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SOME REMARKS ON UNIPOTENT HATRICES
By Chong-Yun Chao

Putname and Wintner in [2] gave a condition under which A commuting with
AB—BA implies the spectrum of ABA™' B is only 1 where A and B are
bounded, linear and nonsingular operators of a Hilbert space. In [1], Herstein
proved the following theorem:

Let A and B be a regular #Xn matrices over a field F of characteristic a
prime p>n. If

A(AB-BA)=(AB-BA)A, (D
‘then AB~1A™1B is unipotent (i.e., AB7lA™B-1 is nilpotent where 7 is the
identity matrix).

Apparently, Herstein's theorem also holds for the case F being of character-
istic zero.

Here in §1, we reestablish Herstein's theorem. Although the method is
similar, it seems that our computation is simpler. In §2, we use Herstein's
theorem and I. Schur’s work, namely the well known Schur’s lemma and the
-centralizers of a permutations group, to obtain some theorems concerning matrix
.commutators and centralizers.

1. Unipotent Matrix
THEOREM 1. Let A and B ve regular nXn malrices over a field F whose

.characteristic is either zero or a prime p>un. If the condition (1) holds, then
A'BA™'B ™ s wni polent for any integer f.

PROOF. We shall consider the case of #=1. Let U=ABA 'B~.. Then since
-similar matrices have the same eigenvalues, U and AUA™" have the same eigen-
values. By using the condition (1),

AUA™ = AABA™'B AT =(4’BAT B A = (24BA-BAYAT' BT AT 21 -

BAB At =2r-U"

That is, U and 2I-U ~! have the same eigenvalues. Let p, fto, -+, g, be the
-eigenvalues of U in the algebraic closure of F. Then the eigenvalues of

o -U " are 2—;1‘._1 for i=1, 2, ---, #, and we have, for 1<k<n,
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m=2-1;", w=2-p3" o gy =2-p; ", U,=2-p7"
where the subscrlpts of o s, 1f necessary _may be rearranged. Consequently,.
by substitutions,-we have - : o
kp,—(k-1)
S Sy R ¢ ) R @

holds since the characteristic is either zero or p>n>k. Again, substituting:
,ak 2- ~Hinto (2), we have

(.k‘*‘l).ul_
M T G- @
After simplifying (3), we obtain k(x, — 1)2:0. Hence, u#,=1. Conseqently, p,=
pg=-p,=1. If k<m, we repeat the same process for a finite number of times.
to.obtain gy=p,=-=p =L i
For the case of ¢ being a positive integer, we claim that

A'BAT'B ' =w-(-1) I @
By induction. Clearly, (4) holds for {=1. Assume

A7 a0 - yU - 21 5)

After multiplying A2 1 (1), we have

(4B~ BA)=A"*(AB-BA)A=(AB-BA)A',
and ‘

3

A'B=A"'BA+4BA' ' -BA". ®
By using (6) and (5), we have
A'BAT' B '=(4"! BA+4BA' -BAYAT'B!
=A"1BA~ Vgl aga~ B
={-DU—-@-2DI+U—I=tU—- (-1 )I.
Since the eigenvalues of U are 1, it follows that all the eigenvalues of A'BA~'B7¥
are i—(f—1)=1 for any positive integer #.
For the case of = —s being a negative integer, we claim that
ATBA'B =(s+ DI -sU. _ )
By induction. For s=1,-let W=A4 'BAB™'. Since (1) is also
(AB-BA)A '=A""(AB-BA), A 'BA=2B-ABA™
and W=A""BAB™'= (2B- ABA™ B '=1= /. Assume

1
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AT B B =g (s—- 1. ®
After multiplying 4" to (1) in the form (AB—BA)A '=A4"'(4B-BA4), we
have
(AB-BA)A *=A"%(4B- BA),
and
ATBA=A"*"'By+BA* - AB4* @)
By using (9) and (8), we lave
AT°BA'B™'=(4~"BA) A" 'B!
=A™ B Ba™ M aBaH 4T B!
=47"'BaA B v - 4BA T
=sI—-(s—1VDU+IT-U=(s+1)I-sU.
Again, since the cigenvalues of U are 1, it follows that all the eigenvalues of
ATBAB™! are (s+1)—s=1 for any posilive integer s, i.e., all the eigenvalues.

of A'BA™'B™! are 1 for any negalive integer £

COROLLARY 1.1 ILet A and B be the same as in Theorem 1. If A commudes with
AB—BA, then (a) BAf;B-IAI. AT'B'A B and B A'BA™ are uni potent for
any integer t. (b) (ABA™'B ™Y, (A~ B7'4), (47'B7'4'B)" and (B7'A'
BA_I):' are wni potent for any integer t and t.

PROOF. (a) Each of these matrices is similar to A'BA_rB_l, i.e.,
BA™'B'A'=(4)a'Ba~'B 74,
AR 4B=(4B,” (4'BAT'B)(A'B), and
B '4'BAT =(4'BA ) A’ BAT BT HA'BATY.
Hence, it follows ‘'rom Theorem 1 that eacy of them is unipotent.
(b) Using the facts that the product of two unipotent matrices is again:
unipotent if they commute, and that the inverse of a unipotent matrix is
unipotent, (b) follows.

THEOREM 2. Let A and B be the same as in Theorem 1. If B commutes with
AB-BA, then ABA'B™" is uni potent for any integer t.

PROOF. Since B commutes with AB—BA, B commutes with BA—AB. By
Theorem 1, BAaB'a™lis unipotent for any integer { Since the inverse of a

) P g ¢ . A '
unipotent matrix is unipotent, (BAB A4 ) '—4BA7'B 7 s unipotent for any
integer ¢.
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CORQLLARY 2.1 Let A and B be the same as in Theorem 1. If B commnules
with AB—BA, then (a) BAa7'B7'4, A7'B7AB and BT'AB' AT are wni poient
t o=k £

For any integer t. (8) (ABAT'B™Y, (BATBT A", (AT'B AR and (B”
ABrA_l)y are wnt potent for any integers | and t'.

REMARKS. (1) Our Theorem 1 can also be proved by a similar method to
the Herstein's proof in [1]. But our procf above seems to be simpler. (2) The
following example shows that, although A4 and B are regular #+<# matrices
over a field F of characteristic either zero or p>#u and A commutes with AB—

BA, AB*A7'B7% is not necessarily unipotent:

10 OT 1 1 0 2 2-17
Let A=|0 0 1 andB=|1 1 -1/ Then B*=| 2 3 -2.
0 -1 2] 0-1 1 -1 -2 2
iV 0 1 —lT
AB-BA=| -1 -2 2| and A(AB-BA)=(AB-BA)A holds.
L1 -2 2
1 0 —17]
The cigenvalues of ABA7B™'=|0 0 1 |are 1, 1 and 1, and the eigenva
0-1 2]
0 1 0 A o
lues of AB°A7'B™%=|0 0 1]arel, %—-kifl— and %— “’/..,31 .
1-2 2 )
(3) Similarly, B commuting with AB—BA does not necessarily imply the

. e |
unipotency of A'BA "B .

THEQREM 3. ILet A and B be the same as in Theorem 1. (1) If A commutes
with AB—BA and if U=ABA "B~ and B™'UB commute, then AB"AT'B ™ is
i polent. (2) If B commutes with AB—BA and if U and A7'vA commte, then
ABATB 7 is uni potent.

PROOF. (1) B~ (AB°A™'B %B=(B 'ABA )(ABA'B™)

—(B~ " (Ba™' B HBy(4BAT B H=B"UB.
Since AB°471B™7 and B—I(ABBA_“B_Z)B have the same eigenvalues and since
U is unipotent by Theorem 1 and since U and B 'UB commute, AB°A'B7" is
unipotent.

@ A A’ BA B ha=4aBA B HBATIBTID)
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=(4BA™'B (A (4B B HH=UA VD).
Since A°BA™?B™" and 4 (A" BA™’B™")4 have the same eigenvalues and since

U is unipotent by Theorem 2 and since U and A 'va commute, 1412‘1:1'51_23_1 is
unipotent.

2. The centralizers of a matrix

Let M (F) be the algebra of the #>Xn matrices over F of characteristic either
zero or a prime p>n, A be a matrix in M (F), Cld)= {DEMH(F V; AD=DA4}
and V(A4)= {EEJWﬂ(F) s ALAE-EA)=(AE-EA)A). Then C(A4) is a subalgebra
of M, (F), V(4) is a subspace of M (F) such that C(A)SV(A). To {ind a
necessary and sufficient condition for C(A)=V(4) seems to very difficult. Here,
we shall use I. Schur’s work, namely, the well known Schur's lemma and his

result in [4], to prove the following theorems.

THEOREM 4. Let A be a regular matrix in M (F) such that the characteristic
polynomial of A is irreducible over F. Then the regular matrices together with
the zero matrix in V(A4) constiluie a field. In fact, the field is C{A).

PROCF. Let B be an arbitrary regular matrix in V(A). Then B satisfies the
condition (1) and, by Theorem 1, ABA 'B ' is unipotent, i.e., ABAT'B ' =1
+N where N is a nilpotent matrix. In fact, we have

(AB-BAA ‘B '=N

which implies that AB—BA must be a singular matrix in C(4). By Theorem 8
in [5], which states that C(A) is a field if and only if the characteristic poly-
nomial is irreducible over F, AB—BA must be the zero matrix, i.e., AE=BA
and B belongs to C({4). Sincez C(A)CV(A4), the regular matrices in V(4)
together with the zero matrix constitute the field C(A4).

THEOREM 5. Let {Ay, A, A, be an irreducible set of regular mairices in

&
M (F). Then the regular matrices together with the zero matriz in an(Az') CoOnsti-
P
k
tute a division ring. In fact, this division ring is [ C(A).
1

k
PROOF. Let B be an arbitrary regular matrix in ﬂl V(4). Then A,(A4,B-
2=

BA)=(A;B-BADA, for i=1,2, -k, and by Theorem I, AZ.BA‘._lB_i is unipo-
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tent, i.e., AiBA'._le:I-!-N,. where N:‘ is a nilpotent matrix. Hence
(4,B-BA) A7'B™'=
for /=1, 2, -+, » imply that A, B—BA; must be a singular matrix in iél C(4).
Since 561 C(4,) is a division ring by Schur’s lemma, A B-BA, must be a zero
matrix, i.e., A,;B=BA; for i=1,2,-, % and BE rﬁ C(A.). Since rf]C(A.)gr%

V(A4,), the regular matrices in ﬂ V(4,) together with the zero matrix constitute
1

the division ring _ﬂl C(4).

THEOREM 6. Let ¢ be a permutation on n leflers and P be ils corresponding
permutation mairix MR(F) where the characteristic of F is zere. Then V(P)
=CCP),

PROOF. By using the Theorem 1 in [4], we know that if C:(c[}-)EC(P).
Then, for 7, 7=1, 2, -, #,

cz’j:caz’.aj:casi, uzj:'":ca‘i, gt

where the order of ¢ is &£+1.
Let P:(pz.f.) and Bz(bz.j) be an arbitrary matrix in V(P). Then, by using
the properties of a permutation matrix, we have, for 7,7=1,2, -, n,
Y'Z
(PB— B-P) — p;k Bi E—:Jl bz'kpkj
:pa', ai g:’, j_bi.a-lj pa—lj,j
=B . —b. . (10)

o, J L0
Since (PB—BP)EC(P), (PB—BP)E-J-:(PB—BP)W-,M:(PB—BP)G%.,UEJ.: - =(PB

—BP)U%»,JU. Then by (10), we have
bai. j*bz o ba z,aj_baz', bl
baiai Vg, ;700 i~ Vi o
b b .. .=b. ..—b

7%, gzj P 1 0%, 0] a'i, g%] a4, gzj!

bah+lz a*j b”»z ] bm"j - b,', et o
That is,

2b;. j:ba“i, o;'-l-bi, o

2B i, 07 =i, s D

i, 0f oi, 7§,
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2b =b +0

g%, ot o, g% 0%,0jf

=b,; i+

i, 0%

26 ai, j oti, o*1§

Solving these equation simultaneously, we have
by i=b b “:bf.akj for all z" j:Ir 2: e j.e., BEC(P> and

ai, %, Uj:
V(P)=C(P).
The following example shows that if the characteristic of F is not zero, our

Theorem 6 does not hold: Let F be the field of 3 elements and

a0t

0107 Tabec 111

P={001| ThenC(P)={cabd ta b c&F]. Let B=211|. Then PB-
100 bea 101
1 0 0 100

BP=|0 -2 0|=1010|and P(PB-BP)=(PB-BP)P hold. Hence, BEV
0 0 1 001

(P), but BEC(P), i.e., CLPIESV(P).
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