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ON EXrSTENCE OF SOLUTIONS OF NON.LINEAR 

AUTONOMOUS THIRD ORDER DIFFERENTIAL EQUATION 

By. H. El'Owaidy" & A. A. Zagrout* 

Abstract 

ln this paper a general third order differential equation encountered in the 

flow of fluids in general and hopefully elsewhere. Suffic ient conditions for 

existence & uniquencss of its solutions a .re givcn. 

T he gencral thi rd order diffcrcnt ial euqation 

i+ f (x. X. x)~O • . ~옮 

such lhat 

",(0) = a,. .<(0) ~a2' x(∞)=a3• 

where a1> 0. a3> a2>0. a;E R. i ~ l . 2. 

(1) 

(2) 

Equ~tions si milar 10 (1) have been subjected to several investigations. see for 

examplc recently [1]. [6J . [8J . [9J . [lOJ are only a sample. Equation (1) is 

equiva lcnt to the autonomous system 

x ~f(x) . 

where x=col [xp x2, x3J, 

f (x)=col [x~. x3' • f (.<,. "'2' " 3)] ' 

Our ma in assumptions on f a rc ‘ 

(i ) f ( ", • .i-. ")> 0 for 0 < a :S; x < a3• 

(3} 

(ij) f E C
1
- c1ass & monotonic decreasing for O <a드.<<a3 and satisfies Lipschitz 

condi tion. 

(iii ) f ("'1' C:. "'3) ~O. 

、'>.f e define the folJowi ng regions 

D1 : ("',. "'2' "'3) : "'1> 0. 0 <a<"'2 <a3• "'3> 0. 

D2 : ("',. " 2' x) : ",> 0. "'2 ~ a> 0. x3> 0. 

D3 : (",. "2> x) : "1> 0. 0<a< x2<a3• "'3~0. 

(4) 
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The relation between a, a2’ 
03 & b are given by 0 < 02< 03, al능0， b능O. 

RE:-1ARK. It is clear that 

P(t )= col(osf+ol' 0 3, 이 (5) 

τÍ s a solution of the system (5) . We shall depend on the uniqueness of solutions 

, to be sure that no solution .of (3) cuts thc solution (5). 

THEOREM 1. U nder the previoαs assumptiotls, equatiotl (1) with coηdition (2) 

has a μηt.que solution. 

PROOF. F irst wc assume that a solution of (1) which sat isfying x(O ) =a1’ 
x(O) = a2 stays in D

1 
& thus if all conditìons (2) are satisficd, then the sol ut ion 

of (1) exis ts if b> O otherwise the solution 、vould go out Dj via D ,. Fron, (3) 

we noticc that 

(i) x2 = x
3
> O. thus x

2 
is an increasing function, but x3 = x2 is a decreasi ng 

f unction sincc x
3

< O. Sincc the solution is assumed to stay in D1' then x:? is 

,bounded & hence x3
•• o î. e. x- • O. 

( ii ) x
3 

is c1ca rly bounded between 0 and b. 

( iii) ;\;1 = X2 implies 진-→∞. 

( iv) ic (∞) = a2’ l.e. x2- • a3 

\ \:e shall prove lhat somc solutions corresponding to (a} , a2, b) , 이 & a2 are 

fixed, 、\T illleave D
1 

yia D'.!. & some w il1 1eavc vi a Ds' Since the required solut ions 

as a functioll of b, vary continuou sly and no solution leaves via t r-.c bo c:ndary 

(5) . Thus wc cεn concl1.1dc tha t somc ( unique) solut ion slays in D J' thc rec:ui red 

C2se. For givcn fi xcd numbers a1 2nd O2, as for D3' there c:x ists 、 a lues of b 

thc solu tions lea ve via D3' This takes place în case b=O thus by conLnuity this 

for 、γh ich casc takcs pJacc for small va lues of b> O. 

lt is clear that fo r su ff icî cntly largc b. 111e solut ion 、，vill lcavc Dl 、 ia D2• 

Thus \ve proved that if a1l conditions (2) are sat isfied thcn thcr c exist solutions. 

Secondly we sha l1 sho、'{ t na t the solut ions stay in Dl arc uniquc. On the 

cont ra ry \ve suppose that there are t wo solu l ions of (1) whi ch did not leave D1 

via D 2 or via D 3' i. e. the t\'.r0 solutíons stay in the region from 、vhich

x> O, ü < 0 < i: < a3, ;;> 0. 

CUsing the substitu t ion 

x = y 

,"1hen the sccond and third clerivatives of x have the forms: 



On Exis!ellce . o[ ,Solutio t1s 01 No1t+Lùlear Autonomous 
Third Order Dtfferelltiol Equatioll 

dy dy 
:r = x 깅도=y깅ε=Y Y. 

d 
• dx 

x = y(본인2+ i..Lι = yy’ + y2 y" . 
、 uλ dx-

-Thus equation (1) is rcduced to 

1' / , ,, 1 /' __, ,,2 
Y’ = 함 f ( x. Y. Y’)-τ ( y')"=9( x. Y. Y’ ) . 
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(6) 

Now if there a re two solutions for (1). then conscquently equa tion (6) has 

,two solu tions. say . y ( x) a nd z(x). 、，vh ich satisfying the bounda ry conditions, 

. j . e.. )'(a1)=z(a ,) =a2• Y(∞) = z(∞) =a3• (7) 

!Let y( x) r' z(x ) for somc x> a ,. It is c1ear. from (7) . that thc twO solutions are 

identical at x=a, and ha、 ir:g thc samc limit a3 as x-→∞. T hus wc ha\'c one 

~ or t he following 

(i) Thc two solut ions a rc cqual on t he whole in te rval, hcncc the 

(1) is unique. 

solu t ion of 

or: 

’fhus the 

pomt c. 
( ii) a t some pαnt x> a" one wlulion z (x) . say. lies above y(x). 

-funClion u ( x )= z( x )-y(x) has posi tive maxima on the interval at somc 

Thus at thc max imum C of u( x) we havc 

(i) z(c) > y(c) i. c. u(c )> ü. 

(ii) u'(c) = z' (c)- y'(c)=O i. e y'(c)= z’ ( c) . 

(i ii) ,," (c )<O i. c. y"(c)> z"(c). 

The new fu nction g(x, y ’ . y") dcfined in 

var iablc y. Thus 

(6) is an increasing function 

u"(c) = g(c, z(c) , z’ (c)) - g (c, y(c) , y'(c))> O 

which contradicts (8). 

Thus the solution is unique in both cascs. Thi8 completes lhe proof. 

(8) 

ITI I ts 

GE'!ERAL IID'lARK. lf eq uat ion (1) is considerα:1 as unper turbed equation and 

has a uni quc periodic soIution \\lhlcb Is stablc see [4]. we can still consider Lbe 

. existeDcc and stability of thc periodic solution of the three cor respond ing 

t1>erturbed cquations. \\"herc μ alway denotcs a small parametcr: 

(i) û + f Cu. u. ii)=μ:g(u.. Û. ii. μ) ， 

where f & g are analy tic in all yariablcs (see [2J) . 

, ( ii ) μ + f ( tt , Û. α) =μg(t. !ι ". κ， μ) ， 

where f & g are analytic in a ll var iable and g is periodic in t (see [7]). 
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(i ii ) ü=! (u. û. ii) =/tg(소， μ， ι.W μ) 
where / & g are a nalytic in a11 var iables, per iodic in u. and g is a lsa­

per iodic in I (5ee [3]. [5]). 
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