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ON FINSLER SPACE OF RECURRENT CURVATURE TENSORS 
“ 

By S. C. Rastogi 

O. Summary 

The Riemannian space of recurrent curvature was‘ defined and studied by 

Ruse [8] and Walker [10]. In 1963, Móor [4] gen,eraIised this idea for Finsler 

spaces and defined and studied Finsler spaces of recurrent curvature. These 
spaces for various curvature tensors have subsequently been studied by Mishra 

and Pande [1], Sen [9] and Misra [3] etc. The purpose of the present paper 

is to study Finsler space based on the recurrency of the curv~ture ..... tensors 

derived from non-linear connections. 

1. Int:roduction 

k , ,...,. , k 
Let X(x‘) and Y)(x ) be two differentiab1e vector fields in a Fins1er space 

1 ' ‘ 2 
Fn with metric tensór gi/x, X) anâ non-linear connections r~(x， X) 욕nd rjk(x. 
Y) , positively homogel,leous of first degree in X and Y respectively, then we 

have Rund [6]: \ • 
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where AJ =8/ax1 and Az =8/6Yt· 

Let us suppose thgt if Xz undergqes a paralle1 disp1acementt then SO does Yi 

느g ijXj
, süch th~t the 1낭ngth of a vector remains unchanged under parallel 

displacement , then we have [6]: 

(1.3) ‘ 
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Assuming geodesics to be auto-parallel curves of Fn we get / 
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such that 

(1. 5) 
1Ji .. k 1. 

and 

(1. 6) 

where 
L 

The covariant deriva디ve of a tensor T싹， X) is defi때 by [2]; 

(1.7) 

The two curvature tensors based on these coefficients of connections are 
given by [2]: 

1: . 1: _. L. L 
(1.8) 

and 

(1.9) 

and satisfy 
• l. 1. 2. 2 • 

(1.10) 

such that 
1: L 

(1. ll)a 

and 
2.. 2. 2 ‘ 

(1. ll)b RJkh(x, Y) =ARjkh+2(AFμk) Ylml.hl 

2. Recurrent curvature tensors 

DEFINITION 2.1. If in a non-flat Finsler space F ,. the curvature tensors 
2. 

(2. l)a 

(2. l)b 

(2. l)c 

1 . 2 
Rkh and Rjkh satisfy 

￡‘ =xii kh. 1 -"IA> kh 
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and 
2 2 

R. .. . =À.R jkh./ - "/~' jkh ’ (2. l)d 

for a non-null covariant vector 까， then they are calIed R-recurrent' respectively, 

c1I'rvature tensors 01 various types respectively. 

2J 2 

R;jk빨R'jk’ 

띤Q. g’r깅jkr 

할 R'jk’ 

and R;k 

Ai 
4 ‘ ijk 

웰garR&h 

2! 2 
R’ def R jkZ ;;걱== .&Ljk’ 

1 
R khr 

DEFINITION 2. 2. 
9 

R jkhr 

satisfy 

(2.2)a 

2 2 
R ' .. = À. R jk./- "/ "jk ’ (2; 2)b 

l 

R'jk’ R ’ jk./=À/ (2.2)c 

2 2 
Rr =λ R’ jk, l l jk ’ (2.2)d 

1 1 
R" , • =À. R jkhr./ -- "/ ~Jkhr’ (2.2)e 

9 。

R ". __ . =À. R jkhr./ -"1 ~'jkhT’ (2.2)f 

1 1 
R "-_ .=À. R khr./-"I ~'khT’ (2.2) g 

and 

• 

then the various curvature tensors given in the definition are callect 

(2.2)h 

respectively, 

R-recurrent cμrvature tensors respectively. 

3i 
“ jk’ ‘
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R 

get. we respectively (2.1)b by XJ and Y i and Multiplying equations (2. l)a 

on simplification 
1 . 1. 

(2.3)a 

and 
2 2 

(2.3)b 

imply; which by virtue of equations (2. l)c and (2. l)d 
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THEOREM 2. 1. cμrvatμγe tens01’s, then tlze 
2 

R.: <L to be R-reczerrent are gz'veη jkh 

Differentiating (2.1)c and (2.1)d FartiaIly with respect to X1 and Yi respec­

üvelyand using equations (1. l1)a.and (1 .11)b we obtain on simplification 

(2.4)a 

L 2. 1 L L 2 
랴h)rμ - R~~6./찌 +R 

1 . 2 

+R따jr;1 +2 {(6.j강[k)X지1}.1 - (6."，R화)만 (Ò/X"') 

6. Z
j 

ι 2 
t TJ 1n 、 T~ 、 /" A 1;’, T、 、 ‘ z 

(2.4)b 

2 1. 2 .2 
+ (6.'" Rjkh) 감l +RnzkhAZ F;; 

2 , 2... 2 2 .. 
+ R ...Cl‘T… + R".r:‘ jmh :..J. ..1 kl I ..I..\. jkmJ. h! ’ 

trespectively. From equations (2.4)a and (2.4)b by virtue of equations (2. l)a 

and (2. l)b we obtain; 
1. 2 

THEOREM 2.2. 1[ 휩h 짜d Rjkh are R-reczerrent cμrvatχre tensors theη the 
L 2: 

zs gzνen 

.by the vanishing o[ the right hand side 0[' (2.4)a and (2.4)b resþectively. 
, . "" 

Multiplying equations (2. l)a and (2. l)b by gir we get 
’i l 

p 
(2.5)a 

;and 

(2.5)b 
2 2 

which by definition (2.2) and equations (2.2)e and (2.2)f lead to; 

associates 

?’lIsþecti vel y. 



On Fins!er Sþace .. oI Recur-rent Cμrvature l'ensors 41 

L. 2-hr .:. ...::.. ... .. hr 
Differentiating re1ations RJk 빨 g RjkIzr and: 목ik 빨g”I Rjfkhr with lrespect 

to xl covariantly and using (2. 2)a, (2. 2)b and (2. 2)e, (2. 2)f we obtain 

(2.6) a 

‘ and 

(2.6)b 

、which leads to; 

• 1 
gt-r R =0 

, 1 ~'jkhl’ 

9 

- gflr j =o, 
.1 ~'jkhr 

THEOREM 2. 4. -[1 a íZy tzνo 01 lιe following aresa!isfi’ed: 
1 2 

:1) Rjk is R-recuγrent (Rjk z's R-γecurrent)， 

1 2 
;ii) R jkhr isR-r.eczerrent (Rjkhr z's R-recμrrent)， ‘ 

• 1 , 2 
iii}g“ r,7 Rjkkr=0 [ g “ r, lRJkhr=0), 

then t}te third z's also sa!t"sfied. 

1 . 2 

J 

REMARK. A similar theorem can be established for R ’ .L and R/ . k _ ...... '-'1. ..... i k. 

3. Some special cases 

If we consider the covariant differentiation due to Benvald of a tensor 

T싹， X) and denote it by T;Ch)' Ru띠 [7] , then we can easily estabIish tl 

io이110\'、wvihrn1g :‘ 

(3. 1) T;， h=T~Ch)+ (ßI1IT;)(아X
I1I 

- ß h G
I1I

) 

+융 T? {확lh - xk Ah 획nk} 

- TL {감 ßt/l썩h+융〔황一Xkßh앓 )}. 
Since we know that [5]: 

(3.2) 댈h=2(H~h--:M늙)， 
찌IVhere 

(3.3) 
1. L i ” / t,i ，，l 、 ‘ ” i / ,-,m *,I i r ,rtt 、 ~11I π1 

rtherefore by virtue of (3. 1) and (3.2) we obtain on simpIification 
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(3.4) 
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Now applying equation (2. l)c and the fact that Finsler space F n is H-

recurrent, i. e. , it satisfies H~L"\ = Â.，H~L' we obtain; kh(j) - "r'" kh 
L 

THEOREM 3. 1. If the tensor 말h z.s R-recκr1’ent and H~h' Z"S H -recμrrent;、

then the necessary and szeffz'cz"ent condz"tz"on for M;학h to be R-rec’ 

1 . ? ? 

(!J.m H상)(ajxm -민G치 +H앓 fL一HLfZ -H;thf;; 

-H’” G1 .+H1 Gm +Hi Gm =O kh- mj I ...... km- hj I .U. mhVl kj 

Since we know that [5]: 

(3.5) 
1 

획kh =2(H써 - M;kh)' 

where 

(3.6) 
1. 1 L a /Af ” l 1 

i /( Anz -,l A 냥111 

therefore by similar calculation as above we can obtain; 

t"s H-reczeγrent，. 

then the necessary and szefficz"ent condition for M1 to be R-recttrreflt jkh zs gzven: 

oy 

9 ‘>

-H;”th f$ -H싫m 채 -H갔hG;ll +HLkhG; 

+H~ ， Gn;， + H'.LG ’” =0. jmh~ kl . .~ jkm~ hl 
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Since we know that [5]: 

(3.7) 

where 
/ 

(3.8) / 

I ~ '" l ‘ . • ~t 、 /~. ‘ _"nl 
I 

'" I m 깅 þm、 /i ?;t 

’ - - r 2 
Yi {A ‘ ðh1 X…-~‘ (rlrlhl g"")} J. 

therefore differentiating (3.7) covariantly with respect to xr we obtain 

, 1 ~ , ’ 
(3. 9) R;“ . =R;“ .+Y,· .A‘Ri“ +Y;C~‘R~ • .) ~ + 

which by virtue of equations (2. l)a and (2. l)b leads to; 

the necessary and‘ 

sμ:flicient condiNon 101' L;kh to be R-recltr1’ent z"s given by 

kh/ Õ • þr \> • m~“jkh ’ 、】 .1. ir /.1.‘ mkh 

I~m . 2 。~m I ":;i ^ l .ç,m I _pl 

Further from equation (3.9) one can easily establish; 

·w 
·t 
”M 

2 
R 

，
微10 be R-recμrrent z"s gz"ven by 

l 1. , 1. ‘~ " 10. 1 
‘ Z .T ,.. I' “ ” 、 R;kh - (~m R;kh) ~‘ 

1i . ξi i I ? 

l3m . 3i iI ,gni , pl 
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DEFINITION 3.1. If in a Finsler space Fn' non-linear connection :ëoéffident 

략k is independent of f , then it will be ca뻐 a gewraIised aft-,zely caa7zedted 

sþace and wiIl be abbreviated as GAC- sþace. ， 、 r 

From the above definition. we can observe that Fn is. a GAC- spac,e !f. it 
\ 

satisfies 

(3.10) !:J. ir~j = 0, 

which by virtue of (1. 5) implies that 

(3.11) 

Hence; 
1 1 ‘ 

!:J. .G: . =0. ‘ nJ 
J ‘ 

ι 

THEOREM 3. 5. Every GAC-sþace F n z's affz'nely connected bμt the converse is 

11.0t trμe. 

Futher from equation (1. 5) for a GAC-space Fn one can easiIy obtain 

(3.12) 

which together with (1. 6) and (3.11) leads to 
f 

(3.13) 

where I쉽 is Cartan’s coefficient of connection [7J. 

In case of a GAC-space F n' one can easily establish 

(3.14) gir.t=O, 

which together with theorem (2. 3) imPEes; 

2 
(Rjkhr) 

is R-reczerreηt then R 
jkhr 

REMARKS. i) A theorem simiIar to above foIlows fröm theorem (2.4) also. 

observe that gir , t=O. Thus theorem (3.6) can also 야 obtained alternatively. 

r 
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