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On Some Compatible Matrix Norms
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1. Definitions.
(i) Let M, denote the set of all (nxn) matrices. A matrix norm for M, is a real-valued
function ||+ | defined on M, satisfying for all A, BeM,:
(a) 1Al =0 and || Al =0 iff A=0, (b) llaAl =]|al || Al for any scalar a,

© 1A+BI<lAl+HBI, @ NABli <Al lIBI.
(i) A matrix norm is said to be consistent or compatible with the vector norm || - i, iff

N1Axlv< 4] Ixll, for all xeV and for all AeC™. '¢))
@) Let A be an arbitrary matrix. The spectrum of A is the set of all eigenvalues of A4,
and it is denoted by 6(A). The spectral radius is the maximum size of these eigenvalues,

and it is denoted by g(A)=max|2|.
Ac8(A)

2. Compatible matrix norms.
(i) The operater norm.
For a matrix A, the operator norm induced by | x| » is denoted by [[ A || ,.

The operator norm defined by

HtAN=14l v=sup—“—’£”—"-, xel" @
x~0 ” X ” 14

satisfies the conditions (a) and (b). And by its definition, it satisfies the property (1)
From this it can be shown that (2) satisfies the conditions (¢) and (d). Hence the
operator norm defined by (2) is a compatible matrix norm. Especially the norm || A =
151}(111-,3:1} Ax || is called a subordinate or induced norm. And the most common operator norms

are the maximum (absolute) column norm and row norm respectively:
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i) The Euclidean matrix norm.
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F(A) is called the Frobenious norm of A. The conditions (a) through (d) are satisfied
since F'(A) is just the Euclidean norm on C”. Thus F(A) is a matrix norm, compatible
with the Euclidean vector norm. So we denote F(A) by || All.. And F(A) is not subor-
dinate since F(I)=4/7.

@) The Hilbert or spectral norm.

Now let g(A)=L,=min{L : || Ax ||, <L (x|, for all x&R"}.

Then g(A) satisfies the all conditions (a) through (d) of a matrix norm. Thus we
write g(A)= || A(l.. From above definition it fellows that g(A)= || All.< | All,, for all
AeM,, and that || A, is compatible with the the || - ||, vector norm.

3. Theorem || A|l,=+/p(A*A).

Proof: A*A is Hermitian and its eigenvalues {4}}., arc real and nonnegative.
Let 2i>2.=++>4,20. The eigenvectors V; of A*A can be chosen to be orthonomal,

vi*v;=dy, 1<i,j<n. Then any vector x+0 can be written as x=1, av..
-1

Thus we can verify that

( | Ax |} » >2::‘ X*A*Ax _ ,”Zlailzzzi
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which implies 032,3(—”1(3(’(””—22—>2£L, or 1 AX < VA2 (5)

for all vectors x. Thus v/7,=p(A*A)=L,= || Al .. Now substitute v, for x in (4) and
(5) becomes |l Avy |t 2= /7 I vill 2. This implies that +/p(A*A)=L..

4. Conclusion.

Which is the most desirable matrix norm? There are certainly differences in their cost,
e.g., some will require more expensive computation than others. The spectral norm is
usualy the most expensive. The answer to the question depends in part on the use for
the norm. In most instance, we want the norm that puts the smallest upper bound on
the magnitude of the matrix. In this sense, the spectral norm is best.
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