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O-DIMENSIONAL COMPACT ORDERED SPACES 

By S.S. Hong 

O. Introduction 

It is well known [G. J.l that for a completely regular space X , the Stone­

Cech compactification βX of X is characterized by the homomorphisms on the 

riug C*(X) onto the ring R of real numbcrs, and the realcompactification νX 

of X by the homomorphisms on the ring CCX) onto the ring R. Hence a comp­

act (realcompact, resp.) space X can be completely determined by C*(X) 

(C(X) , resp.). 

In this paper, we are concerned with the analogous problem in ordered topo­

logical spaces and continuous isotones, in particular O-dimensional ordered spaces 

and their O-dimensional ordered compactifications. 

Choe and Park have [C. P.l introduced the concept of bifilters to get ordered 

compactifications for ordered topological spaces. Here using bifilters with bases 

consisting of clopen decreasing sets and clopen increasing sets. respectively. 

we distinguish compact objects among O-dimensional ordered spaces. and then 

by the analogous way with maximal clopen bifilters as in [C. P.l. we construct 

the O-dimensional ordered compactification of a O-dimensional ordered space X. 

which gives rise to the reflection '0 : X-• 'oX. And for any ordered topological 

space X , we consider the lattice C(X) of continuous isotones on X to the two 

point discrete chain 2. Establishing the one-one correspondence between maximal 

clopen bifilters on a O-dimensional ordered space X and lattice homomorphisms 

on C(X) onto 2, it is shown that 'oX is precisely the topological ordered 

space of lattice homomorphisms on C(X) onto 2. In consequence, we have 

corresponding results for 'oX to those for βX and vX. 

1. O-dimensional ordered spaces 

DEFINITION 1. 1. An ordeγed toþologz"cal sþace is a triple (X. ‘r. ,) such 

that (X. Y) is a topological space and , is a partial order on X. 

The class of ordered topologicaI spaces and continuous isotones between them 

obviously forms a category. which wiII be denoted by OTOP. Then it is clear 
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that the underlying set functor U: OTOP 

logical [Hl , whiIe SET is the category of 
+SET is Conto, mono-sources)-topo­

sets and maps. Let 2 denote the 

two point discrete chain {O, 1}, and let ZO denote the epireflective hull of 

{2} in OTüP. 

DEFINITION 1.2. An ordercd topological space is called O-dimeηsional if i t is 

an object of ZO. 

Since the category OTOP is an Conto, U-initial mono-sources) category, the 

following is immediate by Proposition 7.4 in [Hl. 

PROPOSITION 1. 3. An ordered topological space X is O-dimensional zl and 

OJlly zl the set C(X) of all contimeoμs isotones on X to 2 forms a U -imüal mono. 

source. 

COROLLARY 1. 4. Let X be an ordered topological space. Then X is O-diηzen­

sional zl and only z1 it satisfies the following conditz"ons: 

1) z1 x후y， there zs μεC(X) such that u(x)=1 and uCy)=O, 

2) the faηzily 01 clopen decreas i1zg sets and clopeη increasing sets forms a 

subbase for the topology on X. 

-1 ,_, , -1 
PROOF. Noting that for any uECCX) , zt.CO) Czt .(1), resp.) is clopen de-

creasing Cclopen increasing-, resp.), and for any clopen increasing Cclopen de­

crcasing- resp.) set A , the characteristic map of A CX - A , resp.) is a continuous 

isotone on X to 2, the corollary follows immediately from Proposition 1. 3. 

REMARK 1. 5. 1) The order on a O-dimensional ordcred spacc is closed [Nl , 
and its topology has a basc consisting of convex sets. 

2) Using the three point discrete chain, Choe and Y. H. Hong have intro 

duced [C. H.l the concept of O-dimensional ordered spaces, which is duly 

equivalent with that in this paper. 

3) An ordered topological space X is O-dimensional if and only if it is 2-

regular ordered space [C. H.l , [P3l. Hcnce for any XεOTOP， let h: X-• 
C(X) 

2~'"./ bc thc map defincd by hCx)=CuCx)\εC(X)' and let zX be the subspace 
C(X) 

of 2~v.J with hCX) as its underlying set. Then the map z: X-• zX CzCx)=h 

(x)) is the ZO-rcflection of X. 

Thc following definition is due to Y. S. Park [P2l. 

DEFINITION 1. 6. A pair CY. 찢) of filters on a partially ordercdset X is 
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said to be a b쩌O!ter on X if Y( ;j?, resp.) has a base consisting of decreasing 

(increasing, resp.) sets and FnG책 for any FEY and Gε쫓. If sð (강， 
resp.) is a base for .Y (;j?, resp.) , then (Sð, 강) is called a base for the bifi1ter 

(Y, ;j?). 

REMARK. Let X be a partially ordered set. 

1) If (y, ;j?) is a bifilter on X , then the join filter of Y and ;j?, denoted 

by YV;j?, exists. 

2) For bifilters (Y, ;j?), (Jf", %) on X , we define a relation (y, ;j?)드 

(Jf", %) if and only if .Y드Jf" and ;j?드‘5Y. In case, (Y,;j?) is said to be 
C0%iaz·ηed z'n (71', %). Then every bifilter is contained in a maximal bifilter, 

i. e. maximal element with respect to the relation 드. 

DEFINITION 1. 7. Let X be an ordered topological space. Then a bifilter 

(y, ;j?) on X is called clopen if .!)'" (~， resp.) has a base consisting of clopen 

decreasing (clopen increasing, resp.) sets. By a mαxz'mal clopen biψ~.!ter on X 

we mean a clopen bifilter not contained in any other clopen bifilfter. 

PROPOSITION 1. 8. Let X be aη ordered topologz'cal space. A clopen bzfilter 

(f, 찢) 0 1Z X z's a maxiηzal clopeη bzfz'lter zf and only zf for any contimtous 

z'sotoηe 1t: X-• 2, z'. e. χεC(X)， μ(y V ;j?) z's convergent. 

PROOF. Let (..9•, ;j?) be a maximal clopen bifilter and κεC(X). Suppose 

f1(0)양3’ and u -l(1)Ef;j? Then by the maximality, there are F , F'εY 
and G, G'ε;j? such that κ J(O)nFnc= ø and u -l(1)nF'nc'=ø. Since X= 

zt-1(0)Uzt -1 (1), (Fn G) n(F'nG')=(FnF' )n(GnG')=ø, which is a contradic-
-1/ ,... "_r:;;:>".1 /rVV tion. It is now clear that if u-'(O)EY, then μ(y V

:$)_→0， and if zt- 1(1) 

e찢， then μ(yV;j?)_→1. For the converse, let (.?I', %) be a clopen bifiIter 

with (.Y, ;j?)드(71'， %). Takc any clopen increasing set Kε%. Then the 

characteristic map μ of K is a continuous isotone. If zt(y
v :$)_• 0, then 

there is FεY and GE쫓 with u(FnG)=O. Since F is decreasing, μ(F)=O， 

so FnK=ø, and we havc a contradiction. Thus u(Yv종)-→1， i. e. there is 

Fεf← and Gε:$ such that μ(FnG)= 1. Since G is increasing, u(G)=l, i. e. 

G드K and hence Kε‘;p. Thus 종=%. Dually, one can conclude Y =Jf". 

Therefore (Y, !#) is a maximal clopen bifilter. 

REMARK 1. 9. By the proof of the above proposition, for any maximal clopen 

bifilter (Y, 찢 and any z，εC(X)， μ-lCO)EY if and ony if u(YV :$)• 0, 
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and μ-1(1)ε쫓 if and only if ze(..9'-V~) > 1. 

DEFINITION 1. 10. Let (Y, ~) be a bi fiI ter on an ordered top이ogical space 
v 

X , then (Y，~) is said to converge to x if Y V ~ converges to x in X , and 

a point y is said to be an adherence point of (y, ~) if y is an adherence point 

of yV~. 

REMARK 1. 11. For any ordered topological space X and xεX， PÞ(x) (J(x) , 

resp.) denotes the family of clopen decreasing (clopen increasing, resp.) 

neighborhoods of x. It is clear that (PÞ(x) , J(x)) is a base for a clopen bifilter. 

Moreover, if X is Q-dimensional, then by Corollary 1. 4, PÞ(x) V ‘Y(x) is a local 
base at x and hence by proposition 1. 8 (PÞ(x) , J(x)) is a base for a maximal 

clopen bifilter. In the follo,ving, the bifilter generated by (PÞ(x) , J(x)) will 

be again denoted by (PÞ(x) , J(x)). 

THEOREM 1. 12. Let X be a Q-diηzensional ordered space. Then the following 

are eqztivalent: 

1) X is conzpact. 

2) Eνery clopen bzjilter lzas an adherence point. 

3) Every 11laximal clopen bzjilter is convergent. 

PROOF. 1) >2) Clear. 

2) >3) Let x be an adherence point of any maximal clopen bifilter (..7, ~). 

Then by the maximality of (Y, 쫓). (PÞ(x) , J(x)) is contained in (y, 찢)， 

so that by remark 1. 11, (Y , 쫓) converges to x. 

3) >1) By the Alexander subbase theorem, it is enough to show that every 
fi1tFr %? consisting of clopen incl-easing sets and clopcn decreasing sets has an 

adherence point. Let .y (~， resp.) bc the family of all decreasing(increasing, 
resp.) members of r , then (Y, 찢) is clearly a base for a clopen bifilter. 

Thus there is a maximal clopen bifilter (?t', %) with(Y, ~)드(?t'， %). Since 

xvx---> X for some xεX， x is obviously an adherence point of 찢. 

2. O-dimensionaI ordcrcd compactification 

Let ZCO denote the full subcategory of ZO formed by all compact objects. 

Since every Q.-dimensional ordered space is Hausdorff, a Q-dimensional ordered 

space is compact if and only if it is a 2-compact ordered space. Hence ZCO is 

an epirefIective subcategory of ZO [C. H.l , [P31. 
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In what follows, X will always denote a O-dimensional ordered space. Now 

we follow the way of WaIIman type order compactification introduced by Choe 

and Park [C. P.l to get the ZCO-refIection of X , employing maximaI cIopen 

bifiIters instead of maximaI cIosed bifiIters. 

Let 'oX be the coIIection of all maximaI cIopen bifiIters on X. We define a 

relation <: on 'oX as foIIows: (Y , :Y)<:(7t", %) if and only if !ff'드Yand 

g드%. Then the relation <: is cIearIy a partiaI order on 'oX. 

REMARK 2. 1. Considering the characteristic map of a cIopen increasing set 

(the complement of a cIopen decreasing set, resp.), one can easily concIude 

by remark 1.9 that (J1 , ξ) <: (7t", %) if and only if for any μεC(X)， Iim 

“(yV:Y) <: Iim κ(7t"V %). 

For a cIopen decreasing set A and a cIopen increasing set B in X , define 

Ad={(y, :Y)E'OX : AEY} , Bi={(y，:y)달oX: Bε3?}. 

d ".r . .t" Then it is cIear that A~ (B' , resp.) is decreasing (increasing, resp.) and that 

for cIopen decreasing sets A , A', (AnA'/=AdnA ,d, and for cIopen increasing 
i "" T lI i T T r "d 1'""'\. n i 

sets B , B' , (BnB')' =B'nB". Hence {AUnB' : A is a cIopen decreasing set and 

B is a cIopεn increasing set} forms a base for a topology on (OX , which w ilI be 
V TT A d /' .... :..- A "i 'f Y ":0- -ro.i /'"r"" .,...,., d .. d denoted by Ý←휴. Since (OX-A"=(X 一 AY and 'oX-B'=(X-B)U , A~ is cIopen 

decreasing and B' is clopen incrcasing in ('OX , Ýγ*， <:). For the brevity, 

('oX , Y* , <:) w ilI be as before denoted by 'OX. Furthermore, Iet '0: X-• (oX 

be thc map defined by 'o(x)=(iØ(x) , JT(x)). 

We recaII that a continuous isotone 1: x-• Y is caIIcd 2-extendable if for 

any μεC(X)， there is νεC(Y) with ν'I=u. 

LEMMA 2.2. The map '0 : X ~(OX is a dense embedding z"1z OTOP sltch that 

(0 is 2-exlendable. 

PROOF. It is a routine verification that '0 is 1-1 isotone and that for any 
d 

cIopen decreasing set A , 'O(A)=A~n，O(X) and for any clopen increasing set B , 

'o(B)=B'n,o(X). Hence '0 is an embedding. Furthermorc, for any (Y , 찢) 

달oX， 'O(y
V gi') converges to (Y , :Jf) in 'OX , so that '0 is dense. FOi- any 
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ztεC(X). define 강 : 'oX-• 2 by u((Y. Jf))=lim zt(Y\/g. Then one has 

강'o=zt. and 강 is isotone by remark 2. 1. Hence it remains to show the continuity 

of u. Suppose 강((Y. 찢))=1 (the case 강(("옷， 중))=0 is similar). Let B= 

μ-1(1)， then BεJf. Hence B' is a neighborhood of (Y. 찢) and 강(B')=l. so 

that 강 is continuous at (Y. 잊. This completes the proof. 

THEOREM 2.3. For any O-dimensional ordered space X. the dense embeddz.ng 

'0: X-• 'oX is the ZCO-rellectioll 01 X. 

PROOF. Suppose (Y. 찢 'ít (7t'. %) in 'oX. Then by rcmark 2.1. there is 
\1 ,....._ .. ~ .... • / ".; v 

μεC(X) such that lim μ(7t' v %)=0 and lim μ(y v Jf)=1. Let 강 : i。X -• 2 

be the extension of α， i. e. 따。=κ， then U((.Y, Jf))= 강(lim'o(Yv ~))=lim 쩍G 

(yV Jf)=lim μ(yV，9i") = 1, and similarly one has u((ðr, %))=0. Thus by 

corollary 1. 4 together with the definition of the topology on 'oX , 'oX is a 

O-dimensional ordered space. Since '0 : X-• 'oX is now a densc embcdding into 

the Hausdorff space, '0 is uniquely 2-extendable. Since ZCO is the category of 

2-compact ordered spaces, it is enough to show that 'oX is compact. Lct r 
be a filter base on 'oX consisting of the subbasic closed sets, Y = {A : AdεJP'}， 

and 중={B: B' E:χ}. Then it is obvious that (Y. Jf) is a base for a clopen 

bifilter. Let(ðr, %) be a maximal clopen bifilter containing (3'", Jf), then 

it is again clear that (7t', %) belongs to every member of χ(. 

3. Lattice homomorphisms on C(X) 

Since 2 is a topological distributive lattice with 0 and 1, the set C(X) of 'l1I 

continuous isotones on X to 2 is again a distributive lattice with 0 and 1 as a 
x 

sublattice of the power lattice 2'" In this paper, by lattice homomorphisms we 

mean those preserving 0 and 1. It is clear that C: OTOP-→DLatt~ is a con­

travariant functor. 

PROPOSITION 3.1. There is one-one corresþondence between the set SC(X) of 

latUce homomoγPhz.sms on C(X) to 2 and the set 01 all maxz"mal cloþen bzfUters 

on X. 

PROOF. For any lattice homomorphism h : C(X)-• 2, let Y={μ -1(0) : h(싸 
=O} and Jf={ν 1(1) : h(v)= l}. Since h preserves 0 and 1, i. e. h is onto, Y 
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and :ii' are non-empty families of non-empty sets. Since μ-1(O) nv -1(0)=(μVU) -ij(jy 

and μ-1(l) nv -1(1)=(μ^V)-1(1)， (.Y,:ii') is a base for a clopen bifilter. ln 

fact, (Y, :ii') is a base for a maximal clopen bifilter. Indeed, if h(α)=0. 

then μ(yV:ii') converges to 0 and if h(v)=l , then ν(Xvg) converges to 1. 

Hence by Proposition 1. 8, (Y,:ii') generates a maximal clopen bifilter which 
v 

is denoted by (Yh , 찢). We note that h(씨 =limμ(Y v :ii'). Let (Y ,:ii') be 

a maximal clopen bifilter, then define hσ，~): C(X)-• 2 by hσ， ~)(μ)=lim 

μ(호V:ii'). Again by Proposition 1. 8, hCJ ， 종) is well defined, and using Remark 

1. 9 together with the fact that Y and :ii' are prime filters with respect to 

clopen decreasing sets and clopen increasing sets respectively, h(:J，~) is a lattice 

homomorphism. It is now obvious that the correspondence h-• (.5fI h' :ii',,) is 

the inverse of the correspondence (.5fI , :ii')-• h(:1, ~r This completes the proof. 

COROLLARY 3.2. A O-dimensional ordered space X is compact zf and only zf 
every lattice homomorPhism h : C(X)-• 2 z's /z'xed, z'. e. there is xEX sαch that 

h(μ)=μ(x) lor all μεC(X). 

PROOF. This is an immediate consequence from Theorem 1. 12 and Proposition 

3.1. 

The above corollary amounts to saying that a O-dimensional compact ordered 

space can be recovered by its lattice C(X) of continuous isotones on X to 2. 

Using Theorem 2.3, Proposition 3.1, and Theorem 2.2 in [P3l , one has the 

following: 

THEOREM 3.3. Let X be a O-dimensz'onal ordered space. Then the ZCO-rellec-
(X) 

tion '0: X-• 'oX 01 X is giveη as lollows: 'oX z's the subspace SC(X) 01 2 
consz'stz'ng 01 all lattz'ce homoη20φhz"sms on C(X) to 2 and 'o(x) (u)=u(x) (xεX， 

μεC(X)). 

COROLLARY 3.4. (Priestley [P5l) For any O-dùnensioηα1 compact ordered space 

X , the map '0: X-• SC(X)='oX is aχ isomorPhism ÙZ OTOP. In paγticular， 

lor O-dimeηstoπal compact ordered spaces X , Y , X is isomorphic with Y Í1z 

OTOP zf and only zf C(X) is isomorPhic with C(Y) as lattices. 

COROLLARY 3.5. Let X be a O-dimeκsional ordered space aηd Y a O-dimensio-

1lal compact ordered space. Then 10γ aχy lattice homomorPhism 1: C(Y)-• C(X) , 
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121’e z-S a μnique continuoμs isotoηe μ :x-→Ysμch that C(μ)=f. 

PROOF. Let μ :x-• Y be the composite of '0 : X-• 'oX=SC(X) and S(j): 

SC(X)-• SC(Y). Since pruS(f) =prj，씨 (μεC(Y)) where p강 denotes the uth 

projection, SCf) ís contínuous ísotone. Sínce SC(Y)=햄=Y. μ :X-• Y ís the 

uníque contínuous ísotone wíth C(μ)=f. 

4. Concluding remarks 

4. 1. Using maximaI o-zero-dimensionaI fíI ters ín [C.HJ. Choe and Y. H. 

Hong have impIicitly constructed the ZCO-refIection of a Q-dímensionaI ordered 

space. We note that the concept of o-zero-dimensionaI fíIters ís externaI but 

that of maximaI cIopen bifiIters ís internaI. 

4.2. Using maximaI o-completely regular fíIters whose concept is obviously 

externaI, Choe and Hong have constructed the Nachbin compactífication of a 

completely regular ordered space ([C. H.l ). Hence the problem whether there 

is an ínternaI way to characterize the compactification. arises. 

4.3. By CoroIIary 3.5. a Q-dimensionaI compact ordered space X is charac­

terízed by the Iattice structure of C(X). It is then a natural question that what 

kind of aIgebra structures of C(X) characterizes the compact ordered space X. 

4.4. Since realcompact spaces are characterized by their rings of reaI con­

tinuos maps, or reaI z-uItrafilters [G. J.l. there arise the same problems 

as 4.2 and 4.3 for rea1compact ordered spaces. R-compact ordered spaces. 0-­

dimensionaI rea1compact ordered spaces. and N -compact ordered spaces (N is 

the discrete ordered chain of naturaI numbers). 

4.5. In [C. P.l and [P41, using maximaI cIosed bifiIters, Choe and Park have 

constructed the WaIIman type ordered compactification of a convex ordered 

topologicaI space with a semi-cIosed order. Unfortunately. the order on the 

compactification need not be semi-cIosed. However the order on 'oX is cIosed. 

Thus it is naturaI to ask whether there is a method using bifiIters or else to 

get the compactification with a continuous order (see [Pl1 for a partial answer). 

4.6. For a Q-dimensionaI space X with the discrete order. '0: X-• 'oX 

coincides with the Banaschewski’ s Q-dimensionaI compactification , : X-• 'X[B]. 

Sogang U niversity 
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