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A NOTE ON POSITIVITY OF INTEGRALS AND ENVELOPING SE싫l섭냥 

By Arvind Mahajan 

1. Introduction 

In recent years various methods have been used for showing positivity of 

integraIs involving speciaI functions, especiaIly for BesseI functions, see for 

example Gasper [2] and Steinig [8]. 

The intention of this note is to first obtain an elementary proof of generalisa

tion of BernouIIi’ s inequaIity for the binomiaI theorem, which is originaIly due 

to Gerber [3] , and then to use this simple resu It in obtaining positivity of 

certain integraIs involving speciaI functions, which then can aIso be used to 

derive enveloping series for some of these functions, see Pólya and Szegδ [5]. 

RecaIl that for a MacIaurin series expansion of the function f of the form 
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or in Cauchy’ s form as 

f (n+1) (8 .,x) 上 1
Rt(x)= (1-6η)n ”’ n - X’t -t-! for some 8n ìn 0<이1<1. 

7、k ___ .. Ck) Here the symboI D“ or f'~) is used to denote k'" derivatìve. 

2. Gerber’s generalisation of bernouIIi’ s inequality 

Let f(x)= (1 +x/ for X> -1 and any rER. Then f(x) =효。(Z x
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are generalised binomial coefficients defined by 

A\ 2(À- 1) (À -2} .. (À-lJ+ 1) , , for uεN， Â.εR. lJ) JJ! 

η되) x’t 十1R，t(x)=
‘-,-,, 2 (1-θ“)n 

X ” - : ;4I V > 0 
J (1 + (1nx) “ TL-' 

and Rι'x)=O if x=O or r=O, 1, 

That is, 

---, %. 

싸1) xt1+1 「(1+xf-효。(L x lJ I >0 (1) 

for x> 一 1 and rεR with the term in square brackets equal to zero only when 

x=O or r=O, 1, …, n provided that 0낯x> -1. 

An alternative proof of this is recently given by Ross (6). . 

Similarly, 

--n+ l 「 X --u 
7#「T「| ex - ￡’-￡- | >0, xεR， nεN. n+ l)! L ν=ou: ’ -

This is a trivial result in case x는o but not quite so simple if x<O altbough it 

has been known for many years, see Pólya and Szegö (5). 

Now, we prove the fo lIowing: 

3. Theorcm 

The ùztegral 

x m+s ,_ .， r-m一 s-l ~F (x- t)…"(1-t) .-"'-'-.2' 1(-5, r+l; m+2; t) dt늘0， (2) 
0 

for 0三x<1 ， s, mεN， r> ηz +s. 

PROOF. From the inequality (0 we obtain 

←1)m十 1r XS (1一x)r-찮(낀(_1) U Xν+s I 르O 

for some sεN， r>O, 0드x<1. 

Since the term in square brackets is the remainder after (m+s+ 1) terms in 

the MacIaurin series expansion of xS (1 -x/ it fo lIows that 
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(_1) m+1('(X 一t)m+5Dm+s+1 [l (l-t/] dt르O. 
O 

Now. according to Luke [4. p. 258] 

- - γ fl(-r) __ e γ - '" 

D' [x‘ (1-x)] = (r-sj! ‘ (l-x)'-' 2" 1(-s. r+l; r-s+l; x); κ sεN. s르r. 

Thus. 

(_1)m+1딴_t)m+\ -r)m꾀一t/一m-s-1 2F 1(-s, r+1; m+2; t)dt르O 

and since (-r)m+l=(-I)m+1 r(r- 1) ... (r-m) , the above result (2) folIows. 

Now the Jacobi polynomials may be defined by the relation 

Pn(a, .8)(x)=(x;꺼2Fl( -n, n+α+ß+l; α+1; 

Then, on using the above theorem we obtain 

1 (1-t)m+n(1-xt)B P ” (m+1. a)(1-2 xt) dt르O 
o .. 

for 0드x<l. ß> -1, m , nEN. 

l-x 
2 • 

(3) 

This appears to be a new inequality from which positivity of several integrals 

can be obtained. 1n fact, a better inequality than above can be obtained with 

less restricted conditions. To see this, let 

Sc a a =l심-t) C (1-t)ß Pn(a. ß)(1-2 t) dt, 0드x<I， (. ß, α>-1 

Then, on using the Kummer’ s transformation 

c-a-b~F 2" l(a, b; c; x)= (1 -x)O-~-v2" l(c-a. c-b; c; x) 

and integration by parts, we obtain 

n+α 
x 1Si a a =￠ (x-t)t 2F 뻐n+l， -(n+ß); α+1; t) dt 

1 C+1 1 
=τ갑1) x -강김T 

(α +n+l)(n+ß) .., 
(α +1) "'C+1. a+1. ß-1 

or. 

(α+n+ 1) (n+β) c' _-'+l _fn+a 
(α +1) "'C+l. a+1. ß-1-'" \ x ((+1)원， a , ß. 

But since, Szegδ [9] 

I p_(a,ß)(1_2x) I 드(n~α)， 0드X드1， α르ß> -1, 
\ n α는-웅. 
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and since 

(1 -xl드1 for ß>O, 0드x<l， 
it appears that 

I \ 1 '+1 I s" a, β|되%캅. 캔후1) x'" 0 for (않<1， α갱>O，{> -1, 

hence 

S'+I , a+l, β-1 는o for 0드x<l， α르β>IJ， :> -1. 

In other words, 

; (@x-t”)fi차r( 
Now, on using the known identity, Szegö [9] 

Af끊 Pn(a β)(1-씀]= Ln(α)(x) 

where Ln (a)(x) are usual Laguerre polynomials, and the observation that the 

limit of integral equals integral of the limit, it follows from (3) that 

I (1n+1) (I -t)".,,, e-.' L~ , ... 'O;(xt)dt는0， m, nEN, x는O. 
o .. 

Once again, on using integration by parts, it appears that 

x (η) 
(x-t) e Ln (t)dt는0， for r>O, η는τ， nεN， 

0 
x>O (4) 

which is a better result than one that appears in Ross and Mahajan [7]. Now on 

using the relation between the generalised 

Szegδ [9] , we obtain 

Hermite and Laguerre polynomials, 

l x r -t (k) 
(-1) "1 (x- t)'e-'H.)~\K) C...! l) dt르O o ... ,. 

for all x늘0， 'r>O, k는1， nεN and 

””I; (x-t)r e-t t→H2n+l(k)(간)dt는O 

for all x르0， r>O, k는0， χεN. 

AIso since, Szegö [9] , 

r _ --lt/n. 1 T (η) le ←김- L (x/7z) 
t→∞ L n' … 

=1im L 
n→∞ % 

Zx(η) (x/n)=x- T//?' J
n
(2/x) 

where Jη(x) are the Bessel functions of the first kind, we obtain from (4) the 

inequa1ity 
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X T -η，/2 
。 (x-t)' t ν Iη(2씨dt르O. for aIl 낄o. r>O. η르융· 

This last inequality together with the simple transformation 

μ 一u+1 μ+u-1 
y=2τIt. η=--걷--. r=~'-융. 

ánd the symmetry relation for the Lommel function 5U. JX) =5#. _JX) implies that 
μ. JJ 

Sμ /x)르o for X>O and provided 빠> 윷. lu I드μ. 
This result in a slightly weaker form is also obtained in Steinig [8] who em

ploys an osciIIation theorem of E. Makai and fractional integrations. 

4. Enveloping series 

The results of previous section may aIso be used to derive enveloping series 

-for some of these speciaI functions. For example. since 

D [e-t L” (a)(t)] = -e-t Ln(α+1)(t) 

, it foIIows from inequality (4) that 

”llt+1C(x 一 t) 711 D71l +1 [e파a)(t뼈르O 

for x르0， m == 1, 2, "', α> -1. In case m=O the inequality amounts to 
(α+ 1)_ 1 ‘ 

e-xLR(α)(x) 드다까 which holds for α르-웅. This ir빼 

( _1)111十 lfe-x LMCa)(x) _ ;n~(n+~+α 
“ JJ=U ‘ .• 

4걱2ζl 르O 
U: 

1 for aII x르0， ηzεN， α르 - 검-. In case m >,=O, the inequality holds for α> -1. 
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