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ON A DECOMPOSITION OF CONTRAVARIANT C*-ANALYTIC
VECTOR FIELDS IN A COMPACT COSYMPLECTIC
7-EINSTEIN MANIFOLD
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0. Introduection
Y. Matsushima proved the following theorem (Yano[4]).

THEOREM A. In a compact Kaehler—Einstein space (K>0), any contravari-
ant analytic vector v* is uniquely decomposed into the form vh=ph+Frqi, where
p* and ¢ are both Killing vectors.

As an analogue of this theorem A in a Sasakian manifold, I. Sato proved
the following theorem (Sato[37).

THEOREM B. In a compact C-Einstein space such that R;=2(ag;+bn;1;)
and a+2>0, a special C-analytic vector field u* can be decomposed in the form
uh=yh 4@ wk  where v* is a C-Killing and w* is a special C-Killing.

The main purpose of the present paper is to find a cosymplectic analogue
of the theorem A.

In 81, we state some of fundamental formulas in cosymplectic manifolds
to fix our notations and in §2, we study contravariant C*-analytic vector
fields in a cosymplectic manifold which corresponds to the contravariant C-
analytic vector fields in a Sasakian manifold (Sato [3]). In 83, we study
a unique decomposition of contravariant C*-analytic vector fields in a com-
pact cosymplectic 7-Einstein manifold.

1. Cosymplectic manifolds

Let M be a (2n-+1)—-dimensional differentiable manifold of class C* covered
by a system of coordinate neighborhoods {U;z*} in which there are given a
tensor field ¢ of type (1,1), a vector field & and a 1-form 7, satisfying
1.1 oot =—0+nEh, opI=0, n0/i=0, né&=1,
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where here and in the sequel the indices A, 7,7, -+ run over the range {1, 2,
-, 97+1}. Such a set of a tensor field ¢ of type (1,1), a vector field &
and a 1-form 7% is called an almost contact structure and a manifold with an
almost contact structure an almost contact manifold.

If, in an almost contact manifold, there is given a Riemannian metric gj;
such that
1.2 &0/ =85~ M Ti=8gul",
then the almost contact structure is said to be metric and the manifold is called
an almost contact metric mani fold.

Comparing the first equations of (1.1) and (1.2), we see that ¢;=0,'g,;
is skew-symmetric.

Since, in an almost contact metric manifold, we have the second equation
of (1.2), we shall write 7* instead of & in the sequel.

A normal almost contact metric structure is said to be cosymplectic if the
2-form ¢ and the 1-form % are both closed. It is known that the cosymplec-
tic structure is characterized by (Blair [1])

(1.3) Vwi=0 and Vpf=0,
where 7} denotes the operator of covariant differentiation with respect to g ;.
Now from equations (1.3) and the Ricei identity:
Vi it =V iV =Ky,

we find

(1.4 Kiji*nt=0,
from which, by contraction
(1 5) Kjt')?t—_—O,

where Kj;# and Kj; are the curvature tensor and the Ricci tensor of a cos-
ymplectic manifold M respectively.
From equations (1.3) and the Ricci identity:
Vi 0=V ¥ 1= Kp;ih0it — Kyt o,

we find ‘

(1- 6) - Kyilot=Kyitol,
from which, by contraction
1.7 Kot = — K, jis0™,

where ¢**=g'p7, g'’ being contravariant components of the metric tensor.
Since
Ktjisfots:Ksijthts: _Ktijsgotsv
we have from (1.7)
(1.8) K+ Kyt =0.
Since

K,jipts= % (Kyjis— Kjir) 9= — }ZKM i,
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we also have from (1.7) and (1.8) that
1.9 Kot =2Kj,p0i.

If the Ricei tensor of the cosymplectic manifold M is of the form K;;=a
(gji—mn;m:), then M is called a cosymplectic 7-Einstein manifold. By contr-
action, we have a=K/2n, where K is the scalar curvature of M. Thus a
cosymplectic 7-Einstein manifold is characterized by

K
(1. 10) Kji:‘?’;' (gji"77j77i)a
where the scalar curvature K is a constant by virtue of the identity
P =% K,
and from which, we obtain
(1.11) 7K ;=0
For example, if the ¢-holomorphic sectional curvature of a cosymplectic

manifold M is constant, then M is a cosymplectic 7-Einstein manifold (Eum
[2D).

If a cosymplectic 7-Einstein manifold M with K#0 admits a parallel vec-
tor »», then by the Ricci identity and (1.10), we have
(1.12) v;= (1,0") ;-

Thus we have the following

LEMMA 1. If a cosymplectic v—Einstein manifold with K=0 admits a
parallel vector field vk, then vh=Ant, where A=x".

2. Contravariant C*-analytic vector fields in a cosymplectic ma-
nifold

Recently, in a Sasakian manifold with the structure tensor ¢ of type (1,
1), I Sato defined a contravariant C-analytic vector field «* by (L(w)¢;)
0#=0 (Sato [3]). Following this definition, we provide the following

DEFINITION. A vector field # in a cosymplectic manifold M is said to be
contravariant C*-analytic, if u satisfies

2.1 (LW P =0 and £ (u) ph=0.
where £(u) denotes the Lie derivation with respect to u.

The first equation of (2.1) is written by the covariant form

(2. 2) Vju,-f—goj‘gothus—%- (ij) Tis
where we have put
(2.3) A=u,7",

The second equation of (2.2) is written by the form
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2.4

7V k=0,

Applying the operator I, to (2.2) and transvecting it with g%, we obtain
(2.5) gV sui =t oV o u,+ gt (Va7 jus) i

= —%@‘W‘Km’uﬁ (AP
by virtue of the Ricci identity and (2. 3).
Substituting (1.9) into (2.5), we obtain
(2.6) PP b+ Kbt = (747, 0) 7,
where I* indicates the operator gl ,.
On the other hand, we have

%'EVjui’—gojlfﬁithus—' T ;) 01 [Viui — pibpiel yu,— (PI ) 7]

— W) (7 jus) — 5 () (7 ) — (7 32) (P32) =L 7 ) (¥ )
+ i 7.,

and from which, we obtain

P75 vy 5 () s AP — Sp (7 ) 9+ Lt Py
2.7 =%EV i 000 us— ;) 9 [ Vit — 3™ us— (PIA) 7]

LV i+ Kut — (4 ) 1 Y= A7 Gl ) 5 200 Ol ).
In this case, we assume that the manifold is compact.

Then applying
Green’s theorem, we see that the integral over the whole space of the right
hand member of (2.7) vanishes.

Taking account of this reason, (2.2) and (2.4), we have the following

THEOREM 1. A necessary and suflicient condition for a vector field u* in a
compact cosymplectic manifold to be contravariant C*-analytic is the following
(2.8) and (2.9). ‘
(2.8)

V'V,ui+Ktiu’— (Vtthi)T/z=0,
(2.9)

77w =0.

Hereafter, we assume always that the cosymplectic manifold M is compact
and we denote a contravariant C*-analytic vector field by a C*-vector field
briefly in M.

The following lemma is well known (Yano [4])).

LEMMA 2. A necessary and sufficient condition for a vector field v* in M te
be a Killing vector field is

Fiv b+ Khvt=0 and V,v'=0.
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Transvecting ¢/ to (2.8) and (2.9) respectively, we have
(2.10) Fr (pitu’) =Kt (ofu) =0, 77, (ifa’) =0.
Thus we have the following

PROPOSITION 1. If u is a C*—vector field in M, then ¢Fu! is also a C*-
vector field.

Taking account of lemma 2 and (2.10), we obtain the following

PROPOSITION 2. If u* is a C*-vector field and o/ u'=0, then ¢/lu' is a
Killing vector field.

We investigate the relations between a Killing vector field and a C*-vector
field in M.

It is well known that if M admits a harmonic vector field 7; and a Killing
vector field v*, then 7vh=const. (Yano [4]). Therefore if o* is a Killing
vector field in M, then A=wvhy, is a constant by virtue of the second equation
of (1.3). Thus we have the following

PrROPOSITION 3. If M admits a Killing (or harmonic) vector field v*, then
nvt is a constant.
On the other hand, if v* is a Killing vector field, then
7P wi= =i == (g'e,) =0.

Thus by the theorem 1 and the lemma 2, we obtain the following

PROPOSITION 4. If o* is a Killing vector field in M, then v* is a C*-vector
field.

If vt is a Killing vector field, then it satisfies (2. 2) with IM;4=0 by vir-
tue of the propositions 3 and 4, that is,

(2.11) 7 k4o tofP vi=0.
Transvecting ¢* to (2.11), we have
(2- 12) VJ (@htvt) —-Vh (@jtvt) :__0

because of F v, +V ;=0 and FpA=0.
If we assume that ¢/ ;v;=0, that is

(2.13) v (@pitv,) =0,

then we see that ¢,’v, is a harmonic vector field by virtue of (2.12).
Thus we have the following

LEMMA 3. If o* is a Killing vector field and ¢/ v;=0, then ¢j'v, is a
harmonic vector field.
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The following lemma is well known (Yano [4]).

LEMMA 4. A necessary and sufficient condition for a vector field w* in M to
be harmonic is Vb — K w'=(.

Substituting ¢*#v, instead of w* in lemma 4 and taking account of (1.8),
we easily see that
(2.14) OV WV i+ K 00t =0.

Transvecting (2. 14) with ¢;# and taking account of (1.5) and proposition
2, we obtain
(2. 15) V‘V,vj—K,j'v‘=0
under the assumption that »* is a Killing vector field.

Taking account of lemmas 3,4 and (2.15), we have the following

LEMMA 5. If o* is a Killing vector field and ¢i'V jv;=0, then v* is a har-
monic vector field and v* is a parallel vector field.

Combining lemma 1 and lemma 5 and taking account of (1.12), we have
the following

PROPOSITION 5. In a compact cosymplectic 1—-Einstein manifold with K+0,
if v* is a Killing vector field such that ¢7*F ;=0 and v*#cyt, then v* va-
nishes.

3. A decomposition of contravariant C*-analytic vector fields in a
compact cosymplectic 7-Einstein manifold

In this section, we assume that M is a compact cosymplectic T~E1nste1n
manifold with K=#0.

Let «* be a contravariant C*-analytic vector field, that is, a C*-vector
field in M.

In this case substituting (1.10) into (2.8), we obtain

(3.0) L7 i~ A7 D77+ o= Tr) =0,
where A=u,7* and K is a non-zero constant.
Putting
3.1 wi— Api=v,
we have
(3- 2) 77,21”:0.
and (3.0) is rewritten as
(3.3) ST L0,

Differentiating covariantly (3.3), we obtain
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(3.4) G AT o e =0
On the other hand, by the Ricci identity we have
(3- 5) VJV]zV[Ul:Vk (Vthvi_l_Kjtsi'Us) +Kjksi‘7t'vs—KjktsV;vi.
Substituting (3.5) into (3.4), contracting with respect to j and i and
taking account of (1.10), (1.11) and (3.2), we obtain
(3.6) VtV,Vivf+—f—V,vt=o.

Differentiating covariantly (3.6), using the Ricci identity and taking ac-
count of (1.10), we obtain
3.7 V‘V,V%v”%——%V"V,v’+2—Ii77"77,7’17,v‘=0.
On the other hand, a C*-vector field #«* satisfies (2.2) and (2. 4).
Transvecting 7¥ to (2.2) and taking account of (2.4), we have
(3. 8) PV A=0.
Moreover by the Ricci identity_and (1.4), we have
3.9 7.VV 0t=0
by the help of (2.4) and (3.8).
Therefore (3.7) is rewritten as
(3.10) VfV,Vkavk+2ifz—~Vf7,v'=o.
In this place, we put
(3.11) ph='v”+—17:,—l7"l7,v’.

Differentiating covariantly (3.11) and taking account of (3.4) and (3.9),
we see that

(3.12) 7y ph+ K pt=0.
Moreover, we easily see that
(3.13) Vip'=0

by the help of (3.6).

Taking account of lemma 2, (3.12) and (3.13), we see that p* is a Kil-
ling vector field.

Next, we put

(3. 14) g;= —%gp VW
Differentiating covariantly (3.14), we easily see that
(3. 15) V.aq'=0

because of Vv is a scalar function.
Moreover, taking account of lemma 2, (3.9), (3.10) and (3. 14), we see
that ¢* is a Killing vector field and ¢,7*=0. Since
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(3.16) P hgt= —%V”V;v",

(8.11) is rewritten as
(8.17) pr=v"—plq¢".

Substituting (3.2) into (3.17), we obtain
(3.18) uh—Jojt=pt+ptet,
where p* and ¢* are both Killing vector fields.

If u* is given, then A=u,y* is a fixed scalar function.
In this place, we can prove that the decomposition (3.18) of #*—Ax” is uni-
que. In fact, if

wh—Aph=pt+olgt="pt 0/ ¢,

where, p* 'pt g* and ’¢* are all Killing vector fields and ¢,7'="g,7*=0, then
we have

(3.19) P—"pt=0r(q'—q¢"),
and from which,
(3.20) Vilpi—"p) =Vilo,;Cat—¢) L

Since p* and ’p* are both Killing vector fields, the transvection to (3. 20)
with g% shows that
(3.21) €0kj’7k('q1'—‘1j) =0,
by virtue of lemma 2.
Taking account of the fact that ’g;—gq;#¢7;, (8.21) and proposition 5,
we see that ’q;—q; vanishes, that is, ’¢"=¢" and consequently ’'ph=7p.
Thus, we have the following

THEOREM 2. In a compact cosymplectic y—Einstein manifold with K+#0, a
contravariant C*—analytic vector field u* is uniquely decomposed in the form
wh—At=p*+olg,
where p* and g* are both Killing vector fields, A=u,f and q,7¢=0.

Combining proposition 1 and theorem 2, we have the following theorem
3 by virtue of (1.1)

THEOREM 3. Let u® be a contravariant C*-analytic vector field in a compact
cosymplectic 7~Einstein manifold with K+0 and let vhP=q¢ u'. Then the vector
field v* is uniquely decomposed in the form

h=ptt+ote,
where p* and q* are both Killing vector field and q,4'=0.
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