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PRINCIPAL SOLUTIONS OF 2N-ORDER REAL SELF-ADJOINT 

DIFFERENTlAL SYSTEMS 

By Sung J. Lce 

Hartman [3J. (4) gave cxplicit formulas fo r principal solutions for a second 

‘ 。rder system of dif fcrcntial cquations which is equivalent to a case of identically 

rnormal Hamil toni e.n ~ystem . 1n this notc v,;e show that his construction can be 

‘carried over to an even order real se!f-adjoint system of differential equations. 

1. Let A. B. C be 11 X n. conti nuous matrix-va lued function of t on an interval 

’ [0. b) ( Ial <∞. may be ∞) such that A‘ (t )=A(t) , C(t)=C‘(1) for tε [0， b) , 

! Consider a Hamil tonian systcm 

{yr = B(t)y+ CO)z, 
z'= -_4 (1))'-B‘(I)z 

.and a matrix eQuation 

\~’ =B(t )Y +C(t )Z, 
Z ’ =-A(t)Y -B‘ (t)Z 

( 1. 1) 

( 1. ~) 

-wherc Y. z arc n Xl 、rectors， and Y , Z are n X n matrices c1efined on [0 , b). An 

;.u X n matrix solution (Y. Z ) of (1 .2) is calIec1 an an t.i-principa l (no!1-pr incipal in 

[3]) if it is conjoined (selJ-conjugate in [4]. isotropic in [2]) , det Y (t) ,>,O for 

a11 IE Ic, b) for some a드c <Õ ， and 

lim r y - ' (s)C(s)Y‘ - 1(S) ds 
t • b“ r 

, converges cntry-w ise to a fi nite Jimi t. A solut ion ( y , Z ) of ( 1. 2) is called a 

princi pal soJution if it is conjoined, dct Y ( t),>,O for a ll IE[c, b) for some a5,c< b, 

and 

!냈[fY펴C(s)Y「l (s)ds] i =o 

We assumc here that (H1) C(O is non-negative definite on [0 , b) , (1 12) 1\or

’maJi ty condition, tbal is, ií (y, z) is a solution of (1 . 1) such that )' (1)르o on s(,.Ine 

. subintcrval J of [a, b) , thcn z (t )三o on f. (H3) there exists a conjoined soIution 

‘ (Y , Z ) of ( 1. 2) such that Y (t ) is invertibJc for aJJ t in a neighborhood 01 b, 
Ithat is, dct Y (0 7" O fo r aJJ tε [c , b) fo1' somc α드c < b. When (H1)- (1l3) a re 
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satisfied, it is known (Theorem 3, Ch. Z, [2]) that principal solutions of (1, 2)' 

exist. But the construction in [2J involves a Iimiting process. The aim of this ‘ 

note is tD give a simple expIicit constructfon (.}f principal solutions of ( 1. 2). 

without a limiting process, and apply the resNlt to even order sclf-adjoint differen

tial systems. Such a construction was given in [4 ] (See the proof of Theoremil 

10.5 and !ì 11) in the special case w hen 

B = - ER - F*N , C= E and A=Q+R*ER+R짜F용N+N*FR+ N*GN 

where E , F , G, N , R. Q are continuous matrix -vaIued functions such that; 

E = E*, G= G*, Q= Q’‘. E is non-negat ive defîni te and (E F치 is non-singular. 
\ F G / 

1‘ he norma1ity condition for the corresponding E.qua tion ( 1. 1) was asswned. 

THEOREM 1. 5μppose Ihal (Y , Z ) is a cOlljoi1ted solutio1t o[ (1. 2) sμch that: 

detY(t)r'O [or all tE [c, b) [ or s011le a:S;c < b. 

( i) De[iηe (Y 1, ZI ) 01l [c, b) by 

{Yl(t%t) [IIl 댄 y-1시녕(“ωs)cα(“썼S 

Zζlι(1ωtο) = Zμω씨*κ바1 ，μ안"선l겨+I Y「-카1시(“(s)yr 'cs) 값]+ yr1(1) 

Th ell (Y [' Z ) is an ιn.ti-p rincipal solulion o[ ( 1. 2) . 

(i i) De[ine (Y" Z 2) Oil [c, b) by 

c건핑쟁2“싸(t) = Y 

Z작2(αωtο)= Z긴l“(αωtη) J: Y;'cs)Cα(ωs) y*간[l(ωS상) d양S ←Y하f[I (αω1) • . 
Tπhe’II (Y "’ Z~석) is a þri…ncαipal solμjμtIμtωOω?η>l O[ (1. 2) • . 

PROOF. (i) lt is clear tha t dctY 1(I) r'O, c:S;t <b, and (Yl' Z[) is a conjoined' 

solution of (1.2) (proposit ion 1, p.35, [2]). By (Proposition 3 p.39, [2]) that 

Y(I) = Y 1(In - 5
1
( 1)), (c드I <b) ， 

whcre 

S[ (1) = J: Y;'(s)C(s) y뀐(s) ds 

Let r (t) = max ( IÀ j : λ is an eigenvalue of 51(1)) . Then since 51(1) is self

adjoint , it follows from a ,.,rcl1-known theorem on spectral radius that 

( 1. 3) r (t) =max [~*51(t)η : 서η~ l ) ~ i I 51(t) I I. 

wherclI5 / t) lldenotes the norm of SI (1) whcn it is consid ered as an operator from, 
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C' into C". Then by (1. 3) 

r(t)드r(12) ， (C드t1 <김 <b) ， 

and 80 펀 r(t)<∞ if, and only if the entries of SI(t) conγerges as t• b. Tcr 

complete the proof, it is sufficient to show that lim r (t) <∞. Now it follows 

from (line 11, p.40, [2]) that 

1. = (I ~ +So(t))(I. - SI (1)), (c<1 < b) , (1. 4) 

where 

So(t) = f: y - 1“ (s) yr1(s) ds. 

Since μ -SI(I) is positive definite by (1.4) , anyeigenvalue of In -SI(t) is lesB 

than 1. Hence 

lim r(l) <∞ 
t • b 

(i i) By (i)，돼 SI (1) exists. Let us denote this limit by D. Since det Y1(lhεo 

for all c501< b and (H2) holds, it follows from (Proposition 2, p.38, [2]) that 

Sl (t) is an increasing function of tε [c , b). ln particular, det D7'oO, det Y 2(t)7'o0 

for c50t <b. Let us write 

{Y2(t) =YI(t) (D -Sl(t)) 

ZP) = ZI (t )(D-S1( t))- Y치 \1) 
(1. 5) 

for c드t<b. Clearly (Y 2, Z ,) is a conjoined solution of (1. 2). By (Proposition 3, 

p.39, [2]) , 

Y1 (I) =Yit) (D -
1 
+ S2(t)), (c드t<이 (1.6) 

where 

S2(t) = ，fy:;l (s)C(s)y캉l(s) ds, (C드t <b). 

Thus from (1. 5) , ( 1. 6) together with (line 11 , p.40, [2]) , 

IR =딴[1(S)C(S)Y칸(S) dS)(D l+S2(t)), (cEt드b). ( 1. 7) 

This implies that 

llm s ;l(t) = 0. 
t- .ó 

This completes th8 proof. 

We will say that (1.1) is disconjugate near b if there exists cε(a， b) sucru 

that (1.1) is disconjugate on [c , b). We note that if (Hl) and (H2) are satisfied , 

then (1. 1) is disconjugate near b if, and only if (H3) holds. For thc "if" part, 
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see (Theorem 2, p.39, [2]). The “。nly if’ part was proved in [4J in a special 

case when C is invertible. For completeness, “ e wi1J prove “ onJy if" parr. (See 

.also the proof of Theorem 10. 2, [4J “ here B-corresponds to C). 

{Y (t) Y 0(1) \ 
Let ‘ l 

\Zα) Zo(l ) / 

be the 2n X 2n fundam,entaI matr jx solutioh or (1 . 2) such that Y ( c)=I ,, = Z c( t) , 

Z (c) = Yo(c) = O where ( 1. 1) is assumed di sconjugate on [c, b) . T hen cIearJ y -CYo' 

Zcl is conjoined. We c!aim that det Y o(t),:;O for all tε (c ， b) . lf det YO(t l )=O 

fo r somc c< ll < b, then Yo(t)η= 0 for some non-zero constant vcc tOI η. Dcfine 

x(I ) =YO(ï)~， Z (I)= Zo(l)η. Then (x, y) is a soJution of ( 1. 1) such tha t x(c)=O 

= x(t t ) . Thus x드O. By (H2) , z( I )=O. This means that z(c)=Zo(c)η=η=0. T his 

is a contradiction. 

RE‘a와( 1. 1. By (Hl) , (H2) and (H3). Z I and Z 2 in Theorem 1 a rc dctcr

mined by Y t and Y2 respectively (see p. 386, [4]). 

2. Consider an 2" order reaJ scJf-adjoint system 

ry = Z5 (P k(t)y(k))(k)= o”;Xl’ 
k=O 

and a mXmη equat lOn 

η=효짜t)Y(k))(k)=Omx”” 

(2. 1) 

(2. 2) 

\Vhere y and Y are m X 1 and tn )( ’1m matrices. Hcre P .(- (0드k드11) arc ~il ^ 1!l rca l 

hcrmì tian k.timcs continuously dirfereo tÎablc ma tr ix 、 alucd functior.s Oìl [a. b) 

( I a l<∞， b may be infinite) such that ( -1)'’p .. ( t) i3 posi th-e defi nite for a ll 
R 

IE [a,b) . 

lf U is a m X r matrix , tben define lIm X r matrices n(U ) and ,(U ) by 

(U)줬 J ((U펴 
1νhere (/U) (J :S;j :S;n) is the 11l X r matri x defined by 

11 I' n ，， ~ur (kh(k- j) 
UU)=( -1)'ε (P, (t)U" ' ) 

‘ k= ) 

We can chcck that if y , Z a re suJficiently differentiabJe m X lII ll matnces, then 
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I ’ (Z한y-(，Z)*Y)dl =(;잔(Z)u(y) -U*(ZX(y))ο”깐(Z)u(Y) - u*(ZKα)) (t2} 
for a11 a드1 / < 12< b. 

\Ve say that a ’u X mn matrix Y of (2.2) is a씨， .pr. ’，cipal if (i) it is conjoined •. 

tha t is. 안(Y)u (Y) is hermi tian. (i i) det u(Y( I) ) ,oO for all 1ε [c. b) for some 

a드c <b. 

(iii ) 낀바l(1ms)))-l CO)(tf(Y(s))) l ds exlSt S CEtry wlSe 

T he Y is ca l!ed þ7씨ciPal if ( i) i3 conjoined. det u(Y(t) )>"O for a ll tE [c. b) 

for some a5;c <b. a nd 
r r ,' , , .. " ", - 1 ..... ..- " , .. ~ ..- "， .~ - l . 1- 1 

lin: 1 (' (u(Y( s) ) ) - 'C(s)(u(Y (s)))* - . ds 1-' =0’‘n X…”’ 
I - 'ö l ‘ J 

where Cα) (a드c<b) is the 1Jl1l X 11l1l matrix defined by 

C(t) = diag(Omx m' ...• 0 mX m. (_1)n pι1(1)). 

THEOREM 2. .4ss lIme !ha! X is a m X mll cOlljoined solu!ion 01 (2.2) s1tch thaC 

det 씨X (t))>"O 107 all IE [c. b) lor S01ll" a드c<b . 

(i) Dζfille a m X 11l1l 11la!rix X 1 o-n (c, b) by 

u(쩌( 

T hen X 1 t'S an. allti-principal solu!i01l 01 (2.2) . 

(ii) Lel X 1 be as the above. Define a m X mtl matrix X 2 on [c, b) by 

u( X 2(1)) = 1t( X 1 (1)까( 1.αιs))) - 1 C(s)(u( X l( s)))r 1 ds 

T hen X 2 is a pri1lcipal soluHon 01 (2.2). 

PROOF. Define 1IZlI X mn matrices .4. B on [a. b) by 

A = -diag(Po • .. .• ( _J)k P k •. .•• ( _1)n- 1pn _ 1). 

/ 0 .. ..., ‘ 1, 、

B=k 。”@ omxJ.
where γ= (，， - 1 ) "' . Then .4 = .4‘-

We can cheok easily (cf. p.76. [2]) that (2. 1) is equivalent to 

u’ ( y)= B(t) u( y)+C(t ) ï ( y) . 

("(y) =-A(I) u(y)- B*( t )((y). 
(2.3) 

where C(t) is dcfined earlicr. which is non.negative definite. T his is identically
normaJ. Thus the rcsult follo lVs from Theorem 1 and Remark 1.1. 
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COROLLARY 3. Ass“me 1t=1. Sllþþose thal X is a m X m 11latrix so[t씨0" 01 

( 2. 2) slIch IIzat detX (t)r'O J or all IE [c , b) lor some a드c<b. Then lQe have Ihe 

Jollo lQing: 

(i) Dκf…s a m X m nzatrix X} 01t [c, b) by 

X ，ι(1싸t 

The.’χ2- X 1 is an anU-prùzciρal 501μt ion oJ (2. 2) 

(ì i) Le: X 1 be as the above. Deft',ze a m X m matηx x., 011 :C, b) by 

X2(1) =- X，센X[l(s) P[1(s)Xfl(s) di 

Tlzeη X 2 is a þri’Ici þal 50ltttio" 01 (2. 2) . 

REλ，1ARK. The above CoroIlary was obtain어 in [3J , and later in 이 ma 

more general second order system. 
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