BENSEHFEFBEE <BBEH> Journal of the Korea Society of Mathematical Education
1981. 12. Vol.XX No.1 Dec. 1981. Vol.XX No.1

A Note on Maximizing the Probability of Correctly Ordering
Random Variables Using Linear Predictors
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1. Introduction

In many situations, an experimenter wishes to predict the value of some random
variable or variables that cannot be observed on the basis of a vector of observations on
some other random variables.

For example, one may wishes to predict a person’s intelligence from his scores on a
battery of tests.

Let U and X be two random vectors having joint distribution.

Then it is well known that the best predictor of I/ based on X is

U=EU!X)

Under normality, i.e.,

@D [g] MN([:] C/ i])

the best predictor & is identical to the best linear predictor B’X, i.e.,
U=EU|X)=p+c V- (X—v)=A+B'X, (Searle 1974)

In Henderson (1963) and Searle (1974), it is shown that (under appropriate conditions)
the probability of correct pairwise odering is maximized by odering a pair (Ui, U))
according to the best linear predictors based on X.

And Stephen Portney (1979) considered the problem of ordering Uys from highest to
lowest. and showed that the probability of correctly ordering {U;} by ordering according
to the ranking of {§’X;} is maximized when 5 gives the best linear predictor, b=P;'¢;.

To derive the results, Portney used the probability content of convex cones.

But the structure of the Variance-Covariance matrix is assumed, it can be shown
directrly from the pattern of the matrix.

In this note, it is shown that the result can be obtained directrly by the simple argu-
ment based on the structure of the variance-covarince matrix.



2. Maximizing the Probability of Correct Order.

Model 1. (iid case)
Let (U, x1), WUy x2),..., (Un, 22) be a random sample from a multivariate normal
distribution in (14+4) dimensions with

@D EWU) =y, Var(U)=a.?
and
@2 E(x)=0, Var(x)=Pusr, Cov(U;, £)=cuxn
For any e R*
@ B2\ Up =25 (U~ =LY Pl (17—
@0 Var(¥'x;) U =@ Pb) (1—p?»
where
702
2.5) PZ= a“g%;;?pé)

For any be R* introduce the normalization
2.6 bn=b/vE'Pb
Theorem 1. Consider the sampling situation given above.
Let U'=(Uy, ..., U)ER" and X' =(%1, e Xn)-
For beR*, let S(b) denote the event that the n coordinates of U have the same order as
the n coordinates of Xb.

Then
Pr(S(*)) =z Pr(S(b)),
where
b*=P-l¢,
i.e., the probability of correct order is maximized by choosing b=b*
Furthermore,

PriS@®» U= Pr(SMB)IU), vbeR:
Proof. For fixed hbe R*, define

(2°7) Wi=bN,xir i=19'--vn-

Then

NeX) BQXon| D) =B - p) =L W-0), ¢=1,... D
@9 Cov(Xbn D)=z, t2=1—(bN"C)*/a,2=1—p"

that is, W), W, ..., W, given U=(U,,..., Uy)’, are independently distributed normal
variables with

(2.10) EWil D) =-L—(Ui=p
and
.1 Var(W:{U)=1—p% i=1,...,n

Furthermore, the distribution of W;, given U, depends on U only through U



Let Upn<Ug<++<Ug denote the ordered Uy, Uy, ..., Us, and let W denote the W
associated with Ug.
Then in order to prove the Theorem 1, it suffices to show that
PriWn< W< <WelU) is maximized when h=5h*.
This follows from the following.
For any given b=R*, Wy (1=1,...,#), for given U/, can be represented as follows;

2.12) W= +1—p? Z,~+7";-(U(.-)—y), i=1,..,n
where Zj, ..., Zy are iid N(0,1) random variables.

Therefore,
2.13) Pry(Wn<Wey<--<Wwmll)

=P7’2(W(,')< W(,'.H), l=1, cesy n—ll[_])
=Pry(W/1—p2(Zi—Zi+D) <':'%(U(i+l)— Uw), i=1,..,n—11U)

= Uu(Zi—'ZH,}) < 4 . . 7
Prb( Uern—Uas Vi i=1,..,0—1{1)

, hence in p.

which is clearly non-decreasing in —£L
V1—p?

Hence
.19 Pry(Wp< W << Wl U) < Prox(Way < Wiy <+ < Wemy | )
(p<p*, p*; associated with &%)
Model II. (intraclass correlation case)
Consider ;the case where the (U; %;)’s have a components cf variance-covariance
structure. To specify the model, let U be a vector in R" and X a vector in R* consisting
of % block seach of size n. Then (using Kronecker Product notation) the model is specified

by

(2.15) [g}vMN([ f)] >:1®1,,+zz®gg'>, e: (nx1D)
where - )
(2.16) 2,:[2’ i;;] P RFD XD, =12

cieRE, Pj:kxk vi>0

To predict the coordinates of [/, we restrict consideration to “stationary” linear pred-
ictors BX with B:nxXx(uk), of the following form;

@17 B=(b/®I,)+ (b ®ee"), where by, b€ R*

Theorem 2. Under model (2.15), the probability that the order of the coordinates of U
is the same as the order of the coordinates of BX is maximized over B satisfying (2.17)
by B=DB¥*, the coefficients of the best linear predictors.

In this case, B* may be given by
.18 bi*=Py"l¢; and bye=Q

Proof. Let X’=(x, 4%, ..., x%)



where
2i=0x7, cce, x7) : (nX1) for j=1,2, ..., &

() Gan Fon(er, Fer)

Jn=ee’ : (nxn)
X, given U, has normal distribution with

B U= @@+ ei®f (I

Then, since

where

TATGE)

v1+m)z
and
Var(X|U) = (Pi®@I,+P:R]»)

—(Ql®1n+§2®]n)‘;)11—(1n ?11+”VZ ")

(¢ X Iyt €/ ®Fn)
For any fixed B of the form (2.17), it follows from the above that BX, given U,
has normal distribution with

E(BX|U)=BEX|U)
= b/ @l +by/ ®w) (@@ 1+ @) (I

Ja)(U~pe)

1 +mz

=711-{Q1€11n+[-b1'€1 (B c2+ b7 ¢1+nbz'02)fn]} (U —pe)

U2
v1+nvs v1+m)

~-L Gal, 8 W)

= —l%l—{al! —a,ué'l’ﬂé(’gl U»n -—nﬂpg}
=711—{al!—(ay—,3§'l Ui+ Bngel
_b'c _

———01‘ U—ne

where 7 is some scalar depending on U, b, and ba.

and
Var(BX|U)=BVar(XIU) B’

=(& Pitr— == ed?) L4/
where ¢ is some scalar depending on b, b.. '
Note that » depends on [J only through };“,1 U;

Let Uay< U< - < U denote the ordered U, U, ..., U, and let W, denote the coord-
inate of BX associated with U for i=1,...,n.
Then, for given U, W) can be represented as

’
Wor=-L8 Uyt 0+ V3 Zi= (VE+ VED Zoi =1,



where

u=(b1'P1b1——vlT(él'£1)2)

&-,8%; negative and positive part of ¢
and Zy, Zy, ..., Zu; N(0,1) random variables with

COV(ZOI Zl)=‘\/g:/ﬁ/-;: i=1v eny 81
Cov(Z;, Zj)=0 for 1<i<j<n

Therefore,
Pra(Wao< Wi <« <WuwllU)
4
=Pr§(‘\/T(Zi""Zi+l)<'£lv]£'(U(i+l)_U(i))» i=1,..,n—=11)
— nw(Zi—Ziv) e ._ _
—Pi’g( Usn=Uai <oy bt IIU)
=p Vo, (Zi—Zis) < e , i=1, 0w, n—11U
7’_[_;( Uu+n—Ua V1—p? A1
where

. b'a
e ‘\/Ux 4/1_31/P1b1

Note that the above expression depends on B(i.e., b and b;), only through

SiI‘lCC (Zln veey Zn) NMN(Q: Iﬂ)
Hence as in Model ], the probability is maximized when p=p*,
ive, bhi=b*

Since b; is arbitrary, we may choose bs¥=0.

S A
V1—p?
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