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COMPLETELY COMPACT SP ACES 

By )lorman Levine 

By a complelely comþact sþace. we shall mean a space in which every subse. 

lS compact. 

In this note. we will give a var iety of cha racterizations of completeJy compact 

spaces (when T 1 is a ssumcd) and give some propcrties 01 completely compact 

topologies. 

We begi n with 

LEM~lA 1. I[ ( X • .!T) is an i,,[inite Hausdoκff space. there exists an infimïe 

sequence 01 þairwise disjainl 1l011-emþty oþell S“bsets o[ X. 

Thi s is Theorem 5.2.3 in [2J. 

LEMMA 2. I[ ( X • .!T) has an in[i…te 11-“mber 01 conzþoηeχts， then there exists 

al‘ …~fi1ti!e seq“ence 01 pairωise disjoi씨 ~ZOIl-elitpfy oþell subsets 01 X . 

Sce Theorem 1 io [l J. 

TH EOREM 3. LιI (X • .!T) be a T l-sþace. T“en !he f ollowing are equiνale1lt : 

(1 ) X is comþlete/y comþacl 

(2) every open subsel 01 X is compac! 

(3) every subset o[ X is 5ιquelltia!!y compact 

(4 ) every subset o[ X is co‘tntably comþact 

(5) every cOI",laMe s1tbset o[ X is C01l’ þact 

(6 ) .,ery s’‘bset 01 x !tas a f imïe tlumber 01 comþo lUmts 

(7) An A ’ i s ùtfinite for every infinite sιbsct A o[ X . A’ denoting 'Iw derived 

set o[ A 

(8) X c"，μa:ns 110 …~finife discre’eSi ò ;el 

(9) X can!ains '10 itlfinile Ha1<sdor[[ s“bspace. 

P ROOF. (1) implies (2) . This is clear. 

(2) implies (3) . Let A he a subset of X aod suppose [0.: n흐l } is a 잊quence 

So in A. Assume no subsequence of So converges to a point of A. Theo So does 

not converge to al and hence there exists an open 않t 0 1 and a subsequeocc S1 ;JC 
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'50 such that a1ε01and SI lies in 강01 ， 강 denoting the complement operator. Now 

.s 1 does not cνlNerge to a2 and hence there exists an open set O2 and a subse­

'q uence S2 of SI such that G2E02 and S2 lies in ε02n 강01 ， By induction we have 

a sequence of open sets 0 ; and a scquence of sequences Si such tha t αjEOi’ 
S j+l is a subsequence of Si and Si Iies in ~ofn강Oi _l n ... n강01， By (2) . U (Oi : 

j三 1) is compact and hence U (O, : i늘1) =OI U ，， ' UONfor someN. ButSNis in 

U{O‘ : i능 1 ) and hence is in 0 1 U' " UON. HO\vever SN Iics in 강oNn ... n εol=e 

{ 01 U '" UON). a contradiction 

(3) implies (4) . Let A be a subset of X and suppose AÇOl U02U.. .. Suppose 

t hat A is contained in 0 1 U .. ' UOn fo r nJ n. Take G1용01， a2Et0 1 U02 ..... 와중01U 

- ‘ UO’‘ Let B = (an : n늘1 ) . It is clca r that no subsequence of [an : 1t늘1 } 

converges to a point of B. T hus B is not sequentially comapct. 

(4) implies (5). Lct A be a countable subset of X. Then A is a Lindelof space 

.and by (4) countabl y compact. Thus A is compact. 

(5) implies (6). Let A be a subsct of X with an infinite number of components. 

By Lemma 2, t here exist an in[inite sequence of non-empty paÎJ 、，v ise disjoint sets 

Bz ” hlch a l e 이 en in A. Let biEBi for each i . Then {bi : i:21} is a counta ble 

subset of X \vhich is not compact. 

(6) impli es (7) . Let A be an infinite subset of X and supposc that AnA' is 

f in ite. Then A-A' is infinite ; take a l' α2 ' ., . an infin ite sequence of distinct 

points in A - A'. For each i , (hcre exi st ::s a n opcn set Oi such that αiEOi and 

Anoi - 까=O or Ano,= {αi} ' Let B = (ai ‘ t는 1). T hen B is in lÏnite discrete and 

h ence has an înfinite number of components. 

(7) implies (8) . Suppose A도X and A is infìnite and di8crete. Take αEA; 

t he re exîsLs an open sct 0 such thal {α } =Ano. Then AnO -a= rþ and a중A'. 

Thus AnA' =성. 

(8) implies (9). Supposc A드X ， A i5 in fîni te and A î8 a Hausdorff subspace of 

X . ßy Lcmma 1, t here cxists a scquencc of n-::m-empcy disjoint sets A ‘ w hìch 

are open in A. Let aiEA t" for each i and lct B = {α‘ : i:21}. Then B is infinite 

and discrete. 
(9) implies (1) . (Here is where T l is used.) Suppose A드X and A is not 

compact. 'T'hen there exists {O a : αE.J ) . an open CQver of A \vith no fi ni tι 

s ubcover. Take a}εA: then G 1E。이 for some αl' Take a2 in A such that az$.O a、 ·

aιEOa• for some α2' By induc tion there exists sequences {α‘ : i늑1 ) and {α 늘l } 
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'Such tha t a,EO_ and a，~O_ U .. . UO_ for i능2. Let B = rOi 냐는1) . Then B is ‘ ! r- ~ ((, - - c:rf~' 

infinitc and Hausdorf r. Let a’‘ 'F- am and assume t hat U< 111. Then anεBnOa . 2nd 

.amEBn (0 a. - la
" 

" ', a"’ ) )and Bn Oα" ani Bn (Oa. - (a1, ... , a. )) a re disjoint ani 

-open in B. 

LE:'lMA 4. Let Y and ~ be toþ% gies 011 X for 101.iclz ( X ,Y) and (X ， ~ ) 

are completely conzþact. Let γ =suprY， ~) . Then ( X , r ) isco’"þlele!y comþact . 

P ROOP. Let .9' =‘r u w ; then .9' is a subbasc for γ It sufficcs to sho\\" that 

e\'ery subset A of X is .9" compact. Lct A드X and AÇ;U{Oa : aEL) UU(Ur : 

r E r) where 0 nE .'T fo r eath aει and U _E W for each Tεr. Now 10n: a EL ) a r . II 

j s a .5T ~open co、 er 이 UIOa αeι) and hence U ( Oα : αe4j = 0 % U UOa. fol SOme 

a'l' .. ', a'n lil ι ， Likcwise U (U r : rεr} = UrI U tJur. fOl some rl, , 7m ln r . 

Thus A드O‘ U " ' UO_ UU_U ... UU_ . .... , ...." f . 

LEMMA 5. Let f: (X ’ ‘r)→(Y， ~) be a suηection and let Y be the weak 

10þO!ogy, tlza/ i s, Y = ([- I IU) : UE?/) . If (Y , W) is c011lple/ely cOlllþact, Ihm 

SO is ( X . ‘Y). 

PROOP. Let A드X and suppose A드Ulr 1 [UaJ : aE L) . Then J[AJ 드니 lUa : 
aEι) and f[A ] is compact. Thus f[ AJ 드Ual U · UUg. for some αl' a'l ID ι. 

Then Agf- l [Ua l U ‘ .url [ua ). 

LEMM A 6. Le/ f: ( X , ‘r )• (Y. W) be a con“’“10US surjection al1d suppose that 

( X ,Y) is cOlllp/ete/y compac/ , TI，κn (Y , W) is complete/y c01il þact . 

We omit thc easy proof 

THEORE~I 7. Let (Z , Y ) he the product space of ( X , ‘r) and (Y, W) . Then 

(Z ,Y ) is complctely compact iff ( X ,.Y’ ) and (Y, W) are comþle/ely compact. 

PROOF. lf (Z , Y ) is completely compact, thcn ( X ,5") and (Y , W) are com. 

pleteIy compact. This follows from Lemma 6. 

H ( X ,5") and (Y , W) are completely com따ct， then 50 is (Z , Y ) . This foIl。、\'S

f rom Lemmas 4 and 5. 

Theorem 7 cannot he extended to infinite product as is shown by 

EXAMPLE 8. Let Y = (a , b) and W =ψ， (a ) , (b), Y ). Let ( X i ,5",)=(Y, W) for 

a능1 and let ( X , 5") = n {(X i , 5"i) : i능1 ) . Then ( X i' .Y끼 is completcIy compact 
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for a lI i. but (X :Y') is not. For if cvery subsct of X wcre compact. then cvery 

set would bc cJosed ( X is Hausdorff) and (X. Y') wouJd be discrete 

THEOREM 9. Lel (X. Y') be infinile and comþ!elely cOlllþact. T hen IlIere exisls 

a loþology W 011 X for which Y'도W . Y',=W a1ld (X. W ) is camþlele{y coηlþac!. 

P ROOF. Y' ,= .CJ'(X) Jest ( X. Y') be discrete and not compact. Let Aε.CJ'(X) 

-Y'. Let γ = 띠• A. X j . Then γ is a complcteJy compact LOpoJogy for X ; 

Jct 캉 =sup !Y'. :Y j . Then (X. W) is compJctcJy compac t by Lemma 4. 

TH EOREM 10. Lel ( X . Y') be a spacι wJúch t's 1Z0t co써!ete!y coηz þact. There' 

exists thell a topo!ogy z.r for X sllclz Iha! z'"드f’. W ,=Y' a1zd (X. W ) is π01 

comþle/ely comþacf. 

PROOI'. Lct A~X. A not compact. Let 10,, : αεtJ bc an open cOver of r1 

with no fin ‘ te suocover. There cxists a sequence ai in A and a sequencc a i in 

b. such that aiE。이 for all i an:l ai중α1U UOcr1 1 for t능2. Lct 캉= IU IU = Ø or 

UEY' and U;:;O". U 0시 . CJearly W is a tOpology for X. 0". 줄캉 and A is. 

not W-compact 

The Ohio state university 
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