X' -(l .... r(a, ) ; -q._ 1 a - !J 
=er

- x - ,F ..I ι x ’ tL .1 x- e ' 
'L(bμ) ; “ "J 

Therefore, by virtue of (2.7) , one obtains the generating rela tion 

울 [(al. )] n u (a) 「?「1r- Mt (x, r , p, k, q) t ” 
n~O [(bμ)J n 

, ∞ / • ‘ _r\" I α+k+ 1lr \ 
4二E조4- 「(a2) ， (------) 1 

n =O각.' -' - ).+lFμl \ q / ’ qt 1 (5. 1) 
(bμ) ; J 
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1n particular, for À=μ， aj=bj' j = 1, 2, ... , 2 (or μ) ， (5. 1) recluces to 

ξ。M ~a)(r， r, p, k, q) ," =(l -qO-(환) exp [써” 

.Next in (3. 1) , if we replace α by α.nq ， multiply both the sides by ," and sum 

for n> O. we obtain 

∞ (a-n.이 프:흐二~ ____ f ，，- J r ~ /0 , _ ， '~\ 1 ;딩 M~U-"V(r， r , p, k, q) ,' =( l+ql) q. exp ! pxr [ 1 - (l +Qt)τI J 

M ultiplication of this by x
a 

e -þzr and then operation by T~~q yields 

E흙;(，”mI”ψl 

(5. 3) 

(a야)πr :r _ •• _1 
.M~-' I '" . .,_..L, r , p, k , q I (5. 4) l(l+qt) -, ... ro . .• , J 

On the other hand , since 

ξ (mtn)M ;장(:r， r, p, k, q) 1" 
n=v 

- þX' lI(cr) 
=x e e Tk q[x e Mm [ x, r , p, k, q)l , 

òy an appeal to (2.6) , we get 

∞ 111 + n , 11 ,(a ) 、
음( ” )Mm+”(x, 7 , p. k, q) t 

(5.5) 

=(I- ql)-(빨)-m . exp[싸1 - (l -ql) 숭l] M?[;;손， κ p. k. q] 

(5. 6) 

"where. m =O, 1, 2. ‘ • • 

Interesting]y , for ’11 = 0, (5, 4) and (5.6) reduce to (5. 3) and (5. 2) respeclively. 

Again . by defi ni tion 

∞ 」효L .Aa) ， _ _ .. '- _'\ •• -a .. þxr r r _' cr+k _, -r 1 π • 검 /뜨±k} M ” (x, r , p, k, q)=x e f i t - , -J- ,tTk q x e ’ (5. 7) 
、 q " 

Hence by making U5e of (2. 8) , it sim plifies to 

∞ 」L- (a) pr+qt ∞ 4二핀t 「 ?”r a -k 1 
힘탤r. M~ “. r , ρ， k, q)=e ε。 ;，，! ,F ,l - q-: _. -q-; -ql J 

7 
개fe al se notice from (2. 8) that if -:;-=5, 5 is a positive integer , thcn q 

(5. 8) 
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_1 α+k I a ←δ 
oF ,l- ; -=-q• ; IT. η」 fc y 

(_ a 냐 + ηQ \ -
(, • .Q""ì~' r ll\ S. • '-=- 1; l a 0으 (x' qIF _ , 、 Q ) ’ , I 

= x L' •• MI •• 0 1'‘ - þx 
1: = 0 “ “ LL(5 감카 」

(5.9) 

whcrc 1:!.C5 , α) stands for the sct of s parameters 

a a+l a + S - 1 
S ’ 8 5 

Thi s on comparison with (5.7) yiclds another form of thc explicit formula 

( a + k \ (_ a + k + no \ 
q l ~τ- L rιI 5. -"--'-'二二=. ) ; 기 

nz?)(x, y , ρ， k ， q)=-' -'칸~/γsFs / 1 ’ q ‘ /’ þx' I 
“ I / α+k \ 1 

Lι5， • q"- ) ; J 

Ncxt, by making an appcal 10 (2.10). we obtain 

( C \ 

옳 다월추 Mr)(x, 7 P k q) t” 
\ q / n 

(5.10) 、

=tr (l-qt) -숭옳노쁨Z2FI[ t- , 숭 ， 풍k 앞T 1 (5.11) 

cr+ k 1f we put À =μ=1 ， al =~ and l =~ then (5.1) also leads us to (5. 11) 

6. SOIDe applications of generating functions 

Observe tha t the generating relations (5. 2) and (5. 3) on comparison, y ield1 

the recursÎon formula 

J한)(x， 7 , ?, k, - q) = M;a %)(x, r , p, k, q) + qMZ”q+q)(x, r , p, k,q) (6 1) 

T\vo other immediate consequences of (5.2) are 

DM? )(x, 7, p, k, q) = prxr l[M?)(x, 7, p, k, q)-Mr+f)(x r p,@, q)] 

and 

(a + k q)Mr+k] (x, r , p. k, q) =P7XrM?+k十자 r, þ , k , q) 

(6.2) 

+ (n + 1) M::~이 (x, r , p , k, q) (6.3) 

Further, in view of the generating rela tion (5.2) , wc rcadily establish the 
follow ing mult ipIication • . addition and the summation formulas 
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(a) (a ) ÷ 
M~~/ (X. r , ’lIþ, k, q)= 114~~'(m ' x, r, þ, k, q) (6.4) 

(εa’，) .. "' 
lVI•ιη， -“’ Lμ， rκ’ ￡윤은 fι~ 1Jl싸z 

‘ s=1 .J z l+ ." ~ i. = n J = I ’ J 

(듀 a，)「 / m 、 上 m ‘ ’ 4 
M.μri;=;i [n[g x세's) r ’, rκ. P. 1u새! 

(Gα’ 6) 

a nd 

( a-β \ 

Mr)(x, r. p, k, q)=흙。-*섣앙 qm lVI월 (ι r, þ , k , q) (6. 7) 

Note a lso frorn definit ion that 

T Z‘ q [e- pr xa+”q M?)( x, r , p, k. q)] 

=끽쉰2J... xa꾀후n q e -þx’M잎!(x， r , p, k, q) 

Therefore by an appeal to (2.2) a nd (2.3) . one obtains 
(a ) 、

[Tkq÷(a+nq) xq-prx ] Mn (x. 7, p, k, q) 

=낀펀Lxmq M X ” (x, r , p, *, q) 

From m= l . it recluces to 

[xD +α÷k+M-P7Xrl M?)(x. r， p， k，까(써)M:섭 (x， r， þ.k. q) 

(G. 8) 

(6.9) 

(6. 10) 

Obviously , c1 imination of DM~")(x. r. Þ. k. q) betwcen (6. 2) a nd (6.10) would 

!ead to the recurrence rc1ation 

(，서 l) M앞1 (x , r , p, k, q) = (α+k+찌M';:)(x. r. p, k. q) 

(a+r) 
-prx' 114~~ T " (x.r.p.k.q) (6 , 11 ) 

7. Bilateral and biline껴r gcnerating function 

THEOREM. Jf 1Ue assltme 

F [x.t J =울 a. lVI ;")Cx. r. p, k. q) /'. a. ,",O are arbi/rary σ. 1) 
n=u 

COllstallts . then 

(l -qO-(쁨) exp머니l- (1 -qi) 숭 J 1F r-스「-， 」L1 (7· 2) 
• - (l -qi), l-qt 
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∞ 〈이 = g M. (x, r , p, k, q) b., (y) t ” 
n=O 

~Dhere. 
• 

b.cy)늑￡ am (L )(y)· (7.3) 

To prove (7.2) . replace t by Ix'y. mul tiply both the sides by xa e -þ,' and then 
tT~_ ~ 

''Operate by e' ’ . By a simple change of variable and in \' iew of the formulas 

(2. 6) and (6. 8) . the bilaleral gencrating relation (7.2) is established. 

As an application of the above theorem we demonstratc how the \vcIl -known 

lIille-I-Iardy formula [8. ρ212J 

(1-1) - a- l e- (띈) toFl [- a+1 않，，]옳싫뇨L앙) (x펴\y)l'" 
(7.4) 

;and V{ eisner’ s formula [8. p.213] 

_ ... _. _.t ... l r (a) 二iιζ ZFl l - m. c; a +1; yl L'::'cx )l '" = (1 -1)'←a-l (1 _I +yl) -'e~' 
”‘ =U 

lFl[c a+1 ，t냈노쥬] (7.5) 

'can be obtained. 

First assumc an ~ 강늄τ， 뼈 from (5. 8) 

\ q / . 

F [x. t ] =/" +.1 융 l二p<t ,F. I 쁘 
m=O 1ìZ! “ L q 

a + k 
q 

1 ” 
」얘

 
50 that (7.2) yields the intercsting bilinear genera ting function 

"= 1 -끼-츠τE! l ” 
( l - ql) -(략ι) eXPI pxr -판값] ξ。 F ll i -ql/ q 」 」

m! 

_ r二낀ζ a H ,..!l!:L. 1 
l' 1 l q ’ q ’ l - ql J 

=흠 확'\ M;~) ( x. r. P. k. q) L" (략二L) (y) 1
m 

、 q 1 m 

(7. 6) 

This can be considered as a general ization of tbe llille-Hardy formula mcn­

<rioned above and indeed reduces to it when p = q = r = l . k =O and a=α + 1. 

‘ On the othcr hand, if \ve taken 
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짧T 
then by (5. 11 ) 

∞ ( - Þx' )’ f 
F [;r, t] = ,/X' (l - qt)-τ ξ。~二퍼」- 2Fl[--F c 으+k . ~T 

q ’ q ’ qt - l r 

In this case (7. 2) becomes 

( l - q쉰 

ZF1 [ _..!.똥 C 

q 
a • k 

q ’ 

qyt 
I - qt十qfy J 

=흙 ZF1 [ - ’”’ {으 프二E , y1 M?(x. r , p, k, q) tM 
q ' tf " j 

(7. η 

Replacing a by a + 1 and substitu ting þ = q= r = 1, 
simplification onc obra ins thc \'Veisncr ’ s formula 

k = O, and a fter a li t tl", 

\V hilc concluding we remark that several of our rcsults wiI1 reduce to 

of Sri \'asta \'a and Singhal [ 1이 when k =O : 10 tho tiC of Chattcrjca [3J for 

q= l and [Q tho ;e of AJ-Sa lam [IJ fo r þ = q = r = k = l . 
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