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EXPANSION OF THE GENERALIZED POLYNOMIAL SET !R.(.-'.y) ). 

FOR CERTAIN CLASSICAL POLYNOMIALS 

By R. B. Singh 

1. Introduction 

The present paper aims at deriving a generating relation. involving the H­

fun ction due to Fox. !Ij and a Bessel function 01 ordcr u, and 01 the l irst 
kind. The expansions 01 the generalized polynomials R .cx. y ) in terms 01 a 
certain cJassical polynom ials. such as Legendrc and sistcr-Celine under certain 

conditions have been arrived at. Simila rly. the expansions 01 the Legend rc and 

Sister.Celine polynomials in terms 01 the generalized polynomial sct !R.(x.y)) 

have also been deduccd under certain restrictions. A numb~r of interc~ting 

results have been work여 out as particu]ar cases of the general results obtained 

by the author. 

set CRn(X. y ) } has been defined by means of the 
This polynomial set !R.cx.y)} happens to be a 

twent)' four orthogonal and non-orthogonaL 

Laguerre. Legendre. Jacobi. Sister-celine and 
Meixncr and Charlier’ s and several other 

A generalized polynomial 
generating function (2. 1). 
generalization of as many as 

polynomials such as I-lermi tc. 

discrete polynomials, such as 

polynomial systems. For convenience 

for bre,ity. 
thc following notations have been uscd 

(a.)=a .. a 
p~ "1’ 2’ 

[ (ap)j.늑므l(aι= (a,)/a2). ’ . (a씨 ; 

[( :11',“(i. j)η싸) 

[1- (:11'κM?(iι’Lμ• j))끼)”]L-=6 
- “ j = I.+ “ - “ ‘. 

".:':.l !!l ti -b ,+BÞ 、
[(NlCi. j))넌Rlt뜨 ("-'낯L.!) 

' 1 BJ / 

[l- (N 2(i, j ))] , =L ，뜨 (1-
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( M ,(i‘ j )) - 11 -'- 1、

”‘'. / 
2 껴 Aj m· / ( Mþ . j )) - 1I + I - l \ 
아“사 ; (M p . j)) - lI넌=묘， ，낀"~l ( ‘4 .. . . ') 

p' -'" H . • 
- (-펴 B‘껴 A"A， 

‘ E= t 1 -l=l- l o 

(~ I ) I: Aj lT B〓l
j=l.+l j='1 J 

깅 [m， ; 1쩌(i. j…1 =jl ，젠 젠 ( 

‘ ‘ .-' -" 

3 r l 3l m! / -CN ,(i. j )) - " l \ 
%…4; 1- ( N 1(i. 치) 써 7=낀+ 1 j뜨 lpl ( ”4 )k 

4 ~ 앙 ':',. / (N . (i, j ))- n + l - ]\ 1'.,[1114 ; (N þ . j )) - lIJ=.Tcn.n. (" ' 2'" u , .. . . ' ) 
‘ j=2i=ll=1 、 ”‘4 1], 
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Genera lized pofynomiafs sct [T n 닝‘ y ) } 

{R.,(x. y )) 

2. 

THEOREM. I f Ihe 

JuncLio1/. 

g eneratiug 

(2. 1) 

by Ihe 

∞ (αlXm1y’'11 ~tml) 
εZ R，j (x， y) t”= QJ ” •• 

n=u - ' .(I -vx- 1’'"’11,'" 

〉×〈Hlμt“. r_二걱y"닷넘_1 _1 (a셔a낀l'’ A깨1)ι) .’ (‘a아;:，’ A쩨2깅ι).’ .ν’」까(a，앙‘y’ Aþ갱pρ) l 
þ.q+' L(l _vx- mtm' )ß I (bl, 1) . (b2• B2), .... '(b.~ 1' Bq7 ,)J 

is defiμed pol ynomial sc. 

(2.2) 

F낀뜨긴깐二걷는효l ， [l -(M2(i， j))J._.샤-2m..s 
Ik-2nι 

k ’ s’ (1! - 11t4k - 2m상) ! (ν1 + 0.-""" - "'" 

J(ωμ꾀얀!←n-m‘k←-2m짜ιf‘ι(.’n -m 

X [( N 1(;' j ))J n-m.k 씨 [1- ( N z(i, j)파그;파 

xJa+ ßb1).ß-m，jJk-2m•β'H 
(a+ßb1)nß_셔“5k-2m펴l 
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μ;ofO， 댄O. a~. ,ì"ßnd ’nl. μ = 1. 2. 3. 4) are. positive ;;zÚigers; 

.wlter ß 
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Exþansion 01 the GeneraUzed Polynomial Sel {R,,{z.y) } 
l or Certa끼 Classt'cal Polynomial~ 

EA，- ε~ B;드1. 
j = l ; =2 I 

1. b 1. a+l 
Z느 A ,-b A ，+ε B，-ε B ,=ì.'’>0. 
; = 1 J ; =[1+1 I ; =2 I ; = /\ +1 I 

, arg τ랬m.y- I<융TTJ. 
.c0 1ld 

f u+1 
i=써「(aj Ajbi)j표+f(l-bl-B1bi) 2Ul Ul! 

El따 
Q 

PROOF. On using lhe cx. pansion 

nl,. I. f:r I (a l' A ,). (az. A갖 " ' ， (aγ Aρ ] 
P,.+! L I (bl' 1). (6z. B2) , .. .• (6. +,. B.+!) J 

‘애∞ 란’rπr[ l - aj+片+Aιμb， +써lI) J '‘6h6 
= :x

W

'ζ {- . μ+ ' 

”=u ,1! n l「 [aj+Al(bl +”)l II fI1 - bj+ Bj(bl + ” ) ] 
j =“-;- 1 ; = 1. 

711, _"’1 ,111. 2s +씨 
• • α.X -y ‘ 、

… … … ∞ (- lY( -→ ~ 
lνl (alx…’Y’"f("') = ~담 }, pι i ‘ / 

. and the lemma 
∞ 。。 ∞ [,. / m.1 
ε: ε-:; A (k. ’‘)=~ ε-:; A (k. ,, - mk) 
11 = 0 k= O n도o .t=o 

W c get (2. 2) . 

3. Applications 
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(2.3) 

\Vc considcr lhc ex pansion of thc particula rized polynomial 
terms of the Lcgendrc polynornials p . (Y). such as : 

set CR.(x, y)} in 

THEOREM. Jf 

[CM',Ci. j))]' -2끼k 
R! C1I -211l4k ) ! [CN ,Ci, j )) l.. - 2> ••• 

∞ ‘ ’ ∞ Inl2….1 
~ R" "‘( x, y)/‘ =~ ε 
,,= 0 ’ ‘ = 0 k= O 

x [1 -(Mþ， j)) ]. _2m샤 /CμE y' I) ,, - 2m‘k(g+ 8bl)”a-an·3k+@ t” 

[1 - CN 2“. j ) ) ] .-2>.샤 :r "'k Ca+ß6， ) .육상‘% 
. thell 

(3. 1) 
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R2m‘ I“;1 [(Mj (i. j))] ， [l -(M센， 치)]， (μÈ) ’ 
(z. y) = I: 

h=O τm파r7))l ” [1 -(N2(t ， 끼J. 

X F 

X ( 211 - 4h + l )P. _?h (y" ) 

2' (3/ 2),_. 
ó.c’'11,; - h). t/(2m,; l - (Nj(i. j ))- n) . 기 

A4(2nl4 : (N“i. j ))- n ). ó.Cm4 ; - ~ - n + h). 

/l(2’”얘 ; l-a βbl - llβ) ; 

/l ' (2m,; l -(M ,(i. j)).- η)， A2(2”lγ ( M z(i. j) )-n). 

t;C2…,ß - l: l - a -ßb,- nß); 

.+, 
2’”‘ß 211’,C,EB;-εAI-r 1) 

- v(2m,ß) (2끼'. ) 

(2};48-l)zm‘β- ' (μE)2 ”·xm 

(3. 2)‘ 

PROOF. Using the known result given by Rainville [2. p. 181(u) ] in the ex-

pression (3. 1). we have 

∞ n ∞ ∞ In/2l [(Ml(i, 1))] n [l - (M2( t, 1))] gU*(μ E)' 
ε-:: "R“‘(x. y ) /" =εr ε? ε 
.~O • • . -- . ~Ok~O. ~O k! [(N ,(i . j) ) ].[1- ( N 2(i. j )) ], 

× 
(α+ßb j ) . ß+k(21l- 4h + l )P . - 2. (y" )I'

수2m.k 

(a + ßbj>.. 2"x’"'h! (3/2), _. 

∞ 얻 [' κ 1 [(M ,( i. j))]， +2h-2κk [1 -(Mþ. j ))] 
=L; ε: ε1 

~ . -_. If ..I.- 2h- 2m,k l' 'H .. :!' .. . J ~ .I J ，， + 2，. →Z’”‘k .~O .~O k ~O k! [( N ,(i. j))].+2h-2m샤 [ l -(Nþ. j ))] .. 2h - 2m.k 

ι k ; r"， n +μ-2m.k 

× 
(μE)" T-- ...... 

(α+ßb ， )

“+ 2h-2m.k )β+ k 
xmk2'I + 2h-ι'n .k (cx + ßb1\n +2h-잉”‘k)ß 

( 2n + l )P _(y" )1. +2• 

X (3!2>.+h 2사 (h - m,k) ’ 
On replacing n bγ n- 2h and comparing the coefficient of t' from both sides. we 

finall y a rrive at (3.2) . 

N。、v we shall obtain the expansion of Legendre polynomiaJs in terms of thε 

generalized polynomiaJ set (R. ( x, y )} , under certain cond.itions in terms of the 
fin i te series. 
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TH EOREM. If 

then 

홉Pn(y'싸 

"- (웅).2" [( N / ;. j) ) ]n[l -(N þ , j)) ]/ v/ x)’ h 
P.(y" ) =~ \ " ; n ‘ 

. .. . . = 0 (η -h) ! [( M 1(i, j )) ]n [l -(M þ , j))]n (a+b，>'cμE)" 

x( - )" -\α+bι획 [ o7。 i (x, y) 

/1C2; - η +h)， ",,1(2; 1-(M 1(i, j )) - n ), ",,2(2; ( M ,(i, j) )- n) ; 

/1C2 ; l -a - b1- n ), 웅-κ ""\ 2; 1- (N 1(i , j) )- n ), 
XF ""\2; (N l i , j)) - η) ; 

p q+ 1 
2CL'A:- ε~ B ;- 1) 

2 "1I 2" J ' (μEx) 
2 

U 

PROOF. F rom [3, p. 157] , 、，ve have 

y".n [( .'11(;, j ) )] n[I -(N Z(i , j)) ] .(α+ b 1 ) n ( _)n 

[(1I1,(i, j)) ]n [J - ( 1I1zCi, j)) ] nCμE)n 

μ ; (a， . A샤 : /'(x, y )( η1 

×깥[쇠펙찮;좁짜웠:← - ， k 

(3.3) 

(3. 4)、

On making the substi tution y"" in the r ight hand side of (3. 3), wc arrive a t 

. ( 1 \ 
∞ rn"n ∞ ∞ ∞ ( ) ' (τ)n +h +> 2'" , ""[(N 1(;, j ))] n+h 
ζ p.(y" ) (" =ζζg 、 / 
;;-;;'oYn V 

/" ;;-;;'oÞo Þ ok!n! [(M 1(i, j ) )] n+h [1- (M 2(i, j ))]'+h 

[1-(N þ", j))]n + .Vn Cα+ b，) n+h = 1 : - ; - : - ; 1 .T. . " , lf : . "(x, y)1 
(μE)" +hxn Cα+ b1 ). “ h ; l ;O;O 

Now, on using the lemma (2. 3), and comparing the coefficient of tn from 

both sides we obtain (3.4) . 

Special cases of (3.4). 

(i) On taking m=m4= 1 =β=μ=x=η=/， ; P= O= q= a 1 =이=ν1 = /2 



R.. f3 •. ,íjiqgl!. ',. , -, 

‘ 'J 
용4 

、:I.. e obtain 

(웅).(웅).( -)쌍H2hα) 
(n -h)!(4마lhh! 

v=-l : α=웅 ; y = y2, 

n 

p!(y)=￡￡ 

(i i) On setting α= 1 + ..1.; m = 11l4 = 1 =β= v =x; P= O= q= b1 = a 1 =νl 
12= 0; r1 =1 = /1' wc arri ve at 

r ð.(2; -n+ h) ; 1 
F |41(2; 2 ”ι 융 " τrj 

μ
L개)
h
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N ext. we shall consider the expansion of the polynomials set {R n (X. y)) in 
<terms of the sister-celine polynomials C/y) and vice-versa. 

THEOREM_ If 

∞ 
” 

∞ [nfmμ1 [(M1 (i. j) )]._m.k[l-(Mþ. j))]. _.
“

k ι-:: R.(x. y)t' =r: ε 
n=O ,. - - • - n=û k=û kl(n-m얘)! [(N1(i. j))]" ’n샤 

(3. 5) 
(α+βb1).ß- m‘ g*+kt” 

[1- (NzCi. j))] .- m‘kXmk(α+ßb1).β m
‘
ßk 

× 

Jhen 

• [(M1 (i. j))].[l-(MzCi. j))].(μE)'(웅).nl [(fa)] ,(_ )h 
R.(x. y)=ε 、 / 

w [(N rCi • j))].[l-(NzCi. j))].[(d끼 .(n - h)l (n + h十 1)! 

ð.Cm4: -n+ h). ð.Cm,: -n-h- 1), ð.Cm,; l-(d,)-n) , 

Mm，β :1-α-ßb1-nβ)， A3(m4 ; 1-(Nl(t, 1))- ”), 

i'J.'(m4 : (Nþ , j) )-n): 

1., .. ù 1(m4 ; 1-(M1(i, j) )-n), /,,z(m,; (MzCi‘ , j)) -n) , 
rx F I 

Mm，β 1: 1-a-ßb1-nß), ù(m,: 윤 -n)， 

ð.(m,; -n), Mm,; l- (fa) η) : 

[ 

(3.6) 

X(2h+ !)Ch(y") 

q+ l Þ 
- v(m얘)m껴(-m씨m‘u댐-갇 AJ-a+ø) , 

~m，ß-1) ’시‘β- l(μE)삿” -
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PROOF. On making use of the result [2. p.292(12)] in the equation (3. 5) and 

after a little simplification we get (3. 6). 

Special cases of (3. 6) 

Similar to (3. 4). we get the foJJowing results for Legendre Jacob; . Gegen­

ba따er. Ba teman’ s and Ricc’ s polynomials 

'è.. (÷n(웅)짜”l [( fa)]”( - )h(2h + l) 
(i) p.(Y )= r:;: 、 / 、 /n 

4 0 (11- ι) ! [( d,)J .cn+Iz -r1 ) ! 

r 
‘ / 

r - 11+11. -n-h-l. l-(d,)-n ; 1 
x F 1 -2 1 C‘(Y- l ) 

I - 2n. 2- 11• l - (Ja) - 1I; I .. 

(4 )”2”,l! [( 4 )] ”( )h(2씨)(1 + a' ) . 
(ii) p~a'. 1/) (Y ) =ε 、 ~ / ÞO ( ,, -h) ! [(d , )J.(n + h -'-! ) !(l +a' +b’ ) , 

r -n+ h. -n- Iz -l. 1-(d,)- n. -a’ -n ; 
XF I 

L-a' -b' - 2ι 1 -(ι)-11 ， -1l’ ÷ ” ; 
" n (ηÜ + )f,,! [(JJ l.( - )\2h+ 1) 

(üi) C (Y)=ε ”ν」 〈? ι ，-、?;
n h=O 

I- n+μ• - n-h-l. 1- (d,)- n’ ÷ ” -η -n- η 
XF I -2 IC.cY-1 ) 

LI-2n-21? 1 - 11- ι 초-n， •' . 1- (J,) • n ; J 

'è.. (융)짜(송). [(Ja)J ,,( _ )h짜+ l ) n! 
(iv) Z，， (y) =ζ / I 、 ， r f ..1 、 ， , ’ ‘ “‘ 

11 = 0 

따
 

Y ( 
h 

p 
ν
 

J 

끼
 
」

r- lI + h. -n-h-l. - 11. l- (d,) -1I ; 1 
x F 1 1 -2 1 C‘ (y) 

| 숭 n. -211. 1- ( [ a) • n ; ‘ 

• (n.(융).(융)n(-2)2n”! [ (f씨 J " C -)“(2h + 1) 
(v) H_C~.P. V )= .L' ., . :시 r 

h=O 

r- 1I+ 1I. - n-II - l. 1- (d.) → 7ι 
x F I 11-s-n. -2n. 1- (Ja)-n; 

l - P - n ; lJ ι ( V ) 

THEOREM. I f 

∞ ∞ ∞ ( - )"(2n + 1)‘ 22ny” [(de)]ntn+k 

ε C.cy'’)/'=εε ‘ 、
~o -.~.- .-;;'0 ;;;0 n!k! [(J)J , (3. 7} 
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i llen 

’ • 220 [ (d，)J.Cα+b1) . (V/X).-h( - )‘ 
C.(y’ ‘)=ε 
’ . =0 [(fa)J . (a +b1).(n- 1I ) ! (μEl’ 

× [(Nl(i . j ))] , --bIl -(N 2(1, j ))} l : - : - ’ ” +h j? (x, y) 
[( M 1(i , i ))J dh [I- (M 2(i,j)JJ. +h " h : 1 :0:0 

-n, t;.C2 : -211) , 1- (M 1(i , j) )- n, (M z(i , j ))- 1I, 

1- (f.) -1I : 

XF I -2n, 1- (d,)-1I, 1-(N 1“
, j )) - 1l, ( N 2(i , j ))- n: (3. 8) 

q+ l þ 
(r- a+ ε~ B1-C A; - l ) 

( _ ) z (μEr) 

U 

PROOF. Proceeding exactly similar as above we can lind (3. S) . 

Spccial cases of (3. 8) 

As usual , wc get the following rcsults : 

. (+b2
' [(d) J .. ( - )‘H?.(y) 

(i) C. (y)=ε 、 i / ” I • ‘、 ’‘ : 
. . .. h= O [(fa)μ(승)따- 11 ) ! 2~’h! 

r - n, t;.C2: -2써. 1 - (f.l - n ; l 
x F I (_ra

-
1

1 

1- 271. l- (d,)- lI . 좋- 1:: 

• 22z'[ (dJ끼) J..(지(“1 -'-수사?).ι안2 
(iωωii비lη) C.(ωy)= l:득; ‘ ’“ ’ 

h:b I(fa)l , ( - ) ” ( ” k) !( l + 2)h 

1

치」 
e • /
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Similarly thc cxpansions 01 Hcrmitc. Lagucrrc, Jacobi polynomiaJs etc. in 

'tcrms 01 R.(r, y ) a nd vicc.vcrsa can bc casily dcduccd. 
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