81

Bull. Korean Math. Soc.
Vol. 17, No. 2, 1981

FINITELY GENERATED CONVERGENCE SPACES

BYLYoNG-HYEON. HAN

1. Introduction

In this note we introduce the concept of finitely generated convergence
spaces, and then find some internal characterizations of those spaces. Also
it is shown that in the category Cv of convergence spaces and continuous
maps, the full subcategory FCv of Cv formed by all finitely generated con-
vergence spaces is the bicoreflective hull of the class of all finite convergence
spaces and that as Cv, FCv is also cartesian closed. It is known [7] that
the full subcategory FTop of Top formed by finitely generated topological
spaces contains all indiscrete spaces. However we show that this is not the
case for FCv. Finally, we give a characterization of objects of FCv N Top.

All categorical concepts will be used in the sense of Herrlich [5, 6, 7].

2. Finitely Generated Convergence Spaces

For any set X, let P(X) and F(X) denote the power set of X and the
set of all filters on X, respectively.

The following definition is due to Fischer [4].

DerFmNITION 1. Let X be a set and ¢ : X—»>P(F(X)) a map. The map ¢ is
called a convergence structure on X if it satisfies the following:

Cl) for any z€X, ic<c(x).

C2) if F€e(z) and FS@, then @=c(x).

C3) if & @<c(z), then FNG<c(x).

In this case, (X,c) is called a convergence space.

REMARK. In [4], convergence spaces have been called limit spaces.
NoTATION. Let (X,c) be a convergence space. If F&c(X), then z is

called a limit of &, or & is said to converge to z, and we write & -, z
or §—z, when there is no confusion about the convergence structure c.

A filter base in a convergence space is also said to converge to z if the
filter generated by the filter base converges to x.
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DErFINITION 2. Let (X,¢) and (Y,¢) be convergence spaces and f : X—Y
a map. Then f is said to be continuous on (X,c) to (Y,¢) if for any
filter Fec(x), f(P e (f(2).

It is clear that the class of all convergence spaces and continuous maps
‘between them forms a category, which will be denoted by Cv. Moreover,
Cv is a properly fibred cartesian closed topological category (see [2,6,9]).

Now we are ready to introduce the concept of finitely generated conver-
gence spaces.

DEFINITION 3. A convergence space (X, c) is said to be finitely generated

if there is a final sink (f;: F/~X);e; such that each F; is a finite conver-
gence space.

LeMMA. Let (X, ¢) be a convergence space and & a filter on X. Then the
following are equivalent:

a) There is a finite family {Fi, -+, F,} of finite subspaces of X and for
each k=1, -, n, there is a filter F4 on F} converging to x in Fy, and hence
in X such that Njp,(Fs) = NFEF, where jp, denotes the natural embedding
of Fy into X.

b) There is a finite subspace F of X such that

zEFEeHF and Flp={G|GEF and GEF}—x.

¢) There is a finite subspace F of X such that FETF and the principal filter

[F) generated by F converges to x.

Proof. a)=>b). Let F=UF;. Then for each k, F2F; and hence FE NF;.
Thus FEF, and NFSF|r. Therefore F|r converges to z by C2 and C3.

b)=a). It is trivial

b)=>c). Since F is finite, N {G|GCSF and G&J} =K is a member of &
and [K]=&|r converges to x.

c¢)=>b). Since FEF, Flp contains [F]. Thus F|p—z.

THEOREM 1. For a convergence space X, the following are equivalent:

1) X is finitely gemerated.

2) The sink {jp: F—XIF is a finite subspace of X and jp is the natural
embedding} is final.

3) For a filter F on X, & converges to x iff e¢ither F=2zi or there is a
finite subset F of X such that FETF and [F] converges to x.

4) For a filter & on X, I converges to x iff either F=% or there is a finite
subset {x1, ..., x,} of F such that each i; (1<k<n) converges to x and (i
cq
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Proof. 1) = 2). Suppose X is finitely generated, then there is a final sink
(fi: K—X);e; such that each K; (i€1I) is a finite convergence space. For
each i< let
be the canonical factorization, i e., j; is the natural embedding and k;(z) =
fi(x) (z€K;). Since f;(K;) is also finite, and (j;:fi(K;)—X):cr is again
final, the sink {jr|F is a finite subspace of X} is final, because it contains
the sink (ji)iel-

The converse is immediate,

2) = 3). By the characterization of final sinks in Cv (see [2,97]), the sink
{jr: F»X]|F is a finite subspace of X} is final iff for a filter & on X to
converge to x in X it is necessary and sufficient that either F=4 or & satis-
fies a) of the above lemma. Hence using the above lemma, we have the
equivalence.

3) = 4). It follows from the fact that for any finite subset F of X, [F]
coincides with N {z|z€F}.

NOTATION. The full subcategory of Cv formed by all finitely generated
convergence spaces will be denoted by FCv.

THEOREM 2. Thke category FCv is bicoreflective in Cv and FCV is the
bicoreflective hull in Cv of the class of all finite convergence spaces.

Proof. By the above theorem and the fact that the composition of final
sinks is again final, we can conclude that FCv is closed under the formation
of final sinks in Cv. Hence FCv is bicoreflective in Cv[6]. More precisely,
let us find the coreflection of any convergence space (X,c). We define ¢ : X
—P(F(X)) as follows: for any z€X, c¢s(z)= {F|there is a finite subset
{1, ..., z,} of X such that i; converges to z in (X,¢) (1<k<nm) and
Ni;S& . Then it is immediate that c; is a convergence structure on X and
that the identity map 1x : (X, ¢f)—(X,¢) is continuous. It remains to show
that for any continuous map f: (Y,¢) — (X,¢) with (Y,¢)€FCv, f:
(Y, )= (X, ¢f) is also continuous. Suppose F—y in (Y, ), then there is a
finite subset {yq, ..., ¥.} such that y;—y in (¥,d) (1<k<n), and N9,ST.
Since £(32) =F(yp S in (X,¢) (1<k<n), and fF(N3)=NSf(3) S F (&),
f(3) converges to f(y) in (X,cs). Thusf : (Y, ') — (X, ¢s) is continuous.

The second part is immediate from the above theorem and the results in

[6, 71.

Since Cv is a properly fibred topological category, the following is imme-
diate from the above theorem.
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COROLLARY. The category FCv is a properly fibred topological category and
closed under the formation of coproducts and quotients in CV.

PROPOSITION 3. The category FCOv is closed under the formation of subspaces
and finite products in Cv.

Proof. Let (X,c) be a finitely generated convergence space and A a
subset of X. If a filter & on A converges to z in the subspace (4, cy), then
F—z in (X, c). Hence there is a finite subset F of X such that FeJF and
[Fl-z in (X,c). Since FC A, FE€F and [Fl-z in (4,ca).

The empty product, i.e. the singleton space obviously belongs to FCv.
Let (X,¢), (Y,/)<FCv. If a filter F on XX Y converges to (z,y) in XX Y,
then there is a filter &; on X and a filter &, on Y such that §—z, F—y
and FHXFCHF. Since (X,¢) and (Y,d) belong to FCv, there is a
finite subset F of X and a finite subset G of Y such that FEF,, GEIF,
[F]— z,and [G]— y. Therefore FXG is finite, FXG € F,XFHSF and
[FXG]—(z,5).

Using the above proposition together with the result in [17] and the fact
that Cv is cartesian closed, we have the following:

THEOREM 4. The category FCv is cartesian closed.

We note that the full subcategory FTop of Top formed by finitely gene-
rated topological spaces contains all indiscrete spaces [7].

ReMARK. There is an indiscrete space which does not belong to FCv. For
example, let (X,¢) be an infinite indiscrete space and F= {X}. Then F—
z<X. But there is no finite subset F of X such that [F]c& Hence (X, ¢)
is not finitely generated.

PROPOSITION 5. A topological convergence space (X,c) belongs to FCv iff
for each =X, there is a finite neighborhood F, of x such that {F.} is a local
base at z.

" Proof. Since (X,¢) is topological, a filter F on (X,¢) converges to z iff
it contains the neighborhood filter %, of z. Hence (X, ¢) belongs to FCv iff
there is a finite neighborhood F, of z such that [F, -z, e #,C[F.lc¥,.
Therefore (X, c) belongs to FCv iff {F,} is a local base at z and F, is
finite.
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