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ON THE FRACTIONAL PARTIAL DERIVATIVE AND IT’ S APPLICATION 

By Shigeyoshi Owa 

o. Abstract 

There are many definitions of the fractional derivative. It is purpose of this 

paper to show some results which were got for fractional partial derivative of 

functions of two variables and to give an application of the fractional partial 
derivative. 

1. On the fractional partial derivative 

M. Riesz [1] and M. A. Bassam [2] gave the foIlowing definition for fractionaI 

partial derivative. 

DEFINITION 1. The fractional partial derivative of functions I(z, ψ) of twÛ' 

variables z and w is given by 
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 regularity to give the definition meaning, the notation 
(2"') 

g-‘(0) 

on this integral implies that the contour of integration starts at g-I(O)~ 
a ,ß 

enclosing singularities of 1, and the notation D=~~， L/ ••• ' Ir_ ... , means the 
g(z) , h(씨 (z ,u’) 

fractional derivative of I(z, w) of order β with respect to h(w) holding z fixed, 

folIowed by the derivative of order α with respect to g(z) holding w fixed. 

In this paper, the fractional partial derivative of functions I(z, w) of two 
variables z and w is given as fo lIows. 

DEFINITION 2. The fractional partial derivative of functions I(z, ψ) of two 

variables z and w is given by 
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where 0든α， β<1 and /(z, w) is assumed to possess sufficient regularity to give 
‘the definition meaning. 

THEOREM 1. 1/ the jiμnc#on /(z, w) zOs anal y#c and 0든α， ß<l， then 
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2. An apPlÏcation of thefractionaI partiaI derivative 

Let the notation f용g(z， w) denote the convolution product of f(z , w) and g(z, ψ)‘ 

and the notation LL [f(z, w)] denote the double Laplacian transformation of.: 

f(z , w). Then, the following formulae were shown by M. P. Humbert [3]. 
00 0。

(1) LL [f(z. w)] = e -SZ-UÚJf(z. w)dzdω， 

。 。

(2) LL ff*g(z. w)] =LL [f(z. w)] LL [g(z. w)J. 

(3) LL 견::-f(z. ψ)f =sLL σ(z. w) ], 

and 

(4) LL{4f(z, 씨 =aLL [f(z. w)]. 

THEOREM 2. 1f the function f(z. w) is analytic and O~α， β <1. tlzeη we have' 

LL [DZ’Ef (z, %)] = s%aLL [f(z, α)] . 

PROOF. From theorem 1. we have 
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Taking the double Laplacian transformation of both sides. then using the' 

formula.e (2), (3) and (4). 
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Therefore, theorem 2 is established. 

COROLLARY. lf the functio i'Z fCz , w) is analJ’tz'c and 0든α， ß<l， then 
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