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A NOTE ON PURE STATES OF BANACH ALGEBRAS

By Hansoo Kim and Yongchan Kim

1. Introduction

J. Anderson [1] investigated the extension question for arbitrary C*-algebras A
and B. In this paper, we give a characterization of a pure state and properties

of states on C(*-algebras. Moreover, we generalize some results in [1]. For
instance, in §3 we show that if GV (f) commutes with every element of C*-
algebra and f is a purc state, then f is a homomorphism. In §4 we show that
if f is a strictly pure state of a Banach*-algebra 4 and L(f)Ccrj',_l (0), then f
1s a unique state extension of f, to A. Conversely, if f is the unique state
extension of f; to A and dim (A/L(f)) <oo, then f is a strictly pure state,
where f, is the restriction of f to M(f).

2. Notations and preliminaries

By a Banach*-algebra, we mean a Banach algebra 4 with an involution *
satisfying lle*ll=lle|| for all ¢ in A. A positive linear functional f is called a
state if || fll=1. An extreme state is called a pure state ([7]). For each state f
on a Banach*-algebra 4, let L(f)={*&4; f(x*x)=0} be the left ideal asso-

ciated with f. Then f is a strictly pure state of A if f is a purc state and
*-representation of A determined by Jf, Ts 1S strictly irreducible on Hilbert

space Hf ([2]). f i1s a strictly pure state of A 1if and only if A/L(f) is

1
complete in the norm lle+L(f)l,=f(¢*e) 2 if and only if [ [l and | | are

cquivalent, where |l ||| is the quotient norm on A/LCf) ([2]). If f is a pure

state on a C*-algebra, then f is a strictly pure state.

3. Pure states of C*-algebras

PROPOSITION 3.1. Suppose A is a *-algebra with an identity e. Lel [ be a
linear functional on A with f(e)=1. Then N(SF)CL(Sf) if and only if f is a
homomorphism, where N(f)={x&A; f(x)=0}.

PROOF. Assume that N(f)CL(f). Since N(f)={x—f(x)e; x&4}, f(x*x)=
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F(x*) f(x) for every x&A. Then we are easy to see that f(x*y)=f(x*)f(y)
for all x,y in A. Thus f is a homomorphism.

Throughout this section, B shall always denote a C*-algebra containing the

identity e.

DEFINITION 3.2. For each state f on B, let
M(AH)={&B: f(x)=f(xt)=f(t)f(x) for all x&B} and
G(f)={t&B; |f(O]=Ilti=1}.

For each x&B, let af(x)zinf (itxt*): tEG(f)].

R.V. Kadison proved in [3] that when f is a pure state of a C*-algebra,

then N(f)=L{(f)+L*(f), where L*(f)={{EB; *&L(f)}. By proposition 3.1, a
pure state on a C*-algebra need not be a homomorphism. Hence we may con-

sider the following proposition.

LEMMA 3.3. Let f be a pure state on B. Assume that G+(f):{a:EG(f); a 1s

a positive element} commutes with every element of B. Then c:rf_ ](0):[,( ), where

a;1(0)= (+EB; a (x)=0}.

PROOF. In [1], a;l(O)::L(f)-I—L*(f) and eEa*f_l(O). Thus a'f_l(O) Is closed
proner subspace of B ([5]). Let M={b+L(f); bEa;l(O)}. Since L(f)Ca';l(O),
M is || ll,~closed. Then M is {l fi,~closed ({2]). By hypothesis, M is closed 7,
invariant proper subspace of H,=A/L(f). By ([7], 1. 21. 10) ({=, Hj} is ir-
reducible. Thus a';l(O):L(f).

PROPOSITION 3.4. Let f be a state on B. Suppose G (f) commutes with every

element of B. Then f is a pure state if and only if f is a homomorphism.

PROOF. f is a pure state if and only if a'f(x—f(x)e)zo for all xin 4 ([1]).
Lemma 3.3 shows that if f is a pure state, then N(f)=L(f). Thus f is a
homomorphism.

4. Extensions of states on Banach*-algebras

In this chapter, we carry some Anderson’s results on C*-algebra to Banach*-
algebra. Throughout this section, A shall always denote a Banach*-algebra

with an identity e. The previous notations M (), G(f) and a'f(x) in C*-algebra

have the same meanings on A.
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DEFINITION 4.1. Let f be a state on A. For each xEA4,
let G'(f)={e&G(f); a=a* and f(a)>0},
and Bf(:c)=inf{llczxa*|l; a=G'(f)}.

In C*-algebra, G+(f) implies G'(f).
The following pronosition and a'f(:::):ﬁf(x) are followed by [1]. We observe

that a.';l(O) is closed on A and M(f) is Banach*-algebra. Also, G(f)CM(f)
and G(f) is a topological semigroup on A.

PROPOSITION 4. 2.
Let f be a pure state on A. If L(f)Ca'ful(O), then af_l(O):}:(f)-l-L*(f).

REMARK 4.3. (1) The condition N(f)Caf_l(O) in the proposition 4.2 is es-

sential.

(2) Strictly pure state of A and L(f)Ca';l(O) are independent.

EXAMPLE.
Let C be a complex linear space and let A bz the algebra of all matrices of

the form (g’ i) with a&C, A&C. Then 1t is well-known that A is a commu-

tative Banach*-algebra, but A is not reduced. Define a complex mapping f: 4

o D
—>(C given by f(x)=ca, whenever xz(o ;)

[t is easy to see that f is a strictly pure state on 4 and

G(f)Z{(a 0); ae=C and lalzl}.

0 «
Thus L(f)(Za;I(O).

LEMMA 4.4. Let f be a pure state on 4 with dim (A/L(f)) oo, Then [ is

a strictly pure state on A.

PROOF. The identity map e+L(f)—a+L(f) is a homcomorphism f{rom
(A/L(Sf), | 1l5) onto CA/ZL(S), | [lq) ({4], p38). Thus A/L(Sf) is complete in

the norm || [, Therefore f is a strictly pure state on A.

PROPOSITION 4.5. Let f be a state of A and le! S| be the restriction of S fo
M(Sf). If [ is a strictly pure state and L(f)Ca'}_l(O), then [ is the uniqgite

stale extension of fy to A. Conversely, if [ is the iuwniqice s.ate exieiision of fy o



210 By Hansoo Kim and Yongchan Kim
A and dim (A/L{f)) <oo, then f is a strictly pure state of A.

PROOF. Suppose f is a strictly pure state on 4 and g is a state on A which
agree with f on M(f). By [2], N(f):cr;l(OJ. Thus there exist anEG’(f)

such that lim ¢ xe =lim f(x)ai for all x in A. Therefore we have f=g in A.
n—00 n—=CO

Conversely, f is a pure state on A, becausc f1 is a pure state on M(f). By
Lemma 4.4, f is a strictly pure state on A.
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