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ON OSCILLATION OF SECOND ORDER' DIFFERENTIAL EQUATIONS 

By Hassan El-Owaidy 

1'. Iritroduction 

In this paper. we shall study the oscillation and stability of thc nonlinear 

.differen tia l equa tion 

(a(1) ,,'(I) )'+b(x) =0 • 

.and the corresponding pertu.red equation 

(0(1) x, (1))’ +6(x) = f (l, x. ,,). 

( 1) 

(2) 

In articJes [2-9]. the behaviour of the oscillatory., nonoscillatory solut ions 

of some equations of second order have been discussed. Relatively fe'、V osc ilIations 

-cr iter ia a rc known fo r equa tion with perturbations see [8]. and some of the 

r eferences therein. 

DEFI~'lT IO:-< 1. A solution x(1) of (1) is said to be slabl, (in t he sence of 

Liapunov) if the solution .. (1) and its derivative x(l ) are bounded, [J]. 

DEFINITIOK 2. A solution x(t) of (1) or (2) is said to be oscillalory if there 

is an unbounded set of zeros of x(t) i. e if 11>0. then there is a 1> 11 su미1 that 

x(l )=O. If [herc is a 11> 0 such tha t x(I);'O for 1> 11' then the solu[ion x(t) is 

,called 1lo1loscillatory. Eçuation (1) or (2) is said to be oscillolory (or B -osci llo­

lory) if all its sol u[ions (bounded solutions) are oscillatory. 

2. ln this section we shall prove that the solutions of (1) are stable and 

.osc i1latory . 

.. Our main assumptions are 

(1) a(I)EC
1 

[0. ∞). 0' ( 1)>0. and a(t ) is bounded i. e ol> o(I)>aO> O. o()> a1ER, 
a ’ (1)-• o as 1→∞. 

( 2) .. b(x)>O and b’ ( ,,)>0 for ,,;'0. 
-, 

(3) B( x) = I b(,‘) du. lim B(x)-→∞. 
j 0 rx !→∞ 

We need the following Lemma which proved by Utz [Ul in proving theorem 1. 

LEYIMA . Suþþose Iho! x(l) is a real f" r.κlio" for which ,,(1) is defilled for 

J> o. 



11" Hassan EI -Owa:'dy 

(i) If lor all 1> 11> a. x’ (1) <0. x’ ( 1)<.0. IheJl lim x(!) ; ∞. 
1 - . :.0 

(i i) Il for all 1> 1,> a. r ’ (1) <0. x"(I)> O. IheJl lim ; +∞. 
• I-~ 

THEOREM 1. Ullder assumpliolls 1-3. I"e sollιi01ls ol 0 ) are slable atJd' 

B-oscillalory 

PROOP. We shall prove. lirst. that lhe solut ions 01 (1 ) arc slable. Multiplying. 

both sides 01 (1 ) by a(l)x'(1) and inlcgrating Irom 0 10 1. \vc obtain 

웅(a(t) x’ (1싸a(t) B (x(t)) - r B(x(u)) a’써 
U 

where k ;i-(a(o)x'(O))~ + a(O) B(x(O)) . 

Thus 

a(1) B(x(l))야+ r B (x(“ )) a( u) [a' (u)/a("‘ ) ] du 
U 

Hence by Gron‘val l's inequality it foll。、，v s that 

a(t ) B(:r(t ))<'ka(I)la(O). i. e 

B(x(t)) <,kl a(O) . (4) 

Hcnce. by assumption (3). x(t ) mu st remains bounded as 1→∞ lt is clcar 

미at from (3) and (4). that Ix' 1 is bounded. 

Thus \Ve can say. according to defin ition J. that the solu tions of (1 ) are stablι 

Secondly to prove thal the solutions 01 (1 ) are B-oscillatory. wc assume x(I)> O. 

On the contrary. suppose x( l ) is a nonoscillatory sol ution of (1), thcn x(l) and 

consequently ;r'(I) must be 01 fixcd sign. Other、.v isc we havc thc fol1owing, 

cases 

(i) If x ( I) =O ; we have, from (1) ; 

t ’(1); - b(x)/a( l ) <0, 

This means that lhc solution x (t ) has an infinite number 01 relative maxima. 

Thus this case is impossible. 

(i i) lf x'(I)> O; lntegrating (1) from 0 to 1, we have 

a( l)x’ (1) ; a(O)x’ (0) - B (x( l)) (5) 

I-Ience, by assumption (3), the r ight hand side of (5) tend5 to -∞ a5 I→∞­

Thus this ca5e i5 impossible. 

(i ii) If x' (t) <0 : By assumption (1) then as 1→∞ i t fo ll。、，vs that 

x"(t) ; - [b(x(t))+ a' (l)xι (1)] / a(1) <0. 
Then by the above Icmma, part (i) , lim x(I) =-∞ 

t→∞ 
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Wbich is a contradiction. Thus x(t ) must be oscillatory solution . of (1 ). By 

the first part of thc theorem it follows that the solutions a re B-oscillatory. 

RD1ARK. The proof in casc x( I) < O is similar and has bcen omitted. 

3. [n this section we shall consider the pcrturbed equation (2). namely. 

(a(1) ,,'(1 )) ’ +b(x) = f (l , x , x’). (2) 

씨l c assumc thc following 

(i) There cxist a continuous functions “( x) such that f (t, x. x’ )/II ( X)<V (t). 

(i i) x“(x)>α M’ ( x )>k>O x7'O. 

(ii i) 0(1)<이 , ,,, hcrc a
1
, kεR 

T HEOREM 2. Under Ihe ass lIlII ptiotls i- ii i of Ihis seclim,. tf 

Jllg3十 fr fr ( b(X( S))/@ (6) 

Ihe71 all sol"lion5 of (2) ore oscilfolory. 

PROOF. On the contrary. su ppose that x(1) does not oscillate. Thus .T(I) 

and consequently x'(1) have fi xed sign. Let x(l )7'O for 1> t2> t,. 

Integra ting (2) twice from /2 to t ",:e obtain 

Jt Ia(S)i〔S)/“(x(5) )Jds +쉰1 (짧經y d5 

+ f !'(b( X(5…( x( s)) - V (5) ) d5 < C,I, 1> 12" 

It follows, from (6) , that 

많十f(펌상팡) ds=- ∞ 

denote lf(짧經) ds 1, then 

from Schwartz’ s inequality for in tegraJ, it follows that; 

R2(t) 〈f[짧댔L]2 ds 

Hcnce 

(K2/，깎) V황2.. ds /<헬 
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AIso let pο)년f(R2(s)Ys써s. 1키각 

Then 

K2/칙 I<P’ (t)p2(t), t > t2

and from which it follows that 

" 

... 1 

K' ( 1 \ 1 
그「 ln [7F/￡국(12) 구(t) <11 p( IZ) ' 

ì ,,'hich is a contradiction. T his completes the proof. 

REMARK , The proof in case X(t) <0 [or 1> 1, is similar and has been omitted , 

GE l\ERAL REMARK, Many research papers, for example see [1, 4, 10] have 

been published when thc perturbing function is small. i, e the cquation (2) has 

thc form , 

[a (t) x' (t)] ’ +b(x) =μ:f(t， x, x' , μ). 

"where μ Îs a srnall parameter. 
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