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ABSTRACT

Mathematical models for hit probabilities of small arms are develop-
ed in order to estimate the expected hits on an aircraft for certain altit -
udes and air speeds, A model for the firing lead angle is developed
for cases when the distribution of hits is normal and the firing angle
is from 20 degrees to 16Q degrees, probabilities of hit for single and
multiple shots at various altitudes are calculated, Tables are given sho-
wing the probability of hits and kill for targets flying at high speed

above 500 feet from ground level,
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I .INTRODUCTION

Seoul, capital of South Korea, is located very close to the
D.M.Z. Seoul has almost 20 percent of the population of South Korea,
many industrial facilities, and important military installations.
Accordingly, air defense for Seoul is a matter of some importance to
the government of the Republic of Korea. Attacks from medium and
high altitude hostile aircraft can be countered with missiles and
friendly aircraft, but air defense is very difficult when attacking
circraft fly fast at low altitude. In the Viet Nam War, many low-
flying aircraft were downed by small-arms fire.

The objective of Small arms fire is to:

1. Kill or damage hostile aircraft,

2. Reduce the efficiency of the hostile pilot,

3. Increase boming accuracy errors, and

4. Reduce the opponent's fighting spirit.

There are two techniques for‘employing small-arms fire against
aircraft. 1In one technique, the gunner estimates the target's current
line of flight and continuously adjusts his aim point to provide the
approximate lead while firing. The other technique uses an arbitra-
rily selected lead angle so that the aircraft flies through a stream
of bullets as it flies over the gunner. Both techniques use barrage
fire to be effective: this method requires the firing of several
weapons simultaneously at a common area in space in advance of the

aircraft's flying path.
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It is the obiective of this thesis to explore these tactics by
constructing a mathematical model for the probability of hitting fast
low-flying aircraft with small-arms fire, and to find when the gun
mores with the aircraft.

A basic model for the probability of hit for small-arms fire ag-
ainst fast low-flying aircraft will be developed in Section II. Only
flight paths at conetant altitude with the approaching will be con-
sidered.

The general theoretical formations to be developed involve a
density function and some basic geometry which will be used for cal-
culating hit probabilities. Relative velocities between bullet and
aircraft will be considered for the fixed gun case.

Section IV presents conclusions and recommendations from this
study. In appendix A, we will discuss aircraft kill probabilities
with reference to vulnerable (lethal areas) area of the target, when

the gun is fixed at a certain aiming angle.

II . DEVELOPMENT OF MODEL OF HIT PROBABILITY

In this chapter we will consider the formulation of the standard
deviation (¢ ) of the bullet impact point, the formulation of the ai-
rcraft target area, and the model of hit probabilities. We will use
the projected target area as the aircraft moves forward, since the
angle between the gun and aircraft is changing.

In order to develop a hit probability model, we have to be con-

cerned with the various factors shown in Figure 5 (Factors Affecting
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Hit Probabilities).

A . FORMULATION OF STANDARD DEVIATION (o)

We will look first at the gun dispersion angle, as shown in
Figure 6, (Standard Deviation Geometry) in order to relate this to

the standard deviation of a normal distribution.

angle (a) wingspan (WS)
length(LN)
height (HT)
TARGET PROJECTION
AREA (A)
A
HIT PROBABILITY
(Psh)
angle( a )
dispersion »|  STANDARD DEVIATION
angle (¢) ( y
¢
altitude (H)

Figure & . Factor affecting hit probability (Psh)
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G(gun) S

Figure 6 . Standard deviation (6) geometry
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Let 6y be the dispersion azimuth angle and ¢, the dispersion eleva-
tion angle of the bullet (known for a certain type of gun or bullet)
from the triangle GAJ, as shown in Figure 6(a).
Let us assume that the dispersion angle ( ¢) is equal to gx, 6y
(6= 6, = 0, ), and that this dispersion is normally distributed

(#=0, g2 ) and independent for each bullet, (6;=6y=g¢). Then

JA
tan g, = ﬁ_ s 27)
GA
Iz = GA + tan 6, > and (28)
sina= LA / GA where LA =H . (29)
From equations (27), (28) and (29)
9 = (H+ tangx) / sina, (30)
and from the triangle GFA in Figure 6(a),
since ¢y, =gy = ¢ , 6x = 8y = g, therefore the
variance of the dispersion is
HZ . tanzo
6 = 5 : (31)
sin“ a

In equation (31) we have shown the variance of dispersion is
related to elevation of the target, the aiming angle and the disper-
sion angle. We are now ready to apply the distribution of round im-
pacts to a target, whose size and shape is the subject of the next

section. -
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B . FORMULATION OF TARGET AREA

In this section, we will use the projected target area as the
angle between the gun and the aircraft is changed. It is very diff~
icult to know the aircraft's projected area. We will use the basic
aircraft dimensions (length, wingspan, height) since these dimensions
are known. We will compute the bottom projected area and the forward
projected area, and ignore the side projected area because we assume
that the airéraft will be moving directly overhead.

We assume that the aircraft looks like a small box as shown in

Figure 7.

J

G(gun)

Figure 7 . Geometry of Projected Length
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The impact point of the bullet on the aircraft may be considered
as normally distributed on a line perpendicular to the ballistic tra-
jectory, as shown in Figure 7.

In Figure 7:

oc : length (LN)

A0 : height (Ht)

a : Angle of Gun - Target Line

G : Gun position

Let us assume that the aircraft looks like a small diamond-sha-
ped box when we see the bottom area and small box when we see the
forward and side as shown in Figure 8.
Thus,
Total Projected area (A)=forward Projected area (Al) +
bottom projected area (A,).

The projection of height (HT) to the line perpendicular gun-target

(Figure 7) is

oc' = O0A - cos a

= HT -+ cosa.

let OA' = HT' or
HT' = HT + COSa

(32)
The projection of length (LN) to the line is;

oOC' = 0C - sina
= LN « SINa.

Let OC' = LN’
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where LN' = LN - sing

at the bottom (a)

LN (length)

at forward(b)
E T

“~— HT ———

Figure 8 . Area of the Aircraft
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Let us think about the projected forward area (Ai), as shown in
Figure 9(b) and ignore the front wing area since it looks like a very
small area. Now, projected forward

area Ai ) = I x EF

il

projected height (HT) x Wingspan (WS) X b

where b is ratio of fuselage length to wing span:

b = EF / Wing Span (WS) as shown in Table 4.

Therefore, the projected forward area ( Ai ) is;

Al = HT' - b - WS
= b . ws . HT-cosg , (33)
where 0 < g < 90 degree.

Let us think now about the projected bottom area ( Aé )
where Ay = Actual bottom area (A7) X sina, (34)
as shown in Table 4.

Total projected area is
A' = A+ A2
= b+ WS .+« HT cos + Ay sina. (35)

Actual bottom area is very difficult to calculate.

Accordingly, we will consider the diamond shape (bottom area) as

shown in Figure 8. The diamond area is;

g
N
i
—
~
o
>
a
o]
o

I
0
=
wn

Let AC
and BD = k . LN ,

where C, k is a factor for changing wing span and length.
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(feet)

Name of Wing Span | Length | Height | Ratio Bottom d
Aircraft (WS) (LN) (HT) (b) Area (A1)
MIG-21 23.46 51.71 6.93 .27 430.0 .71
MIG-23 46.7 55.0 6.19 .264 836.0 .643
MIG-25 47.75 73.15 8.6 .2591 1188.7 .68
Su-7 29.36 57.0 6.9 .28 568.99 .68
MK-3 30.99 36.86 5.335 | .264 388.4 .68
F-14A 64.05 62.34 8.06 .265 1356.0 .68
F-16A - 31.0 47.04 6.437 | .27 490.0 .67
F-18A 40.4 56.0 6.4 .261 768.0 .68
F-15A 42.8 - 63.9 7.13 .27 984.0 .72
F-4E 38.625 63.0 7.875 | .262 808.0 .66
A~10A 57.6 53.4 7.31 .258 986.0 .65

Table 4 . Combat Aircraft Dimensions

Then, Aé (projection bottom area) = 1/2 .c - k - WS . LN'
Let ¢ . k = d, as shown in Table 4. Then
]

A =1/2 . d . WS . LN

=1/2 - d+ WS + LN - sina

actual projection area (Aé)
(36)
From equation (33) through (36) total projected area is
A" = A} 4+ Ay
=b -+ WS .« HT cosq + 1/2 - 4 . WS<LN-sin ¢
(36-1)
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This projected area is related to basic aircraft dimensions
(length, wingspan, height) and the aiming angle, will be used as ta-

rget size for the hit probability in the next section.

C . SINGLE -SHOT HIT PROBABILITIES

In this section, we will consider the probability of hitting
the projected area for the two dimensional case. (In the one-dimen-
sional case we consider the aircraft as a rectangular target.) The
impact point on the target is normally distributed on the line per-
pendicular to the ballistic trajectory). In the two-dimensional case
the impact point of the bullet is on a plance which is perpendicular
to the bullet trajectory.

Let the impact point of the bullet on a plane which is perpen-
dicular to the bullet trajectory and which coincides with the center
of the aircraft be presented by random variables X and Y.

It is assumed that X, Y are independently and normally distributed
random variables with mean (#) = 0, and variance ( 6 = 65 = 65 )

The density functions of X and Y are:

2
x
£ = (1/ v27mo, -
x(x) = (1/ V2zo ) e 2 a2 a7
y2
and fy(y) = (1/V2zmoy) e = ;‘;g— (38)

The joint density function is

2
- X
fx,y(x,y) = (e 2 o /' Jem-6, )

/! V2= oy )
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2 2

_ X4 4+

(1/2702) » e ~— I (39)
202

[

where 6g = 6y =0-
The probability of hit in an area A is

Psh(single shot hit probability)

2 4 2
= M 1/2n02 e 22T 9° 4x . dy . (40)
A 262

Let us assume that the target is circular with radius R, so

that

Al + Ay = =RZ, (41)

and RZ = (A1 +A9) /=x.

Transforming to polar coordinates, we have

X=r cosa ,
Y =1r sina .
(42)
X2 + Y2 = ¢2 s
and dx.dy = r.dr.d@
From equations (40) through (42)
= R - r2/2 o2 . 2
Psh fo e r/e?2 . dr de. (43)
Let U=1r2 /262 , du=-r/¢?. dr ,
r2= 2¢62u= (A1 + Ap)/ n ,
and
U= (A] + A2)/ 2702 . (44)

From equations (43) and (44),
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e~u du ,

1 - e-u

From equation (44), then, we have

Psh = 1 - e- (A1 + A2)/2rmo% , (45)

where A] is the projected forward area,
Ay is the projected bottom area, and

62 is variance for normal distribution.

This single-shot hit probability model will be used for the

multiple-shot hit probability in the next section.

D. MULTIPLE -SHOT PROBABILITIES

In this section, we develop the hit probabilities for the mul-
tiple-shot case. We will discuss the relative speed between bullets
and the aircraft, possible intercept of the bullet and the aircraft,
and projected area as shown in Figure 9, (The Factors Affecting Mul-
tiple-Hit Probabilities).

First we will consider that the gun is fixed at a certain given
aiming angle, and second, we will discuss the gun moving continously

in a certain lead angle with the moving aircraft.
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projection altitude(_H)
area(A max range
: @) R (max)
S.T deviation MULTIPLE SHOT angle ( @)
(o) PROBABILITY (Pmh) &
target length
(LN)
' a
passing time - POSSIBLE angle( )
(Tp) INTERCEPTING
BULLETS (Tpb)
aircraft gun speed
RELATIVE SPEED (Vbi)
speed(Vac)
BETWEEN GUN AND

TARGET (RS)

Figure 9 . Factors affecting multiple hit probability (Pmh) for gun

fixed .
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1. The case when the gun is fixed .with a certain given aiming

angle .

In this section, we will discuss the model of multiple hit pro-
babilities when the gun is fixed at a certain given aiming angle, as
shown in Figure 10. Sometimes one person will fire continuously un-
til aircraft.passes the area. Figpre 10, illustrates that the air-
craft passes the interval which is determined by the aircraft.length
and projected height. It will take some time until the aircraft pa-

sses the interval.
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Figure 10 : Gun Fixed Geometry
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In Figure 10:

oy, a2 : Fixed Angle

G : Gun Position

H : Altitude (constant)
Vbi : Muzzle Velocity
Vac : Aircraft Speed

Let us assume the gun will be fixed a certain aiming angle, si-
nce the aircraft is too fast to permit us to aim and follow the target
We need to know how many bullets (Tpb) intercept the aircraft during
aircraft paésing time (Tp), which depends on the aircraft length (LN)
and aircraft speed (VAC), as shown in Figure 10.

(1) Let projected possible target length (LN) be

IN= EA + AD ,
- AR L,
tana
- B 4w, () (46)
tan o

and aircraft passing time (Tp) be

LN’

Tp = — (47)
BAC

(2) Let relative speed between bullet and -aircraft be RS, as
shown in Figure 11, so that
RS = VBI + VAC cos « , (48)

and

cos (m—a) - cosa
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A
(aircraft)

Figure 11 : Relative Speed

(3) Let interval between each bullet be IRD, then

IRD = Bullet Speed _ VBI
Round per Sec RD . (49)

From equations (46), (47), (48), and (49), the total possible

number of passing bullets are Tpb during the time period (0, Tp).

Since

then,

and w

E(hits) = RS/IRD . dt ,
= RS/IRD . Tp , (50)
Tp (Vbi T Vac.cosa) (HT/tana + LN)
( Vbi/RD ) . (VAC) R
e have
Ip = RD (VBI + VAC cosq) (HT + LN tana ) (51)

VBI . VAC . ' tana ,
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where a 1is a given aiming angle.
Let n = Tpb and then the multiple hit probability
(PMH) is:

_ N,A
T e e (52)

where A is total projected target's area.

By using this model (equation (52), we will show an example in
Tables 5, 5-1, 5-2, 503, 5-4, 5-5, and 5-6, and in Figures 12-1,
12-2, 12-3, 12-4, 12-5, 12-6, and 13. We will consider multiple-
shot hit probabilities' (when the gun is moving with the moving

target) in the next section.
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Table 5 : Example of hit probabilities when 9 people are firing

one aircraft.

Model Aircraft

Model Gun

Aircraft Area (A)
Ratio of Fuselage (b)
Wing Span gWS)

Length (LN)

Height (HT)
Dispersion angle (4)
Aircraft speed (VAC)
Mussle velocity (VBI)

Bullet round (RD)

£XY

MIG-23,

50-Calibers (MGS),
826 ft,

27,

4210 ft,

55.0 ft,

6.19 ft,

1,

733 ft/sec (500 MPH),
3000 ft/sec,

10 RD/sec.

Out put (PSH) and (PMH) are as shown in Table 5-1 and 5-6.

at

We want to fire with 9 people betause 9 people are one military ele-

ment unit.

is changed.

of intercepting bullets is shown in Figure 13 (Tpb)
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Hit probabilities when gun is fixed at a certain aiming

Table 5 -1

angle, and when 9 people are firing at one aircraft
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Aiming angle,

ALPA( a )

: Projected area,

AREA( A )

RS

Relative speed,

Total intercepting bullets,

TPB( N )
Psh
Pmh

Single~shot hit probabilities,

Multiple-shot hit probabilities.
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Hit probabilities when gun is fixed at a certain aiming

Table 5-6
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2 . The case when the gun is moving with the aircraft.

in this section, we will discuss the multiple-shot hit probabi-
lities when gun is moving with a certain lead angle relative to the
aircraft, as shown in Figure 14 (Geometry of the Overflight). When
aircraft appears suddenly, the gunner is assumed to fire using a
certain lead angle and the gunner will follow the aircraft. We will
consider the maximum gun range which depends on the altitutde, and
the angle between gun and aircraft. We will use the angle (between
gun-target line and the horizontal line) that is from 20 degrees to
160 degrees, from 30 degrees to 150 degrees and from 40 degrees to
140 degrees.

Figure 14 illustrates that gunner's fire will move with the

aircraft.
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Figure 14. Geometry of the Overflight when gun is moving

with the aircraft.
R min = a2 + b2
if B=0, then aircraft flies over head
G : Gun position
A,A' : Aircraft position

¢1+¢2 : Total Gun moving angle

R1,R2 : Gun's maximum firing range
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(1) Mean single shot hit probability (PSH) averaged over
entire pass.
The mean value of PSH, with the effect of slant range averaged

out, is found from:
1 /T
Po= oo Jf Psh + r(t) dt . (53)

0
From Figure 14:

r2(t) = x(t)2 + R2pin (54)
x(t) = Xy - Vac -t ,
and from equation (44)
PSH = 1 S
- - € 2na?
Let A= 1« RZ . then
R2
PSH = 1 - e~ .
2n02
and from the Taylor series
e =1 - , when R is small.
2 g2 2¢2
R2
therefore, PSH = (55)

2 g2

From equation (53), (54) and (55), we have

~ 1
P = Tf . R2/2 . C (%1 - Vac-t)2 + Rzmin) dt

R2 ($1+ ¢2)

262 Rmin (xl + x2)

Let R2 = —ﬁ— , ¢ =¢1 + ¢2 and X =X; + Xy |

Then
P = A . (¢)/ 2762 Rmin - X
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where ¢1 = ¢2 , X = x9 , and R min = Altitude (H) because we
assume that aircraft moves directly over head.

Thus

la~]
1]

A - (¢) /2 ze? H * x (56)

from Figure 14;

P1

i

tan'l(xl/Rmin) = (cos'l(Rmin/Rl)

$2

cos"l(Rmin/Rz) » where 41 - g3, (57)
R = H/sina (anglea is dependent on maximum range),

and
R min = H where b =20.

From equation (57) and Figure 14,
$ = 2 cos~l(H/sina ),

cos(.5¢) = sina ,

¢= T - 2q ’ (58)

X} =H/ tana ,

x = 2x) = 2H / tana (59)

and therefore,

A - (x~- 2a)

2762 H + 2H/ tana

or
_ A -(7t.— 2a )+ tana | (60)
voT 4 e H2g2

where = 3.14159, a is in radian.

Therefore, from equation (62) and (63), we have
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Puh = 1 - EXP (-¢ D2y Alrs ;a ) taan
Vac* tana 4 TH4¢g? s
or
N‘A (7 - 2a)
Pmh = 1 - EXP (- (60-1)
2rzo% . 4H. VAC ’
where N is intercepting bullets,
A is projected area,
a is ciming angle,
H is alititude,
VAC is aircraft's speed,
o is standard deviation,
(as ¢ = dy, - d; VAC)
and d, , d] are as shown in Table 6.
Table 6 : The Factors for Standard Deviation
weapon
lype I 1T III v v
Factor
do .00418 .01188 0 0 .01180
d; .000357 .000276 .000287 .000296 .0000608
where I M-1 Rifles
II : Browning Automatic Rifles (BAR)
I11 Single 50-Caliber Machine Gun (MG)
v Quad - 50 - Caliber Machine Guns
\ Twin 40mm Guns
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These factors are used following formulation as
o = d0+ dIVAC s

where VAC is aircraft's speed.

(2) Multiple-hit probability for the entire pass.

Let the total passing time (Tp) be T, where

from equation (59),

24

T = (sec) . (61)
VAC -+ tana

Let the gun's rate of firing be
q = N Rd/Sec

Then, total intercepting bullets during time T is

N :2H

M = q.T = (62)
Vac:-Tana

Using the average probability (60), multiple-shot hit
probability is
PMH = 1 - M (63)
If S people are firing during time interval T, then total
intercepting bullets (Tn) is
TN = S.N . (64)

Then we have from equation (60-1) and equation (64),

S.N.A (m-2a)

PMH = EXP ( - -
(- Jrer T HovAL ) - (65)

Using this multiple-shot hit probability model for the oase when

the gun is moving with the aircraft, we will display an example in
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Table 7 (7-1, 7-2). The FORTRAN program is given in Appendix B.

Now we have done single-shot hit probability, and multiple-shot

hit probabilities. In Appendix C, we will study kill probability

using the lethal area that .is different for each weapon.

Table 7 : Example of multiple-shot hit probabilities when gun is

moving with the aircraft.

Model Aircraft

Initial aiming angle ( a)
Weapon Type IV

Reciprocal Gun Rate (N)
Altitude (H)

Aircraft Speed (VAC)

Factor of Standard Deviation (d)

Area (A)

Qutput is as shown in Tables 7-1, 7-2,
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Tablei =t j shit 3probabiiivdasawhengganiisembvingdniehathédaiferafidas
aiming angle changes 20, S people are0d,23,(5%) 791998 iREépbaptsnginl

bullets (N) is lORD/sec, aircraftspeed is 733 ft/sec, bullet's speed

s AR Timmmm

is 3250 ft/seq, pygjectéd area (A is.626 f42.

ALTITUDE (H): P1 P3 P5 P7 P9
500.00000 .26159 | 0.59738 | 0.78047 | 0.88030 | 0.93473
600.00000 .22331 | 053146 | '0.°71735 | 0.83949 | 0.89714
700.00000 .19475 | 047786 | 66L& | DUT8047 | WONB5765
800.00000 17265 | 0.43368 | 0.61235 | 0.73466 | N.81837
900.00000 .15505 | 0.39675 | 0.56931 | 0.69251 | 0.78047

1000. 00000 .14069 | 0.36547 | 0.53146 | 0.65402 | 0.74453

Pi: multiple-shot hit probabilities

where 1 = 1, 3, 5, 7, 9 (people)
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Table T-2; hit probabilities when gun is moving with the aircraft.

Initial aiming angle (a ) is 30°.

ALTITUDE Pl P3 P5 P7 P9

500.00000 | 0.22889 | 0.54150 | 0.72737 | 0.83789 | 0.90361

600.00000 | 0.19475 | 0.47786 | 0.66144 | 0.78047 | 0.85765

700.00000 | 0.16945 | 0.42707 | 0.60478 | 0.72737 | 0.81194

800.00000 | 0.14995 | 0.38576 | 0.55616 | 0.67928 | 0.76825

900.00000 | 0.13446 | 0.35158 | 0.51423 | 0.63609 | 0.72737

1000.00000 | 0.12187 | 0.32287 | 0.47786 | 0.59738 | 0.68954

Pi: multiple-shot hit probabilities,

where 1 = 1, 3, 5, 7, 9 (people)
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Il . CONCLUSION AND RECOMMENDATION

The models developed in Section II and III are based on certain
assumptions. These create idealized conditions but should still be
indicative of real situations and capable of yielding useful results.

As shown in the multiple-hit probability model when the gun is
fixed at aiming angle these probabilities depend on the relative
speed between aircraft speed and the gun speed, and single-shot hit
probability depends on the aircraft projected area and altitude.

We know that single-shot hit probabilities increase as angle ( @ )
increases up to 90 degress. After 90 degrees, these probabilities
will decrease as shown in Table 5. Also, multiple-shot hit probabi-
lities increase up to 83 degrees, and decrease after 84 degrees.

The best fixed angle is 83 degrees, as shown in Table 5. As
shown Table 5, we can see that hit probabilities decrease as altitude
increases, and standard error increases.

The multiple hit probabilities when the gun is fixed at aiming
angle (83 degree) are greater than when the gun is moving with the
aircraft. Here, the hit probability is low when one person is firing
at the moving target.

An extension of this model by taking into account the wind velo-
city and air density should produce better results because the bull-
ets's and aircraft's speed are affected by wind and air density.
Another useful possible extension of this model would be the genera-

tion of hit probabilities if the aircraft are moving tangentially to
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a gunner's position. Also, this model could be extented to the gene-
ration of multiple-shot hit probabilities when several people fire at

several aircraft.

Finally these models should be useful for Army, Airforce, Navy

and Marine applications.
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