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ZEROS OF PARTIAL SUMS OF THE LAURENT SERIES
OF ANALYTIC FUNCTIONS

By Alexander Abian and Elgin H. Johnston

It is shown that there exists a sequence of zeros ¢, of partial sums of the
Laurent expansion around an isolated essential singularity of an analytic function.
S such that lim f(¢,)=0 provided the Laurent expansion has an infinite nonprin-

b

cipal part.
Let Z'o_ooca m(z—a)m be the Laurent series (around ) of an analytic function f~

and let #<# be two integers. Then the function X : am(zfa)'" is called a partial
sum of the corresponding Laurent series of f. If @ is an isolated essential singu-
larity of f then, as expected, ¢ is called a Picard cxcepiional wvelue of f if
there exists a neighborhood D of a such that f(z)#¢ for every z&=D. The well
known Picard's great theorem states that f has at most cne Picard exceptional
value.

This paper proves a variant (see Theorem 2 below) of the following:

Abian’s conjecture. Let 0 be an isolated essential singularily of an analytic
Sfunction f. Then there exists a sequence of complex numilers c, comverging lo
0 such that every c, is a zero of some partial sum T, of the corresponding

Laurent serics of f around 0 and such that lim f(cn) =Q.
n

Abian's conjecture can be strengthened in the following two ways:

(i) by reguiring that every c, be a zero of some partial sum T which belongs
to a preassigned sequence (T,) of partial sums which converges to f in a deleted
neighborheod of 0.

(ii) by requiring that the ¢,’s be zeros of all but a finite number of partial

i Sy s - : e . ; g
sums 7, which belong to a preassigned sequence (T,) of partial sums which.
converges to f in a deleted neighborhood of 0.

In [1] the (ii) version of Abian’s conjecture is proved provided “0 is not a
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Picard exceptional value of f” and in [2] the (i) version of Abian’s conjecture
is proved provided “0 is an essential singularity of f of finite order”.

In Theorem 2 below, we prove Abian’s conjecture without requiring either of
“the two abovementioned provisions. However, we require that the corresponding
Laurent series has an infinite nonprincipal part.

Our proof of Theorem 2 is based on Theorem 1 which is proved in [1] and
‘which is stated below (for the sake of completeness of the papar) without proof.

THEOREM 1. Let O be an isolated esscntial singularity of an analytic function
f such that 0 is not a Picard exceptionai value of f. Let there be preassigned a
sequence of partial sums T, (of the corresponding Laurent series of f around 0)
which converges to [ in a deleted neighloriiced of 0. Then there exisis a sequence
of complex numbers ¢, converging lo O and an integer N0 such tha! Ty wnlC,)
=0 for every nSw and liﬂm fle,)=0.

We also need the following:

LEMMA. Lef O be an isolated esseniial singularity of an analytic funciion whose
corresponding Laurent series E‘ofw amzm has an infinite nonprizcipal part (i.e.,
-a, 70 for infinitely many positive n’s). Let n te an integer. Then there exists
m

.u=n such that 0 is no! @ Picard exceptional value of Z’im a,z

PROOF. Assume on the contrary that for every w>w it is the case that 0 is
ithe Picard excepticnal value of £ __a_z". From the hypothesis of the Lemma it

follows that there exists the smallest integer s> # such that ¢ =C. Clearly, from

: = e . X + i el Mm—s
our assumption it follows that 0 is the Picard exceptional value of ¥ —sE
— 85, ol B . . ’ - ” " —.
=z (X¥__a,z ). Hecnce Ois not the Picard excepticnal value of ¢, ~27__ @,z

. - T. . . . H il s, i
which implies that 0 is not the Picard excepticnal valueof 3° g, 2" =z (e +5"

&
—00 Tk
t

=8 . : . A e
-@,Z ) which contradicts our assumpticn sne s>#. Thus, the Lemma is proved.

Based on Theorem 1 and the Lemma we prove:

THECREM 2. Let 0 be an isolated essential singularity of an analylic function
_fwhose Laurent series Eofm amzm around O has an infinite nonprincipal pari. Then
there exist a sequence of complex numbers ¢, converging to O and a sequence of
bartial sums T”(zJ:E :‘amzm of the Laurent series such that T"(cﬁ):(i for every
#€w and lim f(c,)=0.
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PROOF. Let # be a natural number (i.e., #Ew).
From the Lemma it follows that there exists #,>#n such that 0 is not a Picard

- - - - oo
-exceptional value of E"_'w amzm. Also the continuity of the power series X ,a,

2" implies that there exists a disk D, with center at 0 and with radius <27
:such that

—n—1
1 . lffﬂ amzml <27"7" for every zED,
Now, applying Thecrem 1 to the function Z"i‘mamzm and to the sequence of
s u, mo__ X = )
‘partial sums T,(2)=X",a,z we see that there exist #, <-» and a complex

.number ¢, such that

@ 3" a,c, =T,(c,)=0 with ¢, ED,
.and

3 5% a,cMl <2
Clearly, (1) and (3) imply:

@ 137 el =1 e <2

_But then, obviously, (2) and (4) imply the conclusion of the Theorem.

REMARK. In view of Theorem 2, in order to settle Abian’s conjecture (with
‘the possibility of strengthening it by (i) or (ii)) affirmatively, it remains to
verily it only for the case of entire transcendental functions (in fact, in view
of [2] and [1], only for those of infinite order and having 0 as their Picard
-exceptional value), i.e.,

Abian’s conjecture. Lef f be an entirve transcendental function. Then ihere
.exisis an unbounded sequence of complex nunibers ¢, such that every g, isa zero
-of some partial sum of the Taylor series (around 0) of f and such that Iim Fied

5

=0.
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