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GENERATING FUNCTIONS FOR G-FUNCTION ( ll) 

By R. F. A. Abiodun & B. L. Sharma 

1. Introduction 

This paper is in continuation of our previous papers (2. 5J. where v,re have 

obtained generating functions for G• function. 1n this paper \ve add four more 

formulae to our previous results시 The results obtained are general in character 

a nd include as particular cases the results obtained by J\1eijer [4J . The importance 

of G-function derives largely from the possibility of expres잉ng by means of 

G-sym bol a great m찌y of the special functions aþpearing in Applied Mathematics. 

For the definition of a G-function see [3. p.369 (7)]. In thc ' investigation we 

use the formula [1. p. 108(1) J 

(1) ,Fl(a. b : c; x ) = A l 2Fl (a , b; a + b-c ; l - x ) 

+ A2( l x)c a b 2Fl(c a , C b; c a b+ l , I x), 

where 

A ,=.L(c )r(c-n- bL A_Lιxι+b二띄 
ι -0)1 ‘ l.C -O) ’ n ,• r(a)r(b) 

and 녀rg(l - x)1 <π. 

2. The first formula to be proved is 

∞ (α)， ~m+ l."( I aþ \ , rcS) 
(2) ε(~，':， G Ixl p 11' τ상븐숫r 
~o (,3) ,r! ~p， q+l \lhr 낀r - r(ß- α) 

∞ (α).(1- 1)' 까 "，， 2， 11 + 1 / 1 1+α β+ J..， a". α β+2+7+1\ 
ε ←→7←-G Ixl 
r=O 7, Þ+2, q, 3 \ I}.+r, α-β+ À十 1 ， bq• 1 β+}.I 

+으쁘ξ (g α)，(1- tyB-a - ?+r G/1버 ”+2 /x-xtl1 a+• r. 
1'(α) ~o r ! .... p+2. q+3 \ jα ,8+ ?, bq• 

α β+λ a
þ \ 

1- ,3+À. α}β+ À→ r/ ， 

ψ;jJro띠vt'de’ 

-송융q+fr)r 
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PROOF. To prove (2) we substitute the contour int ograJ for G-function [3. 

p. 369(7)J in the left side of (2) . change the order of integrat,on and summation. 

which is justified under the condition stated with (2) . we have 

(3) 」-Arα-s)xs F (α. ?-s; ß ; t)ds. 
2πi J --- '-" - -,r - T 1 

C 

\vhere A 
j뜨T(J -aj+s)낌lr(bj S) 

6 r (a.-s) h 「(l -b.+s)
} = 1l + 1 }=m+l 

Csing (2) in (3) and changing the order of summation and integration. wc get 

r(R、 ∞ (a) .(l -t)' r rfR_N_'""- <、
(4) 꺼앞효점→r! 걷;rJA카혔턱쉰f 

r(α+r-s)T(a-β+λ+ 1-5) .h , T (ß) 웅 (ß - α)， 
T (a-ß+λ+r+ l-s) “‘ , T(a);;피 r! 

ß-a→λ+ ， 1 r AT(a-β+}.- s)T(β-λ+r""- 5)T(S-a - J. .L 1 + s)x'(1- t)‘ x (l-t)" - .... n' .1 
2τ { 1'(β λ←s)T(ß-a-À+ l-rs) 

Interprcting (4) with the help of defini tion of G-function [3. p. 359(7) ], we get 

tbe r ight side of (2) . 

1n case vve take β=a+ω， 띠=0. 1. 2 . .. . in (2). it reduces to the foll。이，vmg 

intercsting formula 

(5) 울」얀」G”‘+1. 따 I aþ ltιLα펌울 (-ω)，(l- I)W→λ+ ， 
;';"0 (a+ω)rr! ι 0+ 1 \ l2+ r , bj - r α r=O γ ! 

m+l. n+2 / [1 α-띠+ J. -r. λ-ω， ι \ 
G Ix-xt l y ’+2. q+3 \ 一ω+i.. bq• J -a-ωγ }. -띠+λ- ，/ . 

If we put ω=α (5) g ives a known result duc to Mcijcr 14. p. 487(46) J. 

3. Thc second for muJa to bc proved is 

∞ (- 1)' (α) ， ,...I/!. n (_1 잉 \ , 1' (β) ∞ (α) 
(6) L . ~ _I ~;， " G 서 )t' =τ견'=-/~ '\ ..I그~(J - t)' 

:;;'0 r! ( ß), V þ. 0+ 1\ lb
q

• J.+ rJ' - r (ß-a):-;:o r! 

m+1. n 十2 f 1 1+λ r. β+λ-a， a h> β+ À \ 
G Ix l y 

þ+3. ,+4 \ Iβ-a+ À. bq• J.. 1+ À. β+Î.-a- r! 

T ( ß) ∞ (ß -a), r. .,ß 
+---←r;-τ-，-←(l -ty T(a ) ;~O r! 
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~"， +2， 0+1 f " 11-a+ß+ ?, aþ, ß+?, 1 +β-a+2+끼 

p+3. q+4 \1-1 1β+Ä+ r， 1 +β- a+À ， bψ ?, 1+2 J 
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( .. , -,- .. _~h _ _ 1_ 
tohere R (ß)> O, larg(I-I) 1 < '" 2( m + 1l)> þ+ q + I , largx l <~III + 1l 一fP 2 q 

송)π. 
(6) can be proved in the same way as (2). 

1n particu!ar we take β=α+띠， 띠=0， 1, 2, .. , in (6) , it yie!ds the follo wing 

interesting resuI t: 

∞ ( -1)'(α)， n m, 0 ( 1 와 \ ，r(α+ω) 
(7) 삼강감?「GA q+lx |bq λ+r)l' =커끊운 

"' ( -ω)，(1 -1)띠+λ+r ,..m+2. 11 +1 ( X [1 +w+ ì.. aþ• a+띠+2， 1+ω+2+끼 
융 r! LrÞ+3. q+4 \ l-t l a +ω+ Ä+r， 1 +ω+λ b. , 2, 1+2 J' 

Taking ",=0 in (7) , we have the resu!t due to Meijer [4, p, 436 (42)J , 

4, The third formnla to be proved is 

∞ (a). m, .+I { I λ -r. a-" \ rrq、 ∞ (a ). 
(잉 P--」TG lx | V }t’=τ상단rE-「二-(1 -t)' 

1'=0 、，8) ， ’ Þ+I. 시 1 b r - r (ß-a) ~ù , 
", +1, 0+2{ IÄ-r, 2-β- ，， -1 ， a" ß+?-1\ r ( ,C{, ∞ (β α) ， 

C Ix l 1 +"""'냥ζ숫-r;-←τ 
p+3, q+2 \ I ß-α+λ- 1. b" β-Ä-a-r-!I qa) 석o r! 

q _ ...... ..J... 1 ..J... .. _ 1 _m+2. n+1 / γ 1β+ À α， a" :'+?- I , ß-α+i. + r\ 
(l tr-uTATt i%+3 q+2lτ:t Iß+ 2+ r 펴α-λ， b. ) 

þrovided tilat R (ß)> O, larg(1 -t) 1 <π， 2(1Il +η)> þ7q- 1. la rg 시 〈한+11 -웅p 

.J• ” •L_1_\ -
2 '1 ‘ 2 J 

(8) can be proved in the same way as (2) , 

ln particular we take β二a.ω， ω=0， 1, 2, .. . in (8), we get rhe follow ing. 
formula 

∞ (a). •‘’ . +1{ 12-r, ap\., r(α +ω) ω ( -ω)， ω } ...... 1' - l 
(9) r;~ττ누G [ x [ 끼t’ . , '-', I ...... 스ε-τ-， -' (1-1)ωτιT 1'- l 

-r =J \"α +ω)r ..... P+1. q \ l bq / I ’(α) ~o 

FZ+2 !j +i / x 1ω+λ a., α+띠+;(-1. ω + 2+끼 

þ+3, q+2 \ I - t 1α +"'+ .1 +r- l ， ω I. Ä, b, J 
In case ω=0， we get a known fonnula due to Meijer [4, p.487 (47)J . 



56 R.F. A. Abiodμ /l & B. L. Sharma. 

5. The fourth forrnula to be proved is 

∞ (•1)' (α). m‘ n / lap' λ -r\ , T(S) ∞ (ã) 
(10) ζ→←--LG lxj lt = 딩쓴즌rζτrL(l t)r 

~o C/3)yr ’ P+ l. 이 b, J π -αr~o 

서11 + 1. n+2 !"I ?-r. β+À-a-l ， a" β+À-l \ T(Sl ξ (β α)， 
” “._--_ . 
- p+4, ,+3 \"1β-α+ 2→ 1 ， b" ;., β+ 2 - α- r-1J . r α) ~o r! 

α r.o ...J... ' μ 1 m+2, n+l ( ν 1 8+ 2-α， aδ， À, β+À-l ， β α+λ +r\ 
(1- 1)μ .... ，^T7- J. G ←석 , 

þ+4, ,+3 \ 1 - 1 1 8+ .1 + γ一 1 ， ß- α+).， b
q

• λ / 

provided thal R (8)>0, larg(1 - t) I <π， 2(m + ”) > P+q+ 1, largx1 < (1lt + “- t p 

1 1 \ 
τq 당/π. 

(10) can be proved in the same way as (2) . 

1n particular if '\ve take β=α+ω， ω =0， 1, 2 .... in (10). 、ve have 

∞ (→ 1 )\α) ， ~m. n ( la" ).-η , nα+ω ) ω ( ω) 사 ! 

(ll) gJ갱검강「앙+1· q[xl p bq /t =카합운싫τr」(l-t)ω + A. + r-l 

’“+2’ n+l ( x Iω+? ， a" À, α+ω+λ- 1 ， ω+2+시 
p+4, q+3 \ [-( Iα+ 띠+λ+r- l ， ω +À， bq λ / 

]n case we take ω =0 in (11) , il yields a formula due 10 Meijer [4, p. 487(48)]. 
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