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POWER INVARIANCE OF R[[X,, -, X, 1]

By JoonGg Ho Kim

1. Introduction

O’Malley [8] raised the following question: If R and S are rings such
that RITX]=S8[[XT], must R=S? Hamann [4] showed an example of two
nonisomorphic rings R and S whose formal power series rings R[[X ] and
S[[XT]] are isomorphic. A ring R is called power invariant if whenever S
is a ring such that the formal power series rings R[[X1] and S[[X7]] in
an indeterminate X over R and § are isomorphic, then R and S are isomor-
phic. Several authors [4, 6, 7, 8] imposed some condition on a ring R so
that R should be power invariant.

A commutative ring R with 1 is power invariant if J(R), the Jacobson
radical of R, is nilpotent [6], and Hamann [4] proved that R is power
invariant if J(R) is nil. Recently this author [7] showed that if J(R) is nil,
R[[X7] is power invariant. Let R’ =R[[X,,..., X, ] be the formal power
series ring in » indeterminates Xj, ..., X, over a ring R. Then naturally the
following question arises: If J(R) is nil, is R‘“™’ power invarant for n>27?
Andy Magid’s counterexample [4] forces the answer to be negative.

In this paper we investigate power invariance of R‘* for the case n>2.
If a;, -, a,€ R, a=(ay, -+, a,) will denote the ideal of R** generated
by ay, -, a, Let (R“*’, a) denote the topological ring R** with the a-adic

topology. (R'*”, a) is Hausdorff if and only if aa"»—— (0). If this is the
n=1

case, R is metrizable. and (R“"’ a) is said to be complete if each
Cauchy sequence of R’ converges in R¢™”,

Throughout this paper all rings are assumed to be commutative and to
have identity elements, and our terminology and notation will be that of [2]

and [7].
2. Preliminaries

Let 8 &€ R, then 8 is uniquely expressible in the from X%, 8, where
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B; € R[X,, ..., X,] for each j such that 3;is 0 or a homogeneous polynomial
of degree j in X;, -, X, over R. We call 27, 8; the homogeneous decom-
position of B, and B; the j-th homogeneous component of § for each j. The
following theorem (Lemma 3.1 and Theorem 5.6 in [2]) will be needed for
our main results.

THEOREM 1. Let a;=2720 a®P S R, j=1, ..., n, be homogencous decompo-
sitions of elements of R‘“™. There exists an R-automorphism ¢ of R ™ such
that ¢ (X;) =a; for each i if and only if the following conditions are satisfied:

() (R® @) is a complete Hausdorff space;

(2) RayP+-+Ra;P=RX;+ -+ RX,. (or the nXn matriz (a;V);; is
a unit of M,(R), where a;'” =a;;""X;+a,'? Xp+++a1,'°X,, a;;?ER for
each i and j.)

Let I.(R) denote the set of all < R such that there is an R~-homomorphism
¢:R[[X]]— R with ¢(X)=a. Then I,(R) is an ideal of R which is contain-
ed in J(R) and contains the nil-radical of R. (By Theorem E, [1]).
I.(R) may be properly contained in J(R) and it may properly contain the
nilradical of R. See [1] for such examples.

It was proved in [3] that I.(R‘™) =I.(R) + (X, ..., X,) for any ring R;
therefore for any positive integer », I,(R“*’) can not be nil. Note that
I.(R) is the set of all elements a in R such that there exists an R-automor-
phism of R[[X7]] taking X to X+a. (By Theorem D, [1]).

3. Main Results

LEMMA 2. Let A and B be ideals in R[[ Xy, ..., X, 1] with B contained in
the Jacobson radical of R[[ X, ..., X,11. Then if X, € AB for some k, 1<k
<n, then 1 € A.

Proof: Suppose X; € AB and let X;,=X1, fi;g; where f, € Aand g; € B
for each i=1,...,n. Let fi=220 f° and g;,=2; g; be homogeneous
decompositions of f; and g;, respectively. Let f,¥=f;; X+ +f1,°X, and
219 =g X1+ +£1,°X, where f1;° and g;;*° are elements of R for each
j=1, -, n. Taking the X;—coeflicient of both sides of X,=3".; f;g; we get
1=2"%1 fuPge@+ 20, fiPgu®. Since gy’ € J(R) for each i=1,...,n,
r foPgu? 1s a unit of R; therefore, the ideal (fy@, ..., fy™) contains 1
and hencz the ideal (fy, ..., f») contains 1. Thus 1 € A.

LEMMA 3. If % is a nilpotent element of - R[[ X ], thea there exists an R—
automorphism ¢ of R{[X[ ] such that ¢6(X)=X-+1.
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Proof: Suppose that 7 is a nilpotent element of R[[X]] and let 7=2.i%
a;Xi. Then a; is nilpotent for each i=1,2, .... Then X-+79 =ay+ (1+a) X+

2.,a;Xi. Since ay is nilpotent and 1+ 4; is a unit of R, by Theorem 1
there is an R-automorphism ¢ of R[[XT] such that ¢(X)=X-+7.

THEOREM 4. Let R be a ring such that I.(R) is nil. Then R[[X,, ...,
X,_11] is power invariant if any unimodular row vector [uy, -, u,), #; € R
for i=1,...,n, can be complected to an nXn matriz of determinant one.

Proof: Suppose that I.(R) is nil and unimodular row vector [u, ..., %,]
can be completed to an »n<n matrix whose determinant is 1. To prove the
theorem it suffices to show that R[[X,,..., X,.y, X, 1] = S[[ Y]] implies
R[[( X1 ..y Xoi)]= 8. Here X, and Y are indeterminates over R[[ X, +++, X,-11]
and a ring S, respectively.

Let W=R[[X1,..., X,]1=S[[Y]] and Y=a + 27.,U;X; where a= R and
U; e W for each i=1, ---,n. Since I(W)=I(R)+X1,X;W=I.(S)+YW,
we note a € I,(R). Thus a is a nilpotent element of R and so it is a nilpotent
element of S[CY]]. By Lemma 3, there is an S-automorphism of S[[ Y]
taking Y to Y—a. We may therefore assume a=0. We then have Y & (Uj,
v Up) (X4, .., X,). Clearly, (Xy,...,X,) is contained in J(W), so it is
contained in J(S[[Y]7). Then by Lemma 2, the ideal (Uy, ..., U,) contains 1.

Let u;, ...,u, be the constant terms of Uy, ..., U, considered as elements of
R(TX,,...,X,]]. Then the ideal (u, ..., u,) contains 1, i.e., [u3, ..., u,] is &
unimodular vector, so it can be completed to an nX#n matrix (u;;) of deter-
minant 1, where u,;=u; {or each j=1,...,n Then by Theorem 1, there
exists an R-automorphism of R‘* taking X, to Y. Then

R[[‘Yh teey ‘Yn—ljj = 1/1/'/ (Xn) = W/(Y> =S [[Y:D/(Y) = S.
Thus R[[X,,..., X,-1]] is power invariant,

In case n=1 and n=2 we see that any unimodular vectors [z ] and [u1, us]
can be completed to 1X1 matrix and 2X2 matrix of determinant one, res-
pectively. Thus we have the following corollary which appeared as Theorem
3 and 5 in [7],

COROLLARY 5. If R is a ring such that I,(R) is nil, then R and R[[XT]

are power invariant.

On the other hand for >3 the corollary will not hold. In other words
R[[Xy, ..., X, 1]], n=3, may not be power invariant even if I,(R) is nil.
Let R be the reals and let X, Y, Z be independent indeterminates over R.

Let A=R[X, VY, Z]/(X24+Y2+Z2—1)=R[x,y, 2]. Then A is a Noetherian
ring with zero Jacobson radical which has a finitely generated nonfree mo-
dule P such that P@PA = A3. Taking symmetric algebras of both sides yields
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SAa(P)[T] = A[ Xy, X,, X5, where S4(P) is the symmetric algebra of P and
T, {Xi, X;, X5} are indeterminates over S4(P) and A, respectively, but
S4(P) is not isomorphic to A[X;, X,]. This is Melvin Hochster’s counter-
example to the question whether R[ X ]=S[X] implies R=S, where X is an
indeterminate over rings R and X. See [5] for more detail.

Let 8,(P) be the completion of S,(P) with respect to the ideal generated
by P. Then the completion of S4(P)[ T ] with respect to the ideal (P, T)
is S4(P)[[T]] and the completion of A[X;, X, Xs] with respect to the ideal
(X1, X, X5) is A[[X;, Xp, X21] and clearly S,(P)[[TT]=ALLXy, Xa Xa10.
We claim that S4(P) is not isomorphic to A[[X;, X,]].

For suppose S4(P)=A[[Xy, X»]]. Since S4(P) is a Noetherian ring,
S4(P) /P8 (P) =84(P)/PS,(P)=A whose Jacobson radical is zero. Clearly
PS,4(P) is contained in J(S,(P)); therefore, J(8,(P))=PS,(P). The asso-
ciated graded rings of S,(P) and A[[ Xy, X»]] with respect to their Jacobson
radicals have to be isomorphic but one of these is ADPS,(P)/P284(P)D---
‘which is isomorphic to A @®PS,(P)/P25,(P)@--- which is isomorhpic to
S4(P), and the other is A® (X;, X,)/ (X1, X2)2@-+- which is isomorphic to
A[X;, X5 1. Thus S, (P) =A[X;, X,] which is impossible, hence S, (P) is not
isomorphic to A[[X;, X;1]. So A[[X,, X, 1] is not power invariant, although
J(A)=I,(A)=(0). This is the Andy Magid’s counter example [4] to the
question whether R[TX ]=S[[X7] implies R=S.

This example indicates that R[[ X;, .-+, X, |], #>2, may not be power
invariant even if I,(R) is nil.
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