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ON FINSLER SPACE OF RECURRENT CURVATURE TENSORS
By S.C. Rastogi

0. Summary

The Riemannian space of recurrent curvature was defined and studied by
Ruse [8]) and _Walker [10]. In 1963, Moor [4] generalised this idea for Finsler
spaces and defined and studied Finsler spaces of recurrent curvature. These
spaces for va;‘ious curvature tensors have subsequently been studied by Mishra
and Pande [1], Sen [9] and Misra [3] etc. The purpose of the present paper
is to study Finsler space based on the recurrency of the curvature .tensors
derived from non-linear connections.

1. Inti'oduction

P . : . : :
Let X'(x") and Yj(xk) be two differentiable vector fields in a Finsler space
£, with metric ‘tensor g,.(x, X) and non-linear connections I (x, X) and /7. (%,

Y), positively homogepeous of first degree in X and Y respectively, then we

have Rund [6]: P - T S
1, 1 ;1 1. .
(1.1) I'w=AT,, X'T,=r,
and L
22. ; 2 2£ 2

where A,=3/6X’ and A'=3/0¥,.

Let us suppose that if X_i undergoes a parallel displacement then so does: Y,
= gz.ij , such that the length of a vector remains unchanged under parallel

displacement, then we have [6]:
. 1, . 1. 1. ) |
(1.3) oG =1 X + gV (I X -, < e
Assuming geodesics to be auto-parallel curves of F, we ‘get

(1. 4) 26 =I", X",
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such that
1. 1.
(1.5) r, =G,U +5- 2 {S,,J ~ Xx* A S,.}
and
2, 1, 1.
(1.6) I k=]"zk+Y A sz.
where

1, 1,
Shkzzr[hk].

The covariant derivative of a tensor T’: (x, X) is defined by [2]:

- . 1. . 2
(L) T, (6 X)=0,T:+(,T;) @,X+T T, -7, T
The two curvature tensors based on these coefficients of connections are

given by [2]:

1 1 1 1.
m ?.-
(1.8) Rign (2. X)=200, 1" |;1k1+(’3mr;[k) Oy X+ Ty}
and
2, 2; 2 2,
(1.9) Rj“ (x,Y)=2{3[hI‘|j|k] + (A Fj[k)(ah]Y )+I" itk lmw}
and satisfy B
. 1. 2 e
7]
(1.10) XRJ.M-RM, YR’ w= R
such that
1, 1
(1.11)a th(x,X) J kh +2(A ]" [k)Xh]
and

9. . 2 .2
(1. 11)b R (& V=ARy+2(A T30 Y |y

2. Recurrent curvature tensors

DEFINITION 2.1. If in a non-flat Finsler space F, the curvature tensors

1. 2. 1. 2

(- 7 Z .
Rjkh, Rjkh’ R,, and Rjkk satisfy

1, 1,

(2.1)a Rfkh,z=21Rjkh'
2. 2;

(2. b R;kh.I=ZIR ikk®

1. 1,
(2.1)c R, =AR,
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and
2 2

e

(2.1)d Rjkh.I::ZZRjkh’
respectively, for a non-null covariant vector 4, then they are called R-recurrent

curvature temsors of various types respectively.

; 2, 2 2
DEFINITION 2.2. If Ji’;ki _({_e[}%jk, R;M ﬂéﬁr I%;k g_____}il’ T ¥ c{_,)_F_R
1 1. 2 2. 1 1. 2 2
'R;khr f{f?'_fgzr jRR lezhr C!ff_g ki’ ‘Rkhr Mgir R;e and R _.—_..*f R
satisfy
1, 1
(2.2)a R]. b= A sz "
2 2
(2.2)b Rjkazz R
1 1
(2.2)c R 1=4 R
2 2
(2.2)d R’jk,z_)‘: R’jk,
1 1
(2.2)e Rvnrt =% Bjppy
2 2
(2.2)t Riphr.t =4 Bjppy
1 1
(2‘ 2)3' Rkkr.l :Zl Rkhr'
and
9. 2.
(2.2)h R =% R

respectively, then the various curvature tensors given in the definition are called;

R-recurrent curvature tensors respectively.
Multiplying equations (2.1)a and (2.1)b by X’ and Y. respectively we get

on simplification
o ]
(2.3)a ;,;. ;"‘2 Rkh _X Rjkh

and
2

2
Rips s '“'“i’ b~ Y R

(2.3)b
which by virtue of equations (2. l)c and (2.1)d imply;



40 2o S. C. Rastogt

1, 2.
THEOREM 2.1. If R% and R?' are R—recurrent curvature tensors, thenm the

2 .
mecessary and sufficient condztmns for R and R jkk'to be R-recurrent are given
L 1.

by 'X’ R,

itn =0 and Yz ,R ,m—O respecz‘wﬂ’yl

Differentiating (2.1)c and (2. l)d partlally W1th reSpect to X’ and Y respec-

‘-twely and using equatlons (1.1Da. and (1.11)b we obtain on srnphflcation
1,

2.4)a ;W—ZRM— (A 2,)}?,?,,—22 (A, Pm[k)Xh]
Em lm
— (4, Rkh) , — R, &J.I’ +ﬁ’mAjl’kI

1 2 n M
IemAjF 2{(A ]’m[k)X h]} !—(AmRM)AJ.(o,X )

2, Z; Po N o2 i Zm
(2. Db Ry~ MR = QADR ,, — 22, (A F-[N’m.m
+2{CA r"‘ DY L md o (A’"R RN CA g

"t 2 ] Z
+ (A R.kh)l”'

z
omo
+- R A F p R JTAW B

respectively. From eauations (2.4)a and (2.4)b by virtue of equations (2.1)a
and (2.1)b we obtain:

1. 2 : -.
THEOREM 2.2. If R;k aiid R ibp Gre R-recurrent curvature lensors then the

l. 2.
» ™ 5 » [ z t ™ [
necessary end sufficient condition for R by cmd K. ik lo be R-recurrent is given

by tke vamshmg of the right hand szde of - (‘7 4)a :md (2.4)b respectively.

Multlplylng equatmns (2 l)a and (2 l)b by gw. we get
1 1.

@2.B5a . L Ry =4 Rjkk}"'g z'r,IR;kh
and
2 -25
(2.5)b R;Izhr _ZR;khr'l'gzrzR;kh

which by definition (2 2) and equatmns (2.2)e and (2 2)f lead to:

THEOREM 2.3. If R ikh and R bh are Rrrecurrent tensors then their assocmtes
1, | z.

awill be R-recurrent iff g.. ; R Mz—O cmd g . R , =0 respecnvely

ir,i 7 ir, !
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2 2
Differentiating relations R def g R ikhr and. R, ~def g | J wpe With respect

to % covariantly and usmg (2. 2)a (2 2)b and (2 ‘7)e (2. 2)f we obtain

.

hr |
(2! 6) a -rl . | g ' l i?jkhr — O
;and - "' | |
2
: ' : h?' - . .
(Zl 6>b '.. ) ‘. e g .l R]khf_-(),

which leads to:

"THEOREM 2.4." If any two of the following are satisfied:
1 2
1) R. in 1s R-recurrent (R jk;z's R-recurrent),

2
41 ) R by (s R-recurrent (R _is R-recurrent), - - =~ - " .1
.wwy- hr. . 1 2
i) g Ry, =0 (g7 Ry, =0),

then the third is also satisfied. .
S 1 2
REMARK. A similar theorem can be established for X’;, and R e

3. dome special cases

If we consider the covariant differentiation due to Berwald of a tensor

T (x, X) and denote it by
followmg :

(k), Rund [7], then we can easily establish the

(3.1) T* +(AT)(3X AG)

(k) m=j
" k *i
+-L 7] (st~ x*A S )

I lm k lml .
(ST—X"4,S7,)).

nh

: I
Z med 1

Since Wé know that [5]

1
(3.2) Ry,=2(H, w M kh)
where
An 4
(3.3) kh-—{a[,,(rk] X>+G[,,l,,,,(1‘k], X +1"k]) & D igmd

therefore by virtue of (3.1) and (3.2) we obtain on 51mp11f1.__car,t10n
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1,
34 R, -—2[HM(J)+(AmHkh)(3X -4;G™)

L g (s ~X7A, g )
2 " kh mp

; mpp L dm  py lm
—H, (Y AT, +5 (S, — XA, S, )]

: 1 1 1
p 1 p
—H, Y A" +75 (S, — XA S, )}

i
-M kk,j]'
Now applying equation (2.1)c and the fact that Finsler space F, is H~

i .
recurrent, i.e., it satisfies H =A jH wp WE obtain:

kh(j)

THEOREM 3.1. If the lensor R;;k 18 R-recurrent and H ih- 1s H-recurrent:

then the necessary and sufficient condition for M ;h to be R-recurrent is given by

m L 2 20
GR Hkk)(a X" -—ﬁ G )-I—Hkh Hkmf' Hmhr

mj

m m
— th -+ H kah +H thk;

nj

Since we know that [5]:

1 .
3.5 i _ocH" )
(3.5) lezk"'g( jkh jkh)'

where

1 ) ln 1; m
- {A.ah(Fk]zX) (AI ) X =TT =T T

IH

(3.6)

Jkh

+G I JHXA J"’"l)}.

[hlml (2 ()] 7 R
therefore by similar calculation as above we can obtain;

1. :
THEOREM 3.2. If the z‘ensor Ra.kh 18 R-recurrent and H ;kh ts H-recurrent,.

then the necessary and sufficient condition for M inn b0 be R-recurrent ts givemn:

by
(AmH D@X" -AGH+H, r ;nkh ;*;’;
: 2 2
_H;mh F:ﬁ’ jkm Ijm —H”;and +Hmthm
+Hj'th:f T Hﬂszm =0
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Since we know that [5] :

2y

(3.7) R _Rjkh+Y ARJM-I-L]M,
where
! ’
(3.8) I,J.kh=2[3 Y (AP Ik])+F [kﬁl (ﬁh]Y |

{ li m % m B
-(Mmrj[k)(y.a,,lx —-Y.P[M]g") -

l)

_Amrj[k (ah]X lplk]gp ) —(4, J[k)
Y, {A°3, X"~A’ (FW] g O},

therefore differentiating (8.7) covariantly with respect to #° we obtain

2[ 1 1

! /
(3.9 Rjkh.r =Rjkh.r+Y£,rA R +Y (A }kh) +L1kh Ty

which by virtue of equations (2.1)a and (2.1)b leads to;

1. 2.
THEOREM 3.3. If R;kh and R;kh are R-recurrent, then the mnecessary and

sufficient condition for Lj.kh to be R-recurrent is given by
v, AR +Y (A" 2, )15" — "R A'@X™)
i, 7= 1t ikh i ' 7k -
1
_(Am th)gp pr - (A rmr)R;kh-l-(A ]1 )Rmkk

-I-R

o r '+ R A 1’"‘ +g°, (4, R e} =0.

Further from equation (3.9) one can easily establish;

1. 2.
THEOREM 3.4. The necessary and sufficient condition for both R;M and R;M

to be R-recurrent ts given by
1. 1. 1.
! !
Y?‘"fﬁ R;kh'i'yi{(A Zf)Ri-kk"' (ﬁm R}kh) AI (aer)

1, 2
—(Am}?jkh)gﬂfpr—}?}khﬁ]’ ‘R AI’

LR Ar —i—R AI’ ' +g (ARM)}

Jmh

{

+L}kh r Zr ijh
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DEFINITION 3.1. If in a Finsler space F, non-linear connection - ¢oefficient

1 - | ’
]";_’k is independent of X', then it will be called a'generalised affinely connected

space and will be abbreviated as GAC- space. T

From the above definition we can observe that ¥ is a GAC- space if it

satisfies
(3.10) AII’;U
which by virtue of (_1.5): implies that
(3.11) AGE =
Hence;

THEOREM 3.5. Every GAC-space F, is affinely connected but the converse is

nol true.

Futher from equation (1.5) for a GAC-space F, one can easily obtain

e 10 o pE L pE o
(3' 12) hj + jh —-'2 hj’
which together with (1.6) and (3.11) leads to
2 *
(3.13) th +ij =2/ B

where [’ Z is Cartan’s coefficient of connection [7]. . = . = . =
In case of a GAC-space F,, one can easily establish - .

(3.14) g; 1=0,

which together with theorem (2.3) implies;
2 1
THEOREM 3.6. For a GAC-space F, if R kh( kh) is R-recurrent then R,

(R Mr) is also R-recurrent and conversely.

REMARKS. i) A theorem similar to above folloﬁrs from theorem .(2- 4) also.

1I
o z » . B | P " I
ii) In case I ip 13 symmetric and the space F, is affinely connected we can

observe that g; ,=0. Thus theorem (3. 6) can also be obtained alternatively.
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