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ON ALLOCATION IN STRATIFIED SAMPLING BASED ON
PRELIMINARY TEST OF SIGNIFICANCE.

BYUNG-YUP, CHO

1 . Introduction.

The Neyman allocation of stratification, one type of sampling method, depends
upon strata variances which are generally not known.

One way to overcome this difficulty is to use the technique of ‘two-phase sam-
pling introduced by Sukhatme (7 ]. This technique consists in first drawing a
preliminary sample of fixed size from each stratum to estimate 6®. This alloca--
tion is called the modified Neyman allocation.

If the strata variances g2 differ significantly among themselves, Evans verified
that the modified Neyman allocation is more efficient. than the proportional alloc-
atior, But if the strata variances ¢, do not differ significantly among themselves,
the modified Neyman allocation turned out to be less efficient than the propoti-
onal allocation [4 ).

In (2] the efficiency of the proportional- Neyman allocation in: case of 07 <
o2, is in investigated in which proportional allocation is used if the proportion of
two strata variances s’ /s < A and modified Neyman allocation is used if s* /a?>=>
A A is a fixed constant. But in this paper, the efficiency of proportional-Neyman
allocation is compared with the efficiency of proportional allocation in the caseof
ol ¥F ol

2. Variance of y,. the population mean estimate.

If two population variances differ among themselves, namely 0,%% 4*, the prop-

oriional-Neyman allocation takes the form,
w=nw (8¢ /s* <A for i%i)
=nwisi /2 wes (82 /P2 A for i%4)

The proportional allocation is used if s* /s® <A, and the Neyman allocation is

used if 32 /s2=A. Jet the event B, be defined by B, 1| s? /a2 <A for i j= 1,
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2. i% ji and B, be the complementary event of B,. Following (2], the variance

of the estimate g, under the proportional-Neyman allocation is given by

v(;w>p.~=§mv<yw | B)) P(B) (2.1)

where E denotes that the expectation is taken with reference to the set B,

Again using [5 ],

E(V(g, | BI=V(g)~ ot Wi +Ws o)

2 2 2
EI [V(y_w l Bl)}m;}_ §1 W:2 0‘;2 ”7’\1‘? gl Wl m2+‘7;1“ {Q) Wx W.i 0:2E [&v /s; i BJ

(2.2)
To eavaluate Els; /s | B), We use another result due to Carrillo [ 1] given
below,

Lemma 1. Let S and S be independent unbiased estimates of &? and &?
based on f, and f, degrees of freedom respectively.

Then using (1), we obtain

E(S™ S| BIP(BY=Upd (Gfi+h 5fitt) ~Iou (it b fitt)

B2t o re it reh (2.3)
E(S# S | BY P(B) = U () (it TAtn) tlon® (Sfita, Sp+
W)l (26t )0 Tt /TG (2.4)
where Pp'V =

. ! 3, ‘
1+ (ot frod) and gn'" =1 - FPn'" Letting h= -1, =
'%" h=f=f Aa'? x%‘ Agt? == A

in( 2.4). We obtain

E(S:/S: | B) P(B) =46 6ut Um Gst+d g/~ +mm Gyt 37
(2.5)
where gn'? = 1 =Py =555 . G= 2T (Gf—) T rf+5) LA,

and similarly,

E(S /5| B) P(B) =560 Ug® (Lf=g, /45) 41 r+h Ly

1
L) (2.6)
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To evaluate P(Bo), let h=t=0in ( 2.3). The result is

PB) =Ipn " (5 s, ) I (5 S, 5 6) (2.7)
‘ 1 1, 1
P(B) = 1—P(B) =lau* (of 5D~ Ipn'Gh 5D

Using ( 2.5) (2.6) and ( 2.8), we obtain

E, [V(Ev ! Bx)}z“atz (w12+' szeu) /1’1”’“0'12 (w;+wz ﬂn) W’%G’wlﬁw}’ ot 625

. 1 1 1 S S T |
© U (G S g 5 T Il 5 5 ) e (g S

+ 3 Gy 2 e g Fp +1n hs E

(2.9)

Substituting (2.2) (27)(2.8) and ( 2.9) in( 2.1), we obtain

V(ﬂ)r A=t (w:"*‘wz’ 0:1) /4!”‘012 (wrf‘w: gn)/N_:_v.HiL'?f_"lL.mz ’ ( 1 '"+'9zl) [Iﬂlw (‘é‘f;
1

Lo 1 1
TN I (S FHIHGES Ut (5~ 5S~5) 4 oS5
A, 1
2f ) IBIR
If we let A tend to infinity, we obtain the variance of the estimate gy under
proportional allocation. Putting A== 1, we obtain the variance of yw under the

modified Neyman allocation.

Hence we obtain
Vg = Ly or (it w )
Ywirp n N 10 A T Wy Un

2 H 1
V(!;;")N ‘"‘"”g‘:;‘" (uha -+ wy? Bzx) o (w; ‘f“w: &2;) _}_WJ*:;I,J;W a® G&y t.

N

3. Comparison of proportional- Neyman Allecation with propor tional
Allocation,

The function D(A, 6)produced by difference of variance of the estimate gy of

population mean under proportional allocation and proportional -Neyman allocation

is defined by

Wz

D(A, 0:1) S[V(Eﬁ)ﬁ'mv(ﬂv)nn{]/"” a n,

o’

3

e ( 1 “i"gzx)) [L (Pn) ‘*"L) ((In‘lj ] “"Gauii [I‘ ';,(le) ”*”L;. (qn" )] ( 3. I)
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(1}

where I (x) ’ix(zl,-f+i, -%—f‘*“ D,gn =1—Pu" “"‘X—gj‘_j’f‘”

and D(A, 6) =Dy (A, 6u) —Du G 61)

using [2 ), we obtain

D(I\. le) =D9(/\, 9) —Dp ("Lgn)“" ( 1 +621‘G&z;;)
A (3.2)

Lemma 2. For any A= 1, ;ignP(k 00)< 0.
Proof . For any A= 1, elzierDp()L 8.)< 0, eleifnpu(& )= 0 by (2]

Form ( 3.2), we have

. - . 1
LimD (A, 6n) =lim Dp (A 6n) —lim Du (3=, )< 0 Q. E. D.
Next let us consider the case that is a fixed but arbitrary number.
Lemma 3. For any given A= 1, %g DA 6u)< 0, for 0<bn< 1.
21

Proof : Form ( 3.1), we have

-Ea;bm DA, 6.) = (b (pa) + L {gn™ )]""‘%‘Gezx -3 [I:-;, (Pn) “i"]n,;,(sz( ¥)]

L .
+ (1 +8n) (R (Pu) + Ry (gn'V ) ) — G’ [Rw.; (P} +R_%_((Im”" Y1 (3.3)

R: (sz(” = 2 It (qz:‘ 1n ) r_mpncr,'xi‘fn qzl“; z’ "'H/ngﬂ(‘l’f“*'i _1_f_+_ i) ( 3, 4)
36y 2 T2

Substituting ( 3.4) in ( 3.3), we obtain

2o, DA, ) = (U (Pa) =5 GOAT L (Pu) )+ (B (g ) 5 G5 L ilga™))

i
A

+X7 0 G (L +6) AT (A 8) 7 — (Mt 1))
""[(/\+021)‘—f““” (Aan"f‘ 1 )"‘fﬂj* /B(%*f' %f) (. 3. 5)
It can be verified that for any x such that 0 <a<{1,

. 5,
b(x) 3Gl Li(z) <0 (3.6)

¥
Thus from ( 3.6), the first two terms in ( 3.5) are negative,

The third term in { 3.5) can be written as
57 (

L L LS
»Az — 1 ) [(/\021 + 1 )f (021")\2 ) -+ (/\"-”081)! (Agezt“ 1 )}
(A+62)7 (Abu+1)7 B(%..f, ,éLf)

1oL
A2 T g,

Since (ABn~+1)7 (62— 2%) + (A+8)” Ay 1)< A+ 1) W+ 1) (Bu—1)<0,
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then the third term in ( 3.5), is olso negative, Hence, for 0 < @u< 1,

%zx DA 8n)< 0,

Lemma 4. For any given A= 1 setisfying

~3

LA 13 i
1 ——%m— ATy AF—1) a7 B(—%f. -21~f>> 0 (3.
& > 1 such that %“D(/\, 6.)>0. Yo,>¢.

Proof .| From{ 3.5), %Bn D(A, 6,) can also be written as

2

'59“ D(A, 021) = [Ly (le) ‘+’L (Qzlm ) ] '“'""%GBQ; d [L ;— (sz) +L ; (sz“" )]

+ )‘.{fw% 0‘? f}‘( 1+921) /\2 [ (A‘+‘ 0lly! - ()tazx + 1 ) ; ‘f]
~ (A6~ = (Mt 1))} BEf, L),

It can be verified that, for 2> 0, c}lim[}, (Py) + 1 (g¥) ] Bk = O,
217>
Hence

ik 2 e Lot T ok er gL, L + = Ot
oimae g, DL 6) = (1 =56+  + 1) — 1)/ Blp, 4100 =0

This implies that 4 & such that “g“o DA 6)> 0. ¥éu>¢. Q E D.
21

Lemmas(3) and (4! tell us that, for a given A, D(A 8u), as a funciion of 8y,
decreases first and then increases. Affer the above three lemmas ( 2, 3, and 4)

are established, we are ready to prove the following theorem.

Theerem 1. For any given A= 1, satistying ( 3.9), in ( 6.1) and 8% > 1 such

that DA, 65" )=D(X &%) =0and DA 6,)> 0 V<" or Ond> 6%

Proof : Because of Lemmas ( 2, 3 and 4) it suffices to prove this theorem by
showing that D{(A 0)> 0 andalzilELD(A. 6,)> 0
when 6n=0. Pu=0 and g."=1, thus D(A, G)~=1> 0, It can be seen that
LimD(A, 6n) /By = 1. This implies that Jim DA 6:1)> 0. Q. E. D

New g1 o0
and the existence of &"“ and 6% is in evidence,

For any given A= 1, satisfying ( 3.7), the above theorem assures us that there
exist 6" in ( 0.1) and 6 > 1 such that for each 8,;< 6" or 8, 6;% propo-

tional-Neyman allocation is always more efficient than proportional allocation,

119



6 Bung-Yup, Cho

Taking, in particular, A = 1, we obtain the following corollary to Theosem1.

Corollary D( 1, 64)>0 if 6u<<8," or 62> 64 and D( 1, 63)< 0O if 8.1 =8,
=6,% where 8,V ==-1~ (=2 -GC—T), 6 “—'(G’—“ 2+GIGF—14) (3.8

Proof . When A= 1, Puy=6, /(1-+6u) and g’ = 1 /1 +8.) == g2
Hence L (Pun)+1 (Qzl‘ Y)=1and D(1, 8u) =bn— nglzi + 1.

Therefore D(1, 8,)= 0 has two roots &5V and 8,2 defined in ( 3,8). Thus D

(1, 62)> 0 for < 6w® or 62> 6,% and D(1, €)= 0 for O &= 0= O
Q. E. D

If the set S is defined as S=1{8, . Gu? S Ou=06a? 1, then D(1, On)s 0if 6
is in § and D( 1, 6u)> 0 if 6 isin S.

we shall now consider the case when & is a fixed but arbitrafy number,

Lemma 5. For any given 6n 0, A such thazvg—-AD()\' G:)> 0, VA> X
Proof . From { 3.1), we have

é— DA b)) = (1 +64) [Q (Pa) +@Q (q::“’ Y ngz [Q—w(P:l) “”Qui- (q:x‘” ))

(3.9
where Q. (Pn) and Q (qn‘ v} are as follows :
@ (Pu) =5 & () =35 [fa (1 =037 dx /BOGf+ i, 5
’”“”qu?h qu’” /AB(“‘f“f’“l, "2’f+l)
Qt (QH( u )“"’%L (Qu( v ) = = Py ”?/” qa 1),./” /AB(”“”f“}" i, 'l‘f‘*’ l) (3.10)
From ( 3.9) and ( 3.10), we obtain
o ) 1 L3 5 )
a1 D ) =67 A1) [(A+g:)’ a7 ) /B 5
—l‘ P
Bl 2D 6 = (0077 (1 +6270) /B, 49 0 =07
Hence, A" such that g—;\D(A’ 6u)> 0. VA X
Q. E D

If we consider the limit of %&D()“ 6), as A tends to infinity, we get }1{2 %/\

DA, 84) =0+, i e D(A, Bn) has a horizontal asympiote and D(4, fu)tends to

zero, Thus for any given 6, in S, there exists A, such that D(2,8,)= 0 and D(2,
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0:)= 0, For each A< A, the following theorem is then proved

Theorm 2. For any given 0y in §’, A, such that D{X, 6y)=0and D(A 6u)
Z 0. VA= A.That is, for any given 6, in S, there exists A, such that D(A, &)
=0
proportional~-Neyman allocation will always be more efficient than proportional all-

ocation for each A< A,

4. Relative efficiency

Consider the relative efficiency of proportional-Neyman allocation with respect

to proportional allocation

QA ) =V (g) PV @)r.n=1 /(1 7252, D(X 6u)] (4.1

where, if Q(A 81)> 1, proportional-Neyman allocation is more efficient  than
proportional allocation, and if Q(A 6x)< 1, proportional-Neyman allocation is less
efficient than proportional allocation,

From ( 4.1), we also can see that Q(A, 8n) will beheve in the same manner as
D(A, 6,). Furthermore, some results of Q(X 6,) parallel to those of D(A &)
which have been presented section 3 will be given below.

First, let us consider the case that A is a fixed but arbitrary number. We have

the following theorem for Q(A, 6).

Theorem 3. For any given A> | satisfying ( 3.7), 6, in {0.1) and 6*
> 1 such that Q(A, 8" )=Q(A 62)=1 and QA 8:)> 1, V<O or
G > 0%

Next we shall consider the case in which 6 is a fixed but arbitrary number,
QA 8y) and D(A 6,) will behave exactly the same.
Then the behavior of Q(A, 6n) as a function of A will be given in the following

theorem.

Thorem 4, For any given @u in 8, A such that Q(A, fu) = 1 and QA Qu)
=1 VA A
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