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SOME REMARKS ON UNIPOTENT MATRICES 

By Cbong' Yun Cbao 

Putname and Wintncr in [2] gave a condition under wbich A commuting with 

-‘ l AB - BA implies the spectrum of ABA - , B - ' is only 1 where A and B are 

bounded , linear and nonsingula r opcrators of a Hilbert space. In [Jl. Herstein 

proved the following theorem: 

Let A and B be a rcgular 11 X " matrices over a field F of cbaracteristic a 

prime P> ll. U 
A(AB - BA) = (AB - BA)A, (1) 

then AB- 1A - 1B is unipotent (i. e. , AB- 1A-1B-I is nilpotent wbere 1 is the 

identity matrix). 

Apparently, Hcrstein’ s tbeorem also holds for the case F being of character 

lst lC zero. 

Here in !ì 1, we reestablish Herstein 's theorem. Although tbe method is 

similar, it seems that our computation is simpler. In ~2， we use Herstein’s 

theorem and I. Schur's work, namely the well known Schur ’ s lemma and the 

centralizers of a permutations group. to obtain some theorems concerning rnatrix 

‘ commutators and centraIizers. 

1. 1Jnipotent ~Iatrix 

THEORE~I 1. Lel A al1d B 0,“ regu.far ItXn ’'Ilatrices over a lield F tuhose 

. characteη slic is álher zero or a prillle þ> 1l. If Ihe cOllditio1t (1) holds, then 
t ..... • -1 ,.., -1 Æ BA . B • is u1liþole1lt for any illleger 1. 

PROOF. We shall considcr thc case of 1= 1. Let U =ABA- 1B-1
• T hcn since 

similar matrices have the same eigenvalues. U aod AU A - 1 have the same eigen. 

values. By using the condition (1), 
- In- I, ,, -1 , ,, 2" \ ,, -1"-1 ,, -1 인 1~-1 . -1 AUA-' =A(AB['B ' )A -'=(KB)A - 'B- 'A-' =(2ABA-BA"}A -'B-'A-' 2 1-

- 1 . - 1 BAB-'A-'=21 -U 

That is, U and 21 _U-
1 

have the same eigenvalues. Let μl' μ2' …. 11-1/ be thc 

.eigenvalues of U in the algebraic c10sur e of F. Then the eigenvalucs of 

2I- U- 1 are 2-μl l for t=1, 2, • · , ,1; and we have, for l드k5:. 11. 
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μ， =2-μ긴， μ2=2 u; l , -. μμ=2-μ이， Uk=2- μ-1 
where the subscripts of μ’ S， ìf necessary, may be 

’ ” by substi tu tionsν:' we hàve-- “ ~ ，~， 

kμk- (k - I) 

μ ， = (k- I)μk - (k-.2) ‘ -

rearranged ~ ConsequentIy_ 
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eithcr zcro or Þ> η르"， Again, substituting 

(3) 

。

After simplifying (3) , ,we obta in k(μ，- 1)-=0. Hcnce, μ1 = 1. Conseqently, μ2= 
μ3= 써 = 1. [f k <κ we repeat the samc proccss for a finitc number of times . 

10 obta in μ1=μ2= ". =μn= l. 

For the case of t being a positive inlcger, 、ve cJaim that 
1 .... - 1 A'BA ' B ' = IU • (1 - 1) 1, 

By induction. Clearly, (4) holds for 1= 1. Assu me 
1- 1 D ,, -(l -I) D- 1 A' - ' BA-" "B ' =(t- I)U -(t-2)I , 

(- 2 After mulliplying A' -., to (1) , we have 

A,-I ( AB - BA)=A'一2(AB _ BA)A =(AB - BA)A' - I, 

(4) 

(5) 

and 

A' B= A,-IBA + ABA' • ,_ B.4', 

By using (6) and (5) , we ha、 e 

A'BA- 'B- 1=(A' - 1 BA + ABA' - 1 - BA')A - 'B- 1 

1- 1D ,.,-(1 - 1) D - 1 = A ' - 'BA " "B ' + AB.4 'B-' - I 

=(I - I)U- (1- 2) I + U -i= IU - (I - 1 )1, 

Since the eigenvalues of U are 1, it fo11。、\'s that alltho eigenvalues of A'BA- ’B- U 

(6) 

are t - (1 - 1)= 1 for any positive integer t. 

For thc case of t = - s being a negativc întcgcr, we claim that 

A - 'BA'B -
1
= (s+ 1)1 -sU , ‘ (7)> 

• 1 ,..,. ..... - 1 
By inàuct ion. For s = I .. lot W = A-ï!AB- '. Since (1 ) is also 

( AB-BA)A - 1= A - 1( AB-BA), A • 1 BA = 2B-ABA- 1 
-1 .......... - 1 ....... - 1 and JV = k ' BAB '= (2B-ABA ')B- ' = ~I - l , ,'\ ssume 



Some Remarks on Unipotent 씨atn:ces 65' 

s+l .., ~ s- l n,-1 A '''BA'- 'B "=s! - (s- I)U , (8) 

Aiter multiplying A• +l to (1) ln the f。rm (AB-BA)A」=A l( AB - BA) , we 

have 

( AB - BA)A -, = A - '(AB - BA ), 

and 
A - ' BA = A -,+1 B + BA -'+1_ ABA- ‘ (9). 

By using (9) and (8), wc r. ave 
s ...... s .... -1 , ~ -s ..， ~ ... • s- I .... - l A 'BA'B "=(A -'BA) A'- ' B 

5+ 1..... ...... - s+1 ..... ~ - s ... . s- 1 ..... - 1 =(A - >T ' B + BA- >T ' - ABA - ')A'-' B 
-s+ I ...... s- 1n- 1 . ... .n .. -1 . -l = A '''BA' 'B '+! - AB A - ' f, 

=s! -(s- I )U +! • U =(s+ I) ! -sU , 

Again, since thc cigenvaJucs of U a re 1, it follo\\'s that aJJ the eigenvalues of 

A ’BA' B - 1 a re (s+ 1)• 5= 1 for an y posilive in teger s. i. e .• a ll thc eigenvalues 
t ., . - ( 一 lof A'BA-'B - ' a re 1 fo r any negati、 e ifltegcr t. 

COROLLARY 1. 1 Let A and B be tlze same as ill T Jzeorem 1. 11 A commu./es UJith 
• / .... -1 ~ I ~ -I ... - l ,.1 r. • T"o-l .t ..... -1 AB-BA , Iheil (a) BA-'B-'A' , A - 'B- 'A' B and B-' A'BA -' are ull;þolell! for 

t Y'oo . -t .... - l ... r " F'o . - ..... - 1 .I ... t' " . -1 ..... - 1.1 .... .... 1' • " ..... -1.1 a"y illlejJer 1, (b) (A' BA - 'B " )' , (PA - B-'A' )' , ( A -' B- 'A'B)' and ( B-'A 
- 1, 1' 

B.4. - ' )' are lf.1l t:poteJlt for any illteger t and t' , 

1 ... . ,- (.., - 1 PROOF, (a) Each o[ thesc matriccs is similar lO A'BA-' B- ' , i, e" 
t .... - 1 .1 , ~t ， -1 , .. 1 .... .. - t .... - 1 .... ,o f BA -'B- ' A' = ( A' )-' ( A' B.4 ‘ B- ' )A' , 

- t ..... ~ 1 .1 .... , .1 .... - , ~ / ...... -/ .... - 1" .1 A - 'B ' A' B=(A' B , - (A' B.4 - ' B- ' )(A'B) , and 
1, - 1, .1 .... ,0 -/.., - 1 B- 'A'BA-' =(.4'B[') -'(A'BA-' B- ') (A'BA- ') , 

Hcnce. it follows J rom 'Thcorem 1 that eac 1 of th( m Î3 unipotent. 

(b) Using the ÎaCls that thc product 01‘ lWO unÎpOlent malrices is agaÎn' 

uni potent if they commutc. and that rhe inverse of a unipotent matr ix is 

unipotent , ( b) follows, 

TH EORE!v! 2, Lel A αud B be Ihe sa’Ile a5 i1l Theorem 1. lf B conmmtes wt'th 
I .• - l -n. - I AB - BA, IlIeu A.B'A- 'B - ' is ,t1Iiþotelll f or αuy ìllteger t. 

P ROOF, Sincc B commutes wi th AB-B.4, B commutcs with BA-AB, By 
1 ...... - 1 .. - 1 

Theorem 1. B'AB . A . is unipolcnt for any intcger t. Si ncc the inverse of a 
1 ".... A ~ l .... - l " ... 1 ~ - ln -t unipotent matrix is unipotcnt, ( ß' AB .4, ') - ' = A B'A - 'B -' is unipotcnt for any 

integer t. 
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COROLLARY 2.1 Let A a1ld B be the same as in Theorem 1. lf B comnlU‘ cs 
- 1 .... - 1. . - l .... - f . .... 1 ..... -( ..... f wilh AB- BA. then (a) B'A - 'B - 'A. A 'B-' AB' alld B 'AB' A αre μniþotent 

for any inleger t. (b) (AB'A- 1B-'{. ( B'A - 1B-'A/'. (A -1B • 'AB ’f m d (B 

ABrA lf mrc zt;ttPotc”t foγ any integers t and t’· 

REMAì~KS. ( 1) Our Theorem 1 can also be proved by a similar nαethod to 

t he I-lerstein ’ s prüof in [1] . Bu t ou r proof above seems to be simpler. (2) T he 

fo l1m.vi ng example shows that, a lthough A and B a re regular n Xμ matn ces 

Dvcr a field F 01' characteri stic either zero or þ> n and A commutes with AB-
2 . - 1 BA, AB"'A - J B - " is not neccssarily unipotent : 

1 1 0‘ 0 기 1 1 1 01 

Let A ~ I 0 0 1 I and B ~ I 1 ) - ) 1. Then 

Lo • 1 2 J lO - 1 d 
1 0)-1 1 

AB - BA ~ I • ) - 2 2 1 and A(AB - BA)~(AB - BA)A holds. 

I - 1 -2 2 I 

1

「
」-
2

2 

3 

」-

2 
2 

1

「

「

」
끼
L
 

”­B 

1 1 0 - 1 1 
- 1 n-l I ^ • I The ei genva lues of ABA- JB 뉘 o 0 1 1 are 1. 1 and 1. and the eigcnva 

I 0 -1 2 I 

1 0 1 Ol 
1 0- 2_1 A A , 1 ̂^^' _1_~~용i ....... .--1 ~_ ~흐L 1u않 of AB" A-' B-"~I 0 0 1 I are 1. τ+←τ- and 2 - z 

I 1 -2 2 I 

(3) Similarly , B commuLing with AB-BA does not ncccssarily imply Lhe 
z • 2 ,...-1 

unipotency 01' A" Bk "B 

THEOREilJ 3. Let A alld B óe Ihe sαme as t"1l Theorem 1. (1) 1[ A cammutes 
-1 ,,-1 ,,.., - l .. y ,.-, ~n'2 ~-1 • 2 with AB-BA alld if U=ABA-'B-' and B - 'UB commute. thC1lAB-A-'B - is 

ulliþoteut . (2) It B commutes with AB- BA alld ,j U mμi A - 1U A C01μη1te. then 
2_ . - 2_ - 1 

XBA"B is μni patent. 

PROOF. (1) B- 1 (AB'A- 1B-')B二 (B- 1ABA - 1)(ABA- 1 B • 1) 
-1 ,.., -1 

~ (B- ' (ABA -, B-')B) (ABA - , B-' ) = (B- 'U B)U. 

- 1/" .... '2 • 1 ., -2 Since AB~A-IB- '" a nd B- \AB~A-1B-"')B have the samc cigenval L~es and since 

U is unipotent by Theorem 1 and since U and B • lUB commute, AB2A Ig• 2 lS 

UOJpoten t. 
- 1 • 1 • 1., - 1 (2) A-'(kBA-"B- ')A~(ABA -'B- ' ) (BA-'B - 'A) 
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= (ABA-' B - ' )(A - 1( ABA - 1 B- 1) A ) =U(A - IU A ). 

2 ..... -2 ... -1 .. -1 .... .. 2 .... .. -2 .... - 1 Since A.BA-.B-' and A -'(A"BA -"B- ' )A have the same eigenvalues and since 
2 ... ,, -2 r.-l U is unipotent by Theorem 2 and since U and k 'UA commute. A"B.-C"B -' is 

umpotcnt. 

2. The cC:1 tralizers of a matrix 

Let M ’‘( F ) be thc a lgebra of the 1l X 1l matrices over F of characteristic either 

zero or a pri mc P> lI . A be a matrix in M.cF). C(A )= (DεM/F) ; AD= DA) 

and V ( A )= (EEM ,(F) ; A(AE • EA ) = (AE - EA )AJ. Thcn C( A) is a subalgcbra 

()f M , (F). V (A ) is a subspace of M , (F) such that C(A)도V (A) . 1'0 find a 

neccssary and sufficient condition for C( A )=V (A ) seems to very 이fficul ，. Herc. 

、，ve shall usc 1. Sch ur’5 work , namely , the “ ell known Schur' s leπma anà h’S 

r esult in [41 . LO prove thc foIlO\ .. ~ing theorems. 

TH EOREM 4, Let A be a rιgular ìl/alrix in Al/F) such tlzat the cJtaractcristic 

polYllomial 01 A is irreducible over F. The’‘ the reguJar matrices together with 

the zero matrt"x iu V ( A) COJlslilt.ιe a field. 111 fact. the fie/d is C(.1) . 

P ROOF. Let B bc an arbitrary regular matrix in V (A ). Then B sa tisfics lhe 
1 ... - 1" . .... , - 1 ... - 1 

condition ( 1) and. by Theorcm 1 . .1B.4 'B . is unipotent. i. c .• A B.1 . B '= 1 

+ N wherc N is a nilpoten t matrix. 1n fact. we have 
← 1~-1 ( AB-BA)A ' B-' = N 

which implics that AB- BA must bc a singular ma tr ix in C( A). By TheorεmS 

in [51. which stales that C(A ) is a ficld if and only if the charactcrislic po!y­

nomial is irreducible ovcr F. AB-BA must bc thc zero mat ri x. I. C .• AB =BA 

and B belongs to C(A). Since C(A)드V(A) . the regula r matr iccs in V ( A ) 

together 'wi th the zcro matrÎx conbtitute lhc field C(A ). 

THEORE :Vl 5. Let (A l' 까. "-. A.l be aμrred1tcible set 01 γegular motricrs i“ 
k 

M ’”‘,(F). Tπηhιeι811 t iω…I“Ileκe 1"fJgμ1“씨tμlarγ '"…lμ…씨l“tat riκc떠c야s loge“I사샤h er η씨/ 
f=l 

k 
lu/e a diuisioll n""Jlg. III fact. this divisioll rillg is n C(A ,.). 

’=1 

h 

P ROOF. Let B be an arbi trary reg뼈r matrlX ln 9 l V(At). Then A;( AtB-

BA)=(A,B - BAi)Ai for i = I.2 •.. .. k, a nd by Thcorem 1. A‘BA「IB i is un1m 
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1_-1 
tent, i, e. , AiBAi .B.=I +Ni where N i is a niJpotent matrix. Hcnce 

(AlB -BA,) ArlB 1= Nl 
k 

for i=1, 2, ·?k 

Since n C(AJ is a division ring by Schur ’ s lemma, AiB - BAi must be a zero 
i=l 

k k k 
matrix, i. e. , A iB= BAi for i = 1, 2, "' , k and BE n. C(A,). Since n.C(A ,.) 드 n 

/';1 r ;"='1 j' j .=o= 1 
k 

V(A i) , the reguJar matrices in n, V(A i) together with thc zero ma lr ix constitute 
/~ 1 

k 

the division r ing n C(AJ. 
i=l ‘ 

THEOREM 6. Let (f be a permαfatioll on n letters a1κi P be its corresþotl이 ’Ig 

permulation malrix M,.(F) where the characteristic 01 F is zero. Theι V (P ) 

= C(P ). 

PROOF. By using the Theorem 1 in [4], we know that if C=(c，)εC(P). 

Then, for i , j=l. 2, "', n, 

Cjj =C(Jj ，(Jj=Co'ι oν = "'=C(}'i . (J~j 

w here the ordcr of σ is k+ 1. 

Let P=(pη) and B = (bη) be an arhitrary matrix in V(P ). Thcn , by l1sing 

the properties of a permutation matrix, 、，vc have, for i , j = ]. 2, .••• η， 

n n 

(PB BP)”=￡l P샤 bkj - 뀔l btkPk1 

= p2 gt bσ11 1- b‘ 。-'j Pq-lj, j 

=1lg, J bl O lJ· (l0) 

Since (PB-BP)εC(P) ， (PB-BP)ij 二 (PB-BP)이.gj=(PB-BP\'i， oγ= ... =(PB 

BP).'i.o'j' T hen by (10) , we have 

That is, 

L .- b ‘ =L . .. -b .. 
UI ,) 1,U 'j a'l ,OJ f) l. J ’ 

[,_ • • . -b.. .=b ‘ • _.-L. 
u ‘ U} (1 1, ] U'! ,U'J U'hUJ ’ 

ba,i. (J'j - bq •i. (Jj=b。이 ， 0η - b(J'ì.OZj 

b~HL; ~k" - b. __ 1' .-d_,, =bm . ;-b i,akj V1iki ,ak-1j-"'of,j Vj ,a--1j" 

2b.. =b ‘ +b O‘ t.OJ - 1, 0‘J' 

2b_" _, =L, _,,+b o'i, oj VO~ι o‘1 
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2L, ."= b.,, .,,+ b I]~ i ， 1]'/ ~ 1]‘:, u" J ' - U‘ι U) 

2bi. lJ'j=b lJi, j+baÞi , IJ!-'j 

:Solving these equation simultaneously, we have 

b(J j, j = boti ， oj = b。‘z of= = bl Oil for all t , 1 = 1, 2, ·, t , 1.e. , BgC(P) gηd 

γ(P)=C(P). 

T'he follmving cxample shows that if thc characteristic of F is not zero, our 

Thcorem 6 does not hold: Let F be thc field 01 3 elements and 

1 0 1 0 기 r a b c 기 r 1 1 1 l 

p =1 0 0 1 1. Then C(P) = 11 c a b μ a, b, cEF). Let B =I 211 1. Then PB • 

1 100 1 LbcaJ L10 !j 

1 10 Ol 1100l 
BP= I 0 - 2 0 1 미 1 0 1 0 1 and P ( PB - BP)=(PB-BP)P hold. Hence, BEV 

I0 011 100 lj 

.(P) , but B$.C(P) , i. e. , C(P)도V(P). 
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