HONAM MATHEMATICAL JOURNAL
Volume 2, Number 1, July 1980

ON VECTOR-VALUED INTEGRATION
IHN-SUE KIM

ABSTRACT

Vector{f mE¥ <] Vectorff S7# £ w2 WHEot 5o o), £ x4 :
2 7b-&ul Bochner Hidel $si4 W2Esla Bochner FEMlsre] e Vectorfl
HIES £Biol g Radon'Nikodyljn Tl HMA W gdd,

Introduction

As a generalization of the Lebesgue integration, we may integrate the functions
that are defined on some measure space and whose values lie in some vector space.
Since many approaches are given to this problem, there are various kinds of vector-
valued integrations. Among such intégrations, in this paper, we study the Bochner
integration. First, we give a representation theorem for the Bochner integrable functions
and then establish a Radon-Nikodym theorem for the vector-valued measures, which

can be the Bochner indefinite integrals.

1. The Bochner Integral

Let X be a Banach space and (S, 0l,%) be a measure space where S is a measurable
subset of the real numbers R with #(S8)<(ce, 0L is the g-algebra of measurable subsets
of S and £ is a measure on Ol. A function x:5S—X is called a vector-valued function.

1-1. DEFINITION Let x:S—X be a vector-valued function.

() x is said to be weakly measurable if f(x) is measurable for every feX*,
where X* is the conjuga‘te space of X.

(2) x is called a simple function if it is a constant vector (=£8) on each of a finite
number of disjoint sets 4,0, ¢=1,2,n, and x(s)=0 for ES—-{% A;, where 0 is
the origin of X.

(3 x is said to be measurable if there is a sequence {x.} of simple functions such

that
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f’ﬂ;: 2,(8) —x(8) H =0  a,e. in S.

@) A space X is said to be separable if there exists a countable dense subset of X.

(5) % is said to be separably valued if there exists a separable subspace Y of X
and a set S'<7S such that 4(S’)=p(S) and 2(S’) Y.

1-2. LEMMA Let X be a separable Banach space and U*={fe=X*: || f il <I} be the
unit sphere of X*. Then there exists a sequence {f.} in U/* such that for any fo==U*,
we can choose a subsequence {f.colof{f.} satisfying that ‘It’rg_z Tad{x)=fo(x) at every
=X,

PROOF Let {x,} be a dense sequence in X and /?(#) be n-dimensional Hilbert space
of vectors (&),-,&,) normed by Il (&, &)1l = (f}l ’} &; ?’) 3, For fixed we=N,
consider a mapping ©,:U*—*(n) with @,(f)=(f(x;)s---, (%)), Since the space /[2(n)
is separable, there is a sequence {f.:k=1,2,---} in U* such that{@.(Fm)ik=1,2,}
is dense in ¢,(U*). Thus for any feel'*, we can choose a subsequence {f,,un:n=1,2,+}
of {fua:k=1,2,---} such that

| famem@)—=Fox) | < L =12,
Hence liﬂ Savson (X)) =fo(x;) for all x,€3{x,}. For given x&X and ¢>0, there is an

axve={x,} withllx—xyli <~§~- , and

| Frsaem(x)—Sol®) |

T Fraobtnd %) = F skt {2y N+ 1 maacnr ()= Folxp )]+ 1 f oy )-Sox) |
< Famat x24I 4+ lf,.,,.<,.>(x,,)-fo(x,,)] Al foll ha-zyll
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Thus lim fuun(x)=fo(%) for every x&X.

1-3. THEOREM (B.]. Pettis) A vector-valued function x is measurable if and
only if it is weakly measurable and separably valued.

PROOF Suppose that x is measurable, then there is a sequence {v,] of simple func-

tions such that

{'z*ng I x,(s)—x(s)} 1l =0 ag.e. in S.

Since each x,. is weakly measurable, x is weakly measurable. Let A,= {x,(s):5&S} and

A be the set of all finite linear combinations of elements in |JA,. Then the closure 4
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is a separable subspace of X. Hence x(s)=4 for almost al]l se=S.

Suppose that x is weakly measurable and without loss of generality we may assume
that all the values of x lie in a separable space Y(ZX. We first prove that ! x(s) || is
measurable. For any r&R, put

A={se=8: i x(s) | <r}
={se=5: | £(x(8)) | <r}, where F&U*,

We claim that A=) {A,i :i=1,2,-} for some sequence {f;JCU*. If se=A, then Il x(s)
<7, thus for any fEU*, | F(x((s)) | <Xl x(s) Il < and this implies A{|{A;: ()%},
On the other hand, for fixed s&=S, by the Hahn-Banach theorem there exists fo=X*
with I foll <1 and fo(x(s)Y=li x(s) 1l . Thusl x(s) 1| = [Felx(s)) | <7, hence

({As: fEU*} A and therefore A=[{As: feU*}.But by 1.2 LEMMA, there is a
sequence {f;} in U* such that for any f&U*, we can choose a subsequence {f..olof{f:}

satisfying

{‘z*m; Fioo(x)=f(x) at every x&X.
Thus if se[] {A," wo=1,2,}, then

[ F(x(s))] —f{‘l_’”ii Fieo(x($)) | <r
for every f=[J*, hence

A={{A: fE’J'l‘;['}{A,i ti=1,2,-}).

Since x is weakly measurable, A3 and thuas |l x(s) !t is measurable. By the separability
of the space ¥, there is a countable dense subset {x,: j=1,2,-} of Y.
For each n&=N, let

Bia(x)) =¥t x-2, 1 <1},
then B,.(x;), j=1,2,---, are open balls with ¥ = J B;n (%;) and the sets S’;.={s&S:
x(s)=B;.(x;)}y j=1,2,-, are measurable as proved above and S:,Q,S,”" Let Si.=
S’1. and S;n=3";n— j S’;. for £=2,3,-+-, then family {S;:i=1,2,---,} is a class of

disjoint measurable sets with S:’JIS;,.. If we set E”’":J,JH S;, for N&N, then for
any s=S there exists a number *=N such that s&S;, and N>k implies s&Ew,,» hence

—_— 27 —
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QIEN,,.:'ﬁ- And since EN+IMC:EM,»9 we 'get }lllﬂ ,U(Eym>x’u(£j!ENm) =0, Thus for any

me=N, we can find a number k(n,m)N such that y(5b<n,,>,,)<_§, »;i;and E(nam) <k

-

(2,m) if my<my. Let En=|)

n

, S 101 _ 1
IE&(nm)sn! then l‘(Em)ggl—é; po» pon and Eml-:)ﬁmz if

m,;<mz. Hence u( [jIE.):ﬁz;vg_z #(Ea) =0, We set x',(s)=x,; if s&5;, and set

x;u(s) if SES“EM

2n(s)= if sk,

then {xw:m=1,2,--} is a sequence of simple functions satisfying that

lim || %a(s) —x(s) | =0  a.e. in S.

o

For let ¢>>0 and se=S— (] Ew be arbitrarily given, then since sEES»ﬁIE,.:: ] (S-En)»
mn n= m:)

=

there is a number my&N such that scEEua '?)E..I for any m;>mg, Take !/ ::max(~i-,ma)

and if m>>/, then s&F4 and

I ®a(8)-2(8) 1< 1 X(8)-%70((8) i + 11 27 4(5)-%(s) Il <~;€— e,
Hence we conclude that x is measurable.

1-4 COROLLARY If {x,} is a sequence of measurable functions converging weakly
a.e. to x, then x is measurable,

PROOF Since x, is measurable, by the theorem x, is separably valued for every
n=N. If Y, is a separable closed subspace containing almost all the values of x,, let
Y be the closed linear hull of a countable set dense in {JY,. Then Y is separable. If
2,(5) converges to x(s) weakly at s&S, then some sequence of linear combinations of
the elements in {%,(s):#=1,2-} converges to x(s) (Functional Analysis, K.Yosida,
p.120) x(s) is in Y. This holds for almost all. s&S and x is weakly measurable,
because the limit function of the measurable functions is measurable, hence by the

theorem x is measurable,

For a simple function x(s)r-‘}:} x; Xa, (s), where X, is the characteristic function
=7 T
of A;e=® and A, are disjoint, we define the Bochner integral of x over A=®m

— 28—
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f K dp=i§r.~u(AﬂA,-).

Then the following properties hold from the definition:

(1) Linearity: For simple functions x;,%; and for a,bc=R

f A_(ax;+bxs)d/z=a f Ax,d,u+£z f JFad

of f peul < e

Generalizing the above fact, we have:

1-5. DEFINITION Let X be a separable Banach space and (S, 0lL,u) be a measure
space as before. A vector-valued function x:S—X is said to be Bochner integrable if
there exists a sequence {¥,} of simple functions satisfying the conditions

1)) linzﬂ x(s) -x,(5) Il =0 a.e. in S
@ umf I 2(s) -%.(s) Il du=0.
nepeJ §

When x:5—X is Bochner integrable, the Bochner integral of x over AS@ is
defined by

fo d#:{‘zgrg‘]'fndu.

where {¥,} is a sequence of simple functions satisfying the above conditions (1) and (2.

1-6. REMARK The condition (2) has a sense since x and i x(s) -%,(s) Il are measu-
rable as shown in the proof of 1.3 THEOREM.

Existence: From the condition (2) and the inequality
| e ] = 5 o]
gJ‘A ” ¥u Fu| d

= el s

{fo,dﬂ] is a Cauchy sequence in the Banach space X. Thus {'{’n_zfl‘xndp exists in X.

dau,

Uniqueness: Since every Banach space is Hausdorff space, this limit is unique and
is independent of the approximating sequences satisiying the conditions (1) and (2).

1-7. THEOREM (8.Bochner) A measurable function x is Bochner integrable if
and only if || x(s) || is integrable.



6 Ihn-Sue Kim

PROOF Let {x,} be a sequence of simple functions such that ¥, converges to x a.e.
Suppose that x is Bochner integrable. Since |zl <I[l%,[] + ||*-%,1],

IREIL S IR TS TN N EEA A

Hence by the integrability of |l %, |l and the condition (2), || # || is integrable. Moreover,
since

[— { -
J ol =it [du <[ 1%, 5alldp,
by the condition (2), lim f , Il x, |l du exists so that we have
[ hxtide < tim| iz idp.
A Es it A
Conversely if || x || is integrable, for each »&N, put

{x"(s) i£ 112,00 1 < 12 11 (T+D)
Yu($) =
L6 it 1> 2o | (4D

Then {¥.} is a sequence of the simple functions satisfying

EXOY ES PTOVNE RS

{Lng]ix(s) -y ()] =0 g.e. in S.
Since || x|] is integrable and

Ha-pu I < Nl + llyall Sl + 1 2]l (1+.37),§22§ x| (1+é),
by the Fatou’s lemma

i [ Nix-valldu < [ Fm x5l du=0.,

Hence i’.”ffg [ 2(8)-7,(s) || dp=0 and x is Bochner integrable.

1-8. COROLLARY Let X,Y be Banach spaces and 7:X-+Y be a bounded linear
mapping. If x:S—X is Bochner integrable, 7x is Bochner integrable and
[ 7% du=1([ x ap.
A A
PROOF Let {v,} be a sequence of the simple functions satisfying
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that || ¥.(s) || << |l x(s) |} (1+’_1’) and ¥, converges to % a.e. in S. Then since T is linear

f Ty.(s) d#=Tf ¥a(s) du
A A
and by the continuity of T,
Ty NS UT 0 ol S NTH () ] (1+é)
and f.t*nz Ty, (s)=Tx(s) a.e. Thus||Tx(s)]|is integrable and by the theorem T=x(s) is
Bochner integrable. Furthermore
IAT-"‘(SM#:’IL@ f AT yn(s)dp=Itm T f Ayn(a)dm:TLx(S)d#.
1-9. THEOREM If x is Bochner integrable and A= % is a support of x with O<u
1
(A)<{oo, then 7(;;1')-‘[‘3:\: dp belongs to the closed convex hull of x(A).
PROOF Let Cbe the closed convex hull of x(A) and suppose that Z(IZT f JE: dugtC.
Then, by the Hahn-Banach theorem, there is fe&X* such that f (~;—l%74~)-fsx dp) is at
e 1 1 .
a positive distance from f(C). But f(Z(IAfJ & dm“’;'[(?ﬁfsf(x)d” and f(C) isa

convex set containing F(x(A)), thus ?g?ﬁ J Sf(x)du is at a positive distance from the

convex hull of f(x(A)), which is impossible.

2. Radon-Nikodym Theorem for the Bochner Indefinite Integral

2-1. DEFINITION Let X be a Banach space and (S,0t,x) be measure space as
before.
(1} A countably additive function v:® X is called a vector-valued measure on @ .

(2) If x is Bochner imtegrable, the Bochner indefinite integral xu is defined by
xp(A):f x du for A=,
A
(3 If v is a vector-valued measure on O, then the variation V, of v is defined by
V.(A)=sup {Z || v(4.) I} :{4,] is disjoint sequence in 0 with A, A)}.

2-2. REMARK Followings are hold from the definition:
(1) The Bochner indefinite integral xu is a vector-valued measure on OL.

(2) The variation V', is a measure on (.

—_ 31 e
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(3) If v=xp, then V,= IixH,u and V, is finite.
@ If v=ap, then v= TxT H li 2} ¢, where ;-xT is defined to be 8 when x=0.

&) If v=y.V, for some vector-valued function ¥ and if V,=¢.x for some scalar

function ®, then v=(yp)+u.

PROOF (3) If xu is a Bochper indefinite integral, then ¥ is measurable, thus there
exists a sequence {x,} of simple functions converging to x a.e. in S. If x is a constant

vector, then

e || =1l f x dull = 21l nA).

Hence for simple function x., we have

TN A =S 1| f4 2 dull =T |12l m(AD
and for measurable function x,

V(A =supZ | xpt(A) || =supZ || % p2(A) | =sup 2 || x| p(A;) = | 2 || 2(A).
Therefore V,= |l x| ¢ and it is finite.

@ If x is 8, then w(A)=xp(A)= fo d;t:&:::vﬂ'iw Hall g

If x#8, then u(A)zx#(A):ﬁ-ﬂ I 2 1] u(A).

2-3. LEMMA If x is a Bochner integrable function and #(A)>0, then for each
£>0,

(1) there is a subset B of A such that u{A—B)<¢ and x(B) is precompact and

(2) there is a subset C of A with #(C)>0 such that diam x(C)<le.

PROOF (1) Since x is Bochner integrable, X,x is the pointwise limit of a sequence
{x,} of simple functions and since u#(A)< o<, this convergence is almost uniform. That
i, for e>0 there is a subset B of A with #(A4-B)<¢ such that {¥,} converges unifo-
rmly to x on B. But %,(B) is compact for each #, x(B) is precompact.

(2 By (1), choose B="A with #(B)>0 and x(B) precompact. Cover x(8) with a
finite open sets {Dyx. X: diam(Dy)<<ey, k=0,1,--n}. For at least one. of these, say
D,y n(Afx71(Dy)) is positive. Set C=A[1x"1(Dy).

2-4. LEMMA If x is Bochner integrable over A and | lxidu#0, then

—_— 82 -
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x dp/
J“ S J’AH xlldp belongs to the closed convex hull of the set

{x(il/]fx(s)g]; sSA, x(s)%0) .

PROOF Suppose that x is never # on A, x vanishes off A and that x is Bochner
integrable. Let v=xsp, then v is a vector-valued measure, V,={ x|/ # and as we have
noted in 2.2 REMARK @),v=yV,, where y== ﬁ—j—c;”— on A and § off A. Consequently, by
1.9 THEOREM,

{2 S TPIIPAET . N B
A v A

and it beiongs to the convex hull of {¥(s): s=A}= { -H—i—%—g—-“ :seA} .

2-5. DEFINITION Let v be a vector-valued measure on 0 with ¥, (S)<eo and

Aeot. The mean direction set of v on A is defined by

v(B) | po- -
VB BA, Be®, V.(B)>0

2-6. COROLLARY If a vector-valued measure v is a. Bochner indefinite integral
and V,(A)>0, A=0 and £<0, then there is a subset C of A with V,(C)>0 such that
the diameter of the mean direction set of v on C is less than ¢.

PROOF If v=xpy, then by 2.4 LEMMA, the mean direction set of 4 is a subset of
the convex hull off[rf—j:i (A). And by 2.3 LEMMA (2, if V.(A)>0 and >0, then there
is a subset C of A with V,(C)>0 such that the diameter of—-}-’—%n {C), hence the diam-
eter of its convex hull, is less than e.

2-7. DEFINITION Let v be a vector-valued measuse on ot.

(D v is differentiable iff

(1) Vi(S)<leo
(ii) for each £>0 and A=6 with V,(A4)2>0, there is BT A with V (B)>0
such that diam |XX)5: CC B and V,(©)>0) <.

(2 v is differentiable on A=0 iff

(i) V. (A)<eo
(ii) for each ¢>0 and BT A with V,(B)>0, there is CZB with V (C)>0

whose mean direction set has diameter less than .

—_— 33 —
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2-8. LEMMA (1) Each Bochner indgfinite integral is differentiable.

(@ If v is differentiable on A, then it is differentiable on each subset B of A4,
B=m.

(3) v is differentiable on set of V,-measure 0.

@ If V,(S)<eo, A=, A=|JA,, where {4,} is a disjoint sequence in 0L, and v
is differentiable on each A., then v is differentiable on A.

(5) For a vector-valued measure v, there exists a set =R such that v is differ-
entiable on D and D has maximum V,-measure.

PROOF (1) It follows from 2.6 COROLLARY.

(2) Since V (B)<V,(A)< oo and by 2.6 COROLLARY, v is differentiable on BT A

with B==oL.

=B A,, n=1,2,---, then {B.} is a disjoint sequence in 0L whose union is B and since
V.(B)>>0, there is at least one B, with V,(B.)>>0. Since v is differentiable on A,,
for ¢>0 and B, A, with V,(B,)>0, there is CZZB,ZB with V (C)>0 whose mean
direction set has diameter less than e.

(5) Let ou/ ={A&0:v is dif ferentiable on A}, then 0.’ #d. For A4;, A;==0’, define
a order by A,<CA, if V, (A;)<V.(A;) and applying Zorn’s lemma, there is a maximal
element D=al’,

2.9 THEOREM If v is a vector-valued measure with V,(8)<{oo, then v=wv,+v,,
where v, is differentiable, v, is nowhere differentiable and v4 and v, are mutually
singular. ’

PROOF By 2.8 LEMMA (5), there is a set De=6l on which v is differentiable and
which has maximum V,-measure. Put »4(A)=v(A[1D) and v.(A)=v(A—D). Then
A=(AND)Y J(A-D), (AHD)F](A-D):q’) and vi(A-D)=v,(A1D)=0, hence v; and v,
are mutually singular. And v, is differentiable, v, is nowhere differentiable in the
sense that it is differentiable on no set of V', -positive measure.

2-10. THEOREM A vector-valued fneasure v with V,(S)<{oo which is differentiable
is a Bochner indefinte integral.

PROOF The set M of vector-valued measures of finite variation is, with total
variation as norm, a Banach space, and the map x[—xV, is & norm preserving map of
L(V,,X) into M. Since Lj(V,,X) is complete, the image is closed, hence it suffices

to show that there is a vector-valued function x such that the total variation of %V ,-»

- 34 —
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is small.

For given €20, choose a maximal disjoint family of members A of 0l such that
V,(A)>0 and diam {u(B)/V.(B): BZA and V,(B)>0}<e, The family of such sets is
<countable, say {A.:#=N}, because v has finite total variation, and the complement
S— E;;!A,. has V, -measure O, since the family is maximal and v is differentiable. Choose,
for each n&=N, a member x, of the mean direction set of A, and let x=3%,% A

Then || x ||, and hence x, is belongs to L,(V,, X). And, for each B&0 and »=N,

fBj(xA X (lvy::an(B{i\:An)

hence

12V (B AD) ~ (B4 || = [l 2.V . (B(14.) —v(B14,) 1
v e o Y(BOAY ¢
=BTy snay VB4
Since ¥, belongs to the mean direction set of A, whose diameter is less than &,

H xVu(BﬁAn)‘"‘V(BﬁAn) ” <EVV(B[IA)Q)'

The sequences {xV,(B{NA,):n==N} and {#(B{1A4,):#»=N} are absolutely summable and

consequently

| 2V (B)-u(B) ]| = || L 2V (Bl14.)— Zu(BN Al
=z HaV (B1AD)— (B A
< eV (B).

Thus it V,(B) —v(B) || <eV (B) for all Bs==aL, therefore I 2V —v || <eVu(S).
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