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ZEROS OF PARTIAL SUlI1S OF THE LAURENT SERIES 

OF ANALYTIC FUNCTIONS 

By Alcxander Abian and Elgin 1-1. Johnston 

It is sbown that there exists a 용quence of zeros c" of par tial sums of the

Laurent expansion around an isolated essential singulariry of an ana1ytic funct iont 

f such that Iim f (cn) = 0 provid엉] the Laurent expansion has an infinite nonprin. 

cipal part. 

Let 1:안∞a.‘ (z -a).’ bc the Laurent series (around a) of an analytic function f 

and let v <u be two integers. Then the function ε: Gm(z-a)m is called a þartial 

sum of the corresponding Laurent ser ies of f . If a is an isolated esscntial s;ng u 

lari ty of f then, as expected, c is called a Picard e.,ceptiollal value of f if 

there exists a neighborho여 D of a such that f(z)융 C [01' evcry zεD. Thc well 

known Picard’ s great theorem sta tes tbat f has at most cne Picard exceptionaJ 

vaJue. 

This paper proves a variant (see Theorem 2 below) of the following 

Abian’s conjecture. Let 0 be an isolated esselltial s…gulanïy 01 C Il onalyUc 
ftmction f . T Jzell tlzere e:cists a seq uellce of c011lplex ;w1/l!;ers c" convergiug to 

o su,clz that every c" is a zero 01 some par!ial smn T n 01 tlie corresþonding 

Laure l1t serics 01 f aroι I1d 0 alld slIch t/;at /im f (c) = 0. 
’‘ .. 

Abian ’ s conjecture can be st rcngthened in the [ol1ow:ng t、、，。 、.vays

(i) by rcquiηng lha t c、 cry c
/J 

be a zero of some partial sum T
'1 

which belongs 

to a preassigned sequcncc (T n) of partial sums which con\'e:-gcs to f in a deleted 

neighborhood of O. 

(i i) 다 requiring that the C,t ’ s be zeros of a11 but a finite numbcr of partia] 

sums T” 、vhich belong to a preassigncd sequcncc (T) of pa rtial sums which 

converges lo f in a dcleted neighborhood of O. 

In [1] thc (ii ) version oî Abian ’ s con~ccture is provcd providcd “ o is not @ 

AMS (~10S) subject c1assifications ( l980). Primary 3ùBlO. 
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'Picard exceptional value of r and in [2J the (i) version of Abian’ s conjecture 

is proved provided “ o is an essential singularity of f of fin itc order". 

In Theorem 2 bcJo".'. \Ye prove Abian ’ s conjecture without rcquiring cithcr of 

-the tWQ abovemcnLioned provisìons. Ho、、 c'.cr. 、\'e require that t l1(' corrcspunding 

‘Lau rcnt ser ies has an infì nite nonpr incipal part 

Our proof of T hcorcm 2 is baRed on T'hcorem 1 、‘ hich is proved in [I J a nd 

-,'..-hich is statcd lxlow (for thc sakc of complctcness or the papar) withour proof. 

THEOREM 1. Let 0 be aJl isolated esse.시iol “ n.gu[ority 01 all ona!ytic f;’‘’'lction 
.1 suclz that 0 is 110/ a Picard exceþti01wl volue 01 f . Lel t1zere te þreassigned a 

sequellce 01 partial Slt lJlS T n (01 l l1c corresþof!dillg Laure1l1 serics 01 f arOlU’d 0) 

10hich COlluerges 10 1 Ùl a d el etcd lleiεhto rlwo;f 010. Th ell tlzere c.μsl ，，，' a sι'Q uence 

o[ complex nU1Ilber$ c“ cotlverging 10 0 aιd an integer N > O Sl/.ch t ilιI T N + ,(c.) 

=0 lor every llEω aιd lim f (c. ) =0. 

” \Vc alw nccd lhe followîng 

LE.\1.\L\. Le! 0 be al1 iso!aled essential si’19u!orily 01011. allalytic lu’zc:iOυ'1 t.υhose 

‘ corrcsþo1zd’Ilg Lσurent seηes Ef。。 a，，감 has 01l ’ J/fi찌te 1t01!Princi þr.! þarl (i . e . • 

ι amr=O /or infimlely malty posiLit'e 1Jl‘ s; . Lel 11 èe 011 i1 ’ tegcr. Tlren thc.re exisls 

u~n sltch t1:at 0 is 1:0! a Picard e.rce ptiOl，찌 

PRoor. Assut11 C on thc CCJ:1 t ra ry that fo r c、 cry ι는η it is the case that 0 îs 

!thc Pi card exccptional \'aluc of 낀∞ o
”

;m. Fl Gm [l1e hypol l1CS‘S of the Lcmma ît 

fo l1ows thal lhcrc cxbts thc sma lJcsl integcr s> n such lhé:H as~e. Clca rly , from 

Qur assum pt ion it follo“ s that 0 is thc Pica rd cxceptio떼 ‘ 2.Iuc 0: ~.，n_∞anFl 
i 

=z -'(αJ:H ∞ gκ’IJ，zm) . 11바k‘ln.:ι.:e 0 is nOl tl네h냉e p，‘;can띠‘d exce이ptlCκlcnαcn떠떼i녕비a꾀l 、녕a잉ltωue of aκ
， n

。∞。 amz강
m

’ 

”때h’κlch im빼m때n매찌lp멘p미jj떠les않s tl네씨h“씨1a‘ar띠o is not thc Picard exC떠‘cna ì vaJue of 한∞암닫z’(a ， +깐∞ 
g

”
tz”’ ') ‘,\'hich cont radiçts ou r assumpticn 5 n .:c s> n. Th us, thc Lcrr:ma is pro、 ed .

ßascd on Thcorc t11 1 and the Lcmma wc pro\'o 

THEOHE :vl 2. Lel 0 be au isolated esscll tz'al sitlgularity 01 all aιαlytic /lmctio시 

1 wlzose Lauretlt series 1::，∞ a"’i
' around 0 has an iu! illüe 110nþrináþal þarl. Theη 

there exist a sequellce 0/ comp!ex mUlléers Cn cOilverging 10 0 olld (!, æqueιce 01 f 

'paνrt“ICμI s잉찌I“un…’”…’11αs T’”ι’， (ωz샤)= .1'객:::a%!”’끼 of tJ.끼he Lal“urcn씨t“t scrie，앙s su따cll t““Iz aιt Tζ’”야’ 
lIE드ω aJld lim l (c. )=O. 

‘ 
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PROOF. Lct" bc a natural numbcr (i. e. , nEω) . 
Frorn the Lemrna it follows that there exists Un> 1Z such that 0 is not a Picard 

‘ exceptiona l value 0이f ε?안:∞ a까’”까， 
zηm1 lmmInm1n띠1ηψp미，1씨lie s tbat 11비here exi녕st념s a d이l녕sk‘ D. 、wit띠th center at 0 and ‘w…‘v씨11“띠t“tb rad이I U떠IS <2-

11 

such that 

(1) l E℃+1 aκl l <2 ” l for everμED. 

Now, applying Thcorcm I to the function I:깐∞ amz’'H and to the sequence of 

partial sums T，<z)= I:다 amZ”t 、‘ e see that there exist vn < -n and a cornplex 

.number c such that 
n 

(2) 

and 

r:::amc,7 =T n(cn)=ü with cnEDn 

(3) 1 .[ '" ∞ a‘사’ 1 < 2-. - 1 

‘ Clea rly, (1) and (3) imply 

( 4) I l'':'.∞ 익"C;' 1 = I/ (c,,) 1 < 2-' 

. But then, obviously. (2) a nd ( 4) imply the concJusion of thc Theorcm. 

REMARK. [n vicw of Theorcm 2, in o rder (Q sct tle Abian ' s conjccture ( ‘vith 

the possibility of st rengthening it by (i) or ( ii )) affi rmat ively , it rema:n5 to 
verify it only for the case of entire transcendental functions (in fact. in 、 lew 

of [2J and [1] , only for those of infini te order and having 0 a s thcir Picard 

‘ exceptional \~alue) . i. e . • 

Abian’ s conjecture. Let f be an entire traJlscelldcntal !u l1 ctioll. Thell thcre 

exisls arz u’lbound ed seq1fellce of comþ! ex u“’Il/;ers c
lI 

sllch that eνery cn ts a zeTO 

.01 some parlial s“’11 01 the Taylor series (aroll l1d 0) 011 a11d sιch thal jilll l (c,,) 

= 0. 
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