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SUBSETS WITH NO CLUSTER POINTS 

By Y. L. Lee 

The purpose of this paper is to prove that in a manifold of dimension 는2， 

:ior any two sets A and B having no cluster points and having same condinality, 
“ then there exists homeomorphism 1 such that I(A) =B. Then we use this 

:property to study the topology γ with the same class of homeomorphisms 

H(Z. W) =H(X. r). By manifold we always mean separable connected manifold 

without boundary. 

THEOREM 1. Let X be a manzjold with dimension는2 and A. B are subsets 01 

X with no cluster point and have same condina!z"ty. Then there exz"sts a 

“homeomorpht"sm 1 01 X 011tO itsell such that I(A) =B. 

PROOF. Since A and B have no cluster points. the condinality of A and B is 

;.at most countable. If A and B have same finite number of points. Then by the 
homogeneity of X. we have a homeomorphism 1 of X onto itself such that 

I(A) =B. If A and B are countable. let A= {a1' az •.•.• an •••• } 

‘ and B={bl' b2 ••••• 갑， .•. } 

First choose an open connected set U1 such that {al' 이}드U1 and cl (Ul)n 

이 {a2 • .... an • ... } U {bl' ..... b n' ... }) =ø and X \ U1 is a connected manifold and a 

homeomorphism 11 with 11 (a1) = b1 and 지(x)=x for x중U l' After constructing 

“Un- 1• choose Un to be an open connected set such that 

cl(Un)n(cl(U1)U ... Ucl(U• 1) U {an+1• an十 2… } U {b2 ... " ζ .... }) =ø 

“ and X \U {cl(Ui ) I i = 1.2 ..... n} is a connected manifold. In this way we con-

.:structed a sequence of open connected sets and sequence of homeomorphism 

.{/J such that lø is fixed outside U _ and I_(a_) =b_. Then let 1 be the function n -- ------- --------- n ----- "'n .... -n... n 
., defined on X such that I(x) =In(x) if xεUn and I(x)=x if x졸U n for all n. 

"Then 1 is a homeomorphism and I(A) =B. 

i ,. THEOREM2. Let (Z, W) be a manzjold and H(Z. W) the c!ass 01 homeomoηhisms 

tof (X，~) onto itself. Let γ"={UεWIU=Ø or X \ U has no clμster point.} 
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then r is a topology in X and H(X，2'.f)도H(X， r) 

PROOF. It is clea1' that r년s a topology and H(X, '2!)cH(X;r). Tosee theL 

H(X , ,!/)::pH(X, γ)， take a point pεX and an open balI U with center p. Let 

f bc a function which makes a 1'otation on U on any direction of angle betweelll 

o ancl π， and fixed outside U, then jiεH(X， r) but fi풍H(X，'l/) •. 

COROLLARY. Let (X , '2!) be a mamfold and r c 'l.f is a topology on X. Ií 
H(X, '2!) =H(X, r) , then there exists V ::P tþ 낌 r such that X \ V conta쩌s cluster

points. 

PROOF. Let dim(X, '2!)>2. Then there exists tþ ::pVεr with X \ V containsι 

infinitεly many points. Bccause otherwise, by theorem 1 γ ={VεU'1V =tþ 0 1' 

Canl (X\V)드m} for some positive integer m. Then H(X,_r) would be the set 

of all one to one functions of X onto itself. If X \ V contains no cluster points for 

every non-void V in r then by theorem 1 again r = {Vε낌 V=띠 0 1' Card 

(X \ V)5N J and X \ V has no cluster points}. By theorem 2, H(X, r)국H(X， '2!). 

If dim(X, 강/) = 1, and X is a ci1'cle, and for every non-void Vε'Y' X\V contains 

D.O cluster point, then X \ V is a finte set, it is easy to see r = {vεl/ IV=Ø 0 1' 

Carc1(X\V)드m} fo1' some positive intege 1' m and H(X , ?!)도HCX， 찢 ) =the set of 

all one-one onto maps. IIence there is V동ø with X \ V contains infinitely many 

po:nts. Since X is compact, X \ V has cluster points. If X is a real line, by 

similar argumen t, there exists V ::P tþ in γ such that Card (X\V)=센.If X\V 

has no cluster point and X \ V is unbounded in both sidc,. then it is easy to see 

that there exist flεH(X，2f) with f(X \ V) =the set of all integers. Also there ι 

exist gεH(Z， 'l/) such that 

g(X\ V) = {1 , 2, 3, ... } U 3 5 
2 ’ 2 ’. 
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[fence f(X\V) ng(Z\ V) = t Ì1e set of a11 positive integers which is closed (Z, r ) .. 
If Z\V is unbounded in one side, then there exist f , g in H(Z , 'l/) such that 

f(X \ V) =the set of all non-negative integers g(Z\V)=thε set of a11 non-positive 

intcgers. Hcnce the set of alI integers is closed in (Xι종 ) and γ 그 {vεå'1V =tþ ， 

or X \ V. has no cluster points.} 

Hovvever, if r does not contain any non-void V witrh X \ :V having cluster

points then H(X , γ )도H(X， 'l/). This contractioI1J prov.es that the1'e exists ‘ 
V ::P tþ in r with X \ V contains cluster points. 
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