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H-FUNCTION OF TWO VARIAB4ES 

By S. P. Goyal and R. K. Agrawal 

1. Introduction 

Recently Gupta and Goyal [7J. GoyaI [5. 6J. Srivastava and Daoust [l1J. 

‘ Srivastava and Panda [lOJ. Abiodun and Sharma [1] and others have obtained 

.eertain Neumann expansions for functions of one or severaI complex variables. 

In an attempt to unify some of these results. we first prove a Iemma involving 

a Mellin-Barnes type of double contour integraI. popularIy known as the H

-function of two variables in the literature and rnake use of this lemma tú 

‘ establish a new two-dimensional generalized Neumann expansion for the said 

function in a series of products of two H-functions of two variables. This 

‘ expansion formula is sufficiently general in nature from which one can easily 

obtain a large number of interesting(known or new) other expansion formulas 

simply by specializing the parameters of the H -function of two variabIes. 

The parameters of the H-function of two varables [4. p.117J occurring in 

;this paper wiIl be displayed in the following contracted notation: 

• q, : P •. q. : P .. q. L y I (얀 ; gj， Bl)새 : (dj • δj)l， qs ; (지.F)1.q， 

=H[x. 껴 =(1/2πi)2 rþ(s. t)81 (s)8lt) xs
/ ds dt (1.1) 

L , L. 

.where 

(l-a.+α .• s+A;t), “ 

, , J ‘’ ”‘ 
(aj-ajs-A;On,+l.p,’ (l-bj+als+Bjt)l,ql 

(1. 2) rþ(s. t)=r 

(1-cl+SIS)μ，， (dj-ζs\. m, 

(c.-e ,s). -'-, ‘’ (l-d;+δ'.s)… . , A 

I J '''.T ‘’‘"1 '1
11‘,T ‘·‘" 

(1. 3) 

(a) ""'-, 기 
T| 1 κ +l. P I stands for rr r(aJ 

(bj)m+1， q」 j=n+l 

q 기 -1 

rr 1’ (b) 
j=m+1 J 

에for integers m. n. Þ and q such 'that 0드n<þ and 0드m드q) and 82(t) is defined 
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analogously in terms of parameter sets (ej , E)l.P, and (져， F j )l,q,' 
The symbol (aj ; a j' Aj)n+l ,p would abbreviate the (p-n) parame~ers (a,I +1; 

αt十 l' AlI + 1) ， ... , (ap; αP' A~ and (aj' α)n+l， p' the (p• z) parameters (an+1’ 

αn +l)' .•. , (ap' α씨 for ìntegers η and p such that 0드%드p and so on. 

The conditions on parameters of the H -function of two variables, its asym

ptotic expansions, some of its properties, particular cases, nature of contours; 

L 1 and L2 in (1. 1) defining the H -function of two variables were given by 

Goyal [4] in detail. Recently Buschman [2] has explored various sets of condtions 

sufficient for convergence of a generalized H-function of two variables. This 

function of Buschman is more general in nature than the function defined by 

(1. 1). The conditions sufficient for the convergence of double Mellin-Barnes. 

integral (1. 1), obtained from [2, Eqs. (5.8) or (5.9)] are as foll C1ws 
p, q, m, q2 11, p, 

U=- B α';-Bß， +ζ’￡- g ’ δ，+gs，- ζ’ e;>O 
j=η， +1 J j=1 J j=l J j=m,tl I j=l I j=n,tl I 

p, q, m, q. t!, P. 
v=- B A;-I:’B-+Z그’F;- I:’ F.十ε;’E.- ε;’ E ,>O 

j='I,+l I j=l I j=l I j=m.tl I j=l I j=n.+l J 

1 arg x 1 <(1I2)Uπ， 1 arg yl <웅Vπ. 

(1. 4} 

(1. 5) 

(1. 6) 

If n1=O in (1. 1) and (1. 2), the H-function of two variables will be denoted‘ 

by H 1 [x, y] or H 1; and rþ(s, t) will be denoted by 찌(s， t). 

AIso to sa ve space, three dots “ .•• " appearin~ at a particular place in any 

H -function of two variables indicate that the parameters are the same as those 

of the H-function of two variables defined by (1.1). 

2. ResuIts Required 

By an appeal to the familiar result due to Reed [9, p.565] we easily arriv~' 

at the following integral 

∞ 。? - u/p, -v/u 

김-ll-1H1 [axP， b/J dx dy=-=-' a 써 씬 
o 0 

p 
.8 

4 
n김
 

P ’ -움)81 u 1& 

(2.1) 

prov ided that 

(i) The conditions (i) and (ii) given onpage 119 in the paper by Goyal [4Jj 

are satisfied. 

(ii) . The set pf conditions (1.4) to (1.6) are satisfied. 

(iii) p, a> 0 
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-(7 mm 
1 5:. j 5:. m, 

d , 
Re(퍼 

Re(철 

<Re(μ) <p _ min I Re 
l승j 5:.n, l. 

<Re(v) <σ min 
1 5:.j :;:;: n. 

1-Cj 

sj 

1-e. 
ReI화 

and -p mm 
1 5:. j ::;;: m, 

AIso making use of a known result by Gupta and Goyal [7, Eq. (2.3)] we get 
00 C。
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(2.2) 
••• 

where 

(i) The conditions (i) and (ii) given on p.119 in the paper by Goyal [4] are 
satisfied. 

(ii) The conditions (1. 4) to (1 .6) given just above are satisfied. 

(iii) p, (1) 0, 
j 

ι
1
 

-d 
l 
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η
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」
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n t 
r / 1-cI 

<Re(e) <p min \ Re ‘ ( 
1 5:.j::;;:π2 」 \ CI 

1-e. 
<Re(δ)<σ min I Re(-뉴; l 

l승j 5:. n ， L \ -CJ 

‘ 

3 
2 
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-

-+ + 

- Re(fL) -(1 min Re 
1 ::;;:j 5:. m. 

Again, by an appeal to the Neumann expansion given by Abiodun and Sharma 
[1, p. 260] , we ha ve 

c。

xuyu=2u+’ ￡’ (À+2m) (μ+2n)I’ 
m, n=u 
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‘ 
(2.3) 

Now, we give generalization of the above Neumann 

the H-function of two variables: 

’ expansion in terms ~f 

LEMMA. 11 p, (1)0, 

p_ ~in I Re 
1 5:.i::;;:m. 

d f 
lij . 

Re{활 

> y rIlax - [Re( - %, -,1)], 
-’ 

’ 

(1 mm 
1 S;:i 5:.m. 

> max [Re( -v, -μ)J. 
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1-딩 > max Rex, -3llatd P 1 !?'~ .. _l Re~ 1 ::;;:: j ::;;:: /1, 단 

> max 
3 

Reu,- 4 
1::;;::j::;;:: κ. 

‘ theη 

xτy q =4p(J if>1 -꼼， -웅 (Jl -풍)θ2 、

찌
 

+ 
싸
 

+ 1 A / 
I 

、
∞
 ε 써
 

」‘ 

r<r i/. + ze + m, μ+ν+x ]7ro.o : mgji+1 : ms， ns+1「x-l| … : (l -?..-m, p) , 

- Li/. -μ+m+1， 

.. , (1+ i/.+m, p); (1-μ -n， (J), ... , (1+μ+n， (J) 
• (2.4) 

• • • • 
’ • • • 

pro ?Jz"ded that 

(i) the conditioηs (i) aηd (ii) giνen on p. 119 in the paper by Goyal [4] and 

the conditions (1. 4) throμgh (1. 6) are satis[ied. 

(ii) The double sert"es on the right-hand sz'de o[ (2.4) z's absolzetely convergent. 

PROOF. To prove (2.4) , replace x , y , κ， v,?" and μ by ~; η， 2κ 2v, 2i/. and 2μ 
’ 1 F 2p -2g 

respectively, multiply both the sides of (2 , 3) by t-‘f페 l \ ' .....:.' y'-I -J and 

integrate with respect to t and η over 0 to ∞， then use the formula (2. 1) and 

,(2 , 2) , we get the desired result (2.4). 

If we set pt =q1 =0 in (2.4) , use a known reIult [4. p.123. Eq. (3.4)] in it, 

the double series breaks into two independent series over nz and n, and there

fore we have 

.H’1Z:; ’ ”2+1l x-1 
p, + 2, q, I 

1-d.-δ.-쓰) .. . (c ， +e ，..!..ι1 ..... U+?.+nz 
J P / 끼，+ 1, q, ’ \ J . -, p /n,+l,þ, ’ 

d ，+δ ，-뀐. . (1-ι -e. 1t), • 1 +i/. -u+nz 
J J ρ /1 , m, \ -1 J P /!, n, 

(1-À-m, p). (감 • ej )l,þ ,. (1 +À+m. p) 

(dj • δj) 1, q, 
(2.5) 

μ 。。

X (i '=2p ε-:; (ì..+m)r 
m=O 

•‘ where, 
1tl2 Q2 n:! P2 

A= ε그’a. - z;’ δ.+-z:E， - ε-:: ê;> 0, 
1 J m2 十 1 J 1 J ,,_ + 1 ‘ 

.f argxl < .~ Aπ， p> 0, p mii1 ‘ 1 ::;;::j ::;;:: 111, 

d 
Re( ,/ . > maxIRe( -1&. - À) J 
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and 
1-c-

p m1n 
1:s;}S;:n, Re( τ카 ) 1> max I Re( u. 

• 

Further. if we put all E’ s. δ’ s and p equal to one in (2.5) we arrive at a 

known result by Abiodun and Sharma [1. p. 260]. 

AIso. if p = 1. μ =À in (2.5). we arrive at the Neumann 

of H-function given earlier by Srivastava and Daoust [11. 

expansion in terms 

p.453. Eq. (2.7)] • 

3. The Main Expansion Formula 

l +m/g+m; : … ; ·· l axEylJ| L : --- ; ---
xuyvH 

P,+q',+q',+q'., q， +p’‘ +P'， 十γ':"':"'/bx상 l M : · ; 

∞ _ O. 0 : m' 'h 1: 11:ιl |X-ll(1-a;-xa;-UA;; 
ηz)(μ+까 / / ... / ; 

1ll, t=0 4P l ,q l • P ·+“’ q’.:p'.+2，씨 y -11 (1-아 -t，쩍-uBi; 

αj. Aj)1，κl: (1-A-m, 1), (1-강 -t씩·탁) 1，μ• (l+À+m. 1); (1-μ -n. 1). 
• 
힌， Bj)띠 ; (1-dj-μ 낀，진) 1, q'. 

l 

F ’ • E j )1,P' •• (1 +μ+n. 1)ln o， n ‘ +2: … : -- 「 a |Fm,n : --- ; ---1 IH .V, :".'~ : : 1 1 "'," 1. (3. 1) 
(1-/~-νF’.F’)， ι r- p,+4,q, : … : .. "/ b I ... : ... ; ... J 

J J , ‘’ •• 

whe1'e L stands lor (a j ; α'j' Aj) 1. n,' (띤 ; E진， δ진) 1, m',' (지; νFj， T진)1 ， q'.’ 

(dj; s진， 6진) m',+1 ,q',' (안; αj. Aj)n, +1. p,’ (얀 ; E흰+νBj. δ찌·+TBj)띠l; 

M for (bj ; βj' B j)1 ,q,. (띤 ; Eαj + LlAj. δαi+TAj)l ， p/l， (cj; 힘， δ팅) l ,p',’ 

(강 ; lJEj. -rEj)l ,þ'. and 

F m, II for (l-À-m-u; E. δ). (1 -μ -v-n; lJ. -r). (a j ; αj. Aj)I,P'’ 

C1 +}.-z꺼 ηz; e， δ). (1 +μ-ν+n; ν， -r). 

The lormula (3.1) holds lor all fz"껴le values 01 x and y. z1 

(i) The conditions (i) and (ii). modi커~'ed approp.rt"ately. given on p. 119 z'χ the 

paper by Goyal [4] are satislied by H -function 01 Iwo variables occurring on 

the lelt-hand side 01 (3. 1). 

(ii) The conditio1ts (1. 4) to (1.6). modzjz"ed αþproprz"ately are saHs!z"ed by the 

H -func!z"on 01 two varz'ables occμrring on the lelt-hand s z"de 01 (3.1). 

(iii) Re(μ)는O. Re(ν)늘O. E. δ， LJ, r르o (nol all zero simμltaneously) 

(iv) The double series on the righl-hand st"de 01 (3.1) z"s absolutely convergent. 

PROOF. Writing contour integral for H . ~ involved iÏl the. right-hand side of 

‘ 

; 
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paper by Goyal [4]: are satislied by the H./iμncti on 01 two vaη~'ables occurring 

on the lelt.haχd side 01 (4. 1). 

(ii) The conditions (1. 4) to (1.6). mod찌'ed appropriately are satislied by the 

same H -function 01 two variables. 

(iii) Re(μ)는O. e. δ는o (not both zero simultaneously). 
m' , ‘ q, ~'1 

(iv') A'=뀔δ끽=훤한-월탄>0. larg xl <승A’π. 

(v) The Series on the right'hand side 01 (4.1) is abso!ute!y conνet'g(;mt. 

If in (4. 1). we put e=δ =，m2=m3=1. 씬=힘 (}=1. 2. 3). 진=틴=1 Ci =l. …, %; 
j=l •...• P~). A=U. d1=/1=0. δ1 =Fl = 1. and make use of results by Goyal [4. 

p.120. Eq. (1. 2); p.123. Eq. (3.3)]. we get' a result due to Srivastava and 

Daoust [1. p. 453. E :J.. (3. 1)] after a little simplification and change in param

eters. This result itself is generalization of many other known expansion 

formulas. 
2 

Further. if we put η강=p;=q;=O. replace x by x~/4 in' the expansion for야rηrm 

•{4. 1).’ us잃e the results [댐8. p.593’ Eq. (4. 1); 3. p; 219. Eq. (44)] therein and make 

slight change in parameters. we easily arrive at the following result: 

n, + 1 : ... : ... 1 ~ I 

m=O. - - AT‘”‘ - Pl+2, ql : … : "'1 20 b 

A+ze e δ \ / 1---r--m: -- --l …, (1+--;-+%- -- --l ; . 2 ’ 2 ) ’ \ 4 ’ 2 ’ 2 (4.2) ... • • ••• • •• • • 

The formula (4.2) holds for all finite values x and y for the conditions easily 

.deducable from (4. 1). 

It is quite obvious that the special case of formula (4.2) wiIl yield a special 

‘case of formula (r=2) due to Srivastava and Panda [10. p.176. Eq. (3.16)]. 

Again the formula (4.2) gives a result due to Goyal [5. Eq. (3. 1)] when 

P1 =ql =0. Evidently (4.2) also iricludes the expaqsion formula by Abiodun and 

Sharma [1. p. 260] and others. 

On the other hand. if we put P~ =qi =0 in (4. 1). we get the following formula 

.aftér applying the result [8. p.595. Eq. (2.2)] in it: 

U ”- ”이 o. n, +m’t: +m'. : … : ” .l axsyul L/ : … ; 
X 'V'./t . 

00 ~ '1~f 

=4 I:’ o.+m)(μ+n)H_， ~:'… ,'1 x 
m,n=o q’"κ‘ +2 

(떤+u진， 진)1， q’· 
o.+m. 1). (감+씩， 감)l， P'.' (-A-:m. 1) 
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(져+uFj， F})l，‘q싱 
Hq'펴;2f y 

(μ +n，1)， (강 +vEj，. Bj)l.Þ'.' . (-μ-n，1) 

1 +2 : ... 
+ 4. q, : … ; …I b ••• • ••••••• . , 

‘ 

(4.3) 

‘ 
where L' stands for (aj ; 띤i' Aj) 1. n ,' (띤; 텐， δ전)1 ， m"" (.져; 팩" 7:.진)l.q’·’ (떤 ; e진， 

δ진)，씨 +l.q'，' (a j ; αj' Aj) n, +l'Pl' M ’ for (bj ; ßj~B)펴， (강; 힘， δ탄) 1.μ， (，강; u적， 
7:Ej\.κ. and Fm, n for the quantities mentioned with (3.1). 

Theconditions of validity of (4.3) canbe easily obtained from those given 

with (3. 1). 
The expansion formuIa (4. 3) is aIso sufficientIy general in nature and would 

reduce to recent1y obtained formuIa of Gupta and GoyaI [7] , if we appea1 to 

the known results [8, p.598. Eq. (4. 1); 3, p.219, Eq. (44)J. This speciaI case 

aIso incIudes a result of Goyal [6, p.122, Eq. (3.1)J. 
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