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On the group of units of the finite ring Mat,(p™)
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1. Introduction

Let Mat,(p™) be the set of al] 2xX2-matrices over a finite field with p™ elements. Then
Mat,(p™ forms a finite ring with identity of characteristic p. It is well known that GL
(2, p™) is the group of units of Mat;(p™).

In this paper we will characterize the finite ring with identity whose group of units is
isomorphic to GL(2, ™), where p™ is a prime number. Our main theorems are the

followings:

Theorem 8.2. Let R be a finite ring with identity. Suppose that the group R* of units
of the ring R is isomorphic to GL(2,2™). Then
R=Mat,2™YDZ D+ DZ,
Theorem 3.4. Let R be a finite Semisimple ving with identity. Suppose that the group R*
of units of the ring R is isomorphic to GL(2,p™). Then;
(1) If p=2, then R=Mat,(2™)PZrPe+++ ®Z,
@) If p is an odd prime, then R=Mat(p™).

The ahove theorems will be proved is Section 3. In Section 2 we will discuss some
properties of a ring and the structure of the group GL(#, ¢) which will be used in the proof
of our main theorems.

There are several results in the literature, which are related to our paper. They have
been proved by Gilmer, Ditor, Eldrige, and Fisher.

The notation in this paper is standard. It is taken from (3] and (4] for the groups
and the rings. We will denote by |S| the number of elements of a finite set S.

2. Preliminary results

In this section We will discuss some properties of a ring and the structure of GL(#, q).

Let R be a ring with identity. An element # of R is called a unit if  has the multi-
plicative inverse in the ring R. The set of all units of a ring R forms a multiplicative
group, which is called the group of units of R and is denoted by R*.



Let Mat,(F) be the set of all nXn-matrices over a field F. If F is the finite field with
g elements, we will use the symbol Mat,(g) for Mat,(F). Note that if p is the characteristic
of F, then g is a power of p. The group GL(n,q) is the group of units of Mat,(g).

The following known results are useful in the proof of our main theorems.

Propesition 2.1. A finite semisimple ring with identity is isomorphic to a finite direct sum
of the full matrix rings over fimite fields. That is,

R=Mat,(q) D+ -DMatu(q,),

where qi=p* and p; is a prime number for all i=1,2, - A

Proof. The proof follows from Wedderburn-Artin theorem (3, p.13, Theorem 2.17)
and Wedderburn’s theorem (1, p.138, Theorem 3).

Proposition 2.2. Let n22 and q=p™, p prime. Then:

(1) GL(n,q) has no nontrivial normal p-subgroups.

(20 A Sylow p-subgroup of GL(m,q) is elementary abelian if and only if n=2.

Proof. It follows from [5, p.54, Proposition 2. 3].

Proposition 2.3. Let F be a finite field with p™ elements. Then the group SL(2,p™) is
generated by two Sylow p-subgroups Sy and S,, where

si={(3 e} and 5= e

Proof. This is proved in {2, p.81, Lemma 6.1.1].

Proposition 2.4. Let N be a normal subgroup of the group SL(2,p™), p"=4. If [N|>2,
then N=SL(2, p™).

Proof. The proof may be found in [5, p.55, Proposition 2.5].

Proposition 2.5. Let K be a normal subgroup of GL(2, p™) whose order is |SL(2, p™)].
Then K=SL(2,p™).

Proof. Let S; and S; be Sylow p-subgroups which are defined in Proposition 2.3. It
follows from (JGL(2, p™ : SL(2, p™|,)=1 that S; and S; are Sylow p-subgroups of GL
(2, p™. Also K contains at least one Sylow p-subgroup S of GL(2,p™) since |K|=|SL
2, ™) and Sylow’s theorem. By Sylow’s theorem we have xSx™!=S5; and ySy™'=S, for
some x,yeGL(2, p™). Hence K contains S; and S; since K is a normal subgroup of GL
(2, p™). Thus SL(2, p™) is a subgroup of K by Proposition 2.3. Therefore K=SL(2, p™).

3. Main theorems

In this section we will prbve our main theorems.

Proposition 3.1. Let R be a finile ring with z'denﬁ'ty of characteristic p, p prime. Suppose
that the group R* of units of the ring R is isomorphic to GL(2, p™). Then:

() If p=2, then R=Mat,(2™)YPZ;D-++-- ®DZ,.

(2) If p is an odd prime, then R=Mat,(p™).

Proof. The proof may be found in (5, pp.55-57].

Theorem 3.2. Let R be a finite rving with identity. Suppose that the group R* of units
of the ring R is isomorphic to GL(2,2™). Then
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R=Mat, Q™M) DZoD-DZ;

Proof. Lot k be the characteristic of R and Ry be the subring of R generated by the
identity. Then Ry is isomorphic to Z;. Hence Ro*=Z,* is a subgroup of the center Z(R¥*)
of R*. Thus we know that |Z,*|=|Ro*|=¢(k) is a divisor of |Z(R*)|=2"—1. Hence
(R is odd and k=2. By Proposition 3.1, this theorem holds.

Proposition 3.3. Let H be a subgroup of R¥ which is isomorphic to SL(2,p™). Then
H=SL(ny, p1#) Xo-eve- X SL(n,, p#).

Proof. It is clear that [SL(ny, pi*) X «rese- XSL(n,, pA)=|SL(2, 0™ ..
Also the group SL(ny, p1#) Xeeeee XSL(n,, p*) is a normal subgroup of GL(my, pi#) X+
«+ X GL(n,, pr*). Hence by Proposition 2.5, we have
H=SL(ny, pi#) Xoesoer XSL(#,, p*).

Theorem 3.4. Let R be a finite semisimple ving with identity. Suppose that the group R*
of units of the ring R is isomorphic to GL(2,p™). Then;
(1) If p=2, then R=Mat,(2")PDZyD e+ ®Z,.
(2) If p is an odd prime, then R=Mat,(p™).
Proof. Assume that p=2, It follows from Theorem 3.2 that
R=Mat,2")DZD------ DZ,.
Assume that p is an odd prime. It follows from Proposition 2.1 that
R=Mat. (pr)P------BMat, (p:*),
where p; is a prime number for, i=1,2, -+ ,7. Hence we have
R¥=GL(n1, pr*?) Xooeees X GL(n,, ps*).

Let H be the subgroup of R* which is isomorphic to SL(2, p™). Hence by Proposition

3.3, we have
H=SL(ny, pr#) Xeeeser X SL(ny, pst).

Since SL(2, p™) is nonabelian, there exists at least one number #;>2, say n;. It follows
from Proposition 2.4 that SL(#y, pif) Xeeeree XSL(n,, p/*7) has no normal subgroup whose
order is more than 2. Hence we have my=ng=+----- =n,=1 and ky=Fkg==r-es+ =k,=0.

Thus GL(2, ™) =GL(my, p1*). It is clear that #;=2 by Proposition Z. 2.

Since |Z(GL(2, p™) | =1Z(GL(2, p1i*))|, we have p"—~1=p"~1.

Hence p1=p and ky=m. Therefore R=Mat(p™).
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