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ON SOME RELATIONS OF TWO 2-DIMENSIONAL
UNIFIED FIELD THEORIES

By PaiL UG CHUNG

1. Introduction

A. 2-dimensional g-UFT and *g-UFT. In the usual Einstein’s un-
ified field theory (g-UFT) the generalized 2-dimensional Riemannian space
X, referred to a real coordinate system z” is endowed with a real nonsym-
metric tensor g;, which may be split into its symmetric part h;, and skew-
symmetric part k;,*:

(1.1)a gn=hs,t k.,

where

(1.1)b @=Det(g;,) #+0, 3=Det(h;,) #0, X=Det(k;,) #0.
The tensor h;, together with h*, uniquely defined by

(1.2) by P =06,”,

are used for raising and/or lowering indices in 2-dimensional g-UFTT.

The differential geometric structure is imposed on X, by the temsor g;, by
means of a connection 'y, given by the system of Einstein’s equations [3]
1.3 Dwg2u=2Swyagiao
where D,, denotes the symbol of the covariant derivative with respect to I3,
and Sp,*=I"tu.

On the other hand, 2-dimensional *g#-unified field theory (*g~-UFT) in
the same space X, referred to a real coordinate system z* is defined to be
based upon the real nonsymmetric tensor *g* defined by

(1- 5) gl#*g1”=6yv°

It may also be decomposed into its symmetric part *A* and skew-symmetric
part *&%:

(1.6) * gl Rpd | ¥pb

Since Det(*2*) #0, we may define the tensor *&,;, by

1.7 *hau b =0,

In the 2-dimensional *g-UFT we use both *h;, and *h¥ as tensors for raising
and [or lowering indices of all starred tensors defined in X, in the usual manner.

(*) Throughout the present paper, Greek indices take the values 1,2 and follow the summation
convention.



74 Phil Ung Chung

We then have, for example,

(1- 8)3- *kl *k’”*hg *kym gl =*gw*k1p*hlza’
so that . e
(1.8)b B glp’_ ﬁz;.‘F“hu- Tock

Similarly the differential geometnc structure in Z—dlmensmnal *¢-UFT is
imposed on X, by means of a connection I}, given by the following system
of equations equlvalent to (1.3):

(1.9) D, *g¥=—28,, g
Using the following densisties andascalars, we define the; following:
< *q Detg*glp)! *Cg“‘—:Det(*hJ/x)’
(1.10) - ., *.ﬁi Det(Fki,);. =6/, .
k——é’é/d *gx*g/*d *Ie—r*,%/d,
Chung [1] proved that two-unified tensor fields g1, aud *g,, are related by

(1 11)3 #hzv.,_l_kxu *Hv._.l.kzv ; [ CANC T
(1- ll)b *hlp""ghlp’ klﬂ“‘gklpr . -
and that -, SRS SRR P (Lo

(1.12) g==1+ia gF1+*k

In both 2-dimensional unlﬁed ﬁeld theones, it is obvu)us that there exists
only the first class since : - -
,ﬁ{ (%12) 2>07 *ﬁ“*(kxz) 2>0

B. Purpose The purpose of ‘the present, paper is to denve some relations
of Z—dlmensgonal g*UFT and g—UFT other “than (1. 11) and (1.12).
These results are used o ‘investigate the relatlonshlp between ' two different
expressions, of torsmn tensor S;,” which lead to a solutlon bf (1 3) and
(1 9).in Emstem s 2—d1mens10na1 umﬁed ﬁeld theones. .

R

2. Some relatlons of Z—dlmensmnal g—«UFT and *g—UFT

“In this-Seétion, we derive several relations of two 2-dimensional umﬁed
ﬁeld theories and obtain a simple expressxon for the torison tensor in 2-
dimensional *g-UFT.

THEOREM (2.1). The scalars d'eﬁned in (L 10} are related by

QN oo s e Mk
Mo_’f P‘uttmg *@&mté*g”) wé- have
2.2) . @8@=1, +g=»rd, *dzgzd K= gzgt

which may be obtamed from (1.5), (1.8)a, ‘and Q. ll)b. The relatmns
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(2.1) are results of (1.10) and (2.2). An alternative proof of *k=Fk is
obtained from (1.12) using *g=g.

THEOREM (2.2). We kave
[24 —_ [24 v &2 __a_g
(2- 3) * {Za} - {Za} B g (g9 A ax1>’
where {/{u} and *{leu} are the Christoﬁel symbols of the second kind formed

with respect to h;, and *h;,, respectively.

Proof. In virtue of (1.11)b, two Christoffel symbols are related by

(2.4 " {Zvﬂ} - {Vu} +‘§1g_ (g, 02"+ 8, 10— 8, sh"hy,).
Hence
al _ |a 1 . x . s _lC 2,2
* {ia} = !lla} +“2? (g, 015+ 8, 0% g, 0:%) = {Za} “}‘—E—,
which proves (2. 3).

THEOREM (2.3). We have
(2.5) ¥k, =8V R

where V. and *V, are the symbolic vector of the covariant derivative with respect

to {22;} and *{ 2’;}, respectively.

Proof. Since k,, is skew-symmetric, it suffices to show that */ *k,,= gl k..
This result follows in the following way, using (1.11)b and (2.3):

*V ¥ k12=0,%k1p—* {2)‘81} *kﬁz“ * {vﬁZ} *kip

=0, kyp—"* {:Z} *kyz

=0,(gkys) — ({::!} +

g"’)k =gl k
¢ ER127=8V JR12.

REMARK. Chung [2] proved that in 2-dimensional g-UFT the torsion
tensor S,,. satisfying Einstein’s equations (1.3) is given by

SM”:%VJW

In virtue of (2.1) and (2.5), we see that in 2-dimensional *g-UFT the
same torsion tensor S,,, (satisfying (1.9)) may be given by a simple expre-
gsion

1
Swyv z?g—z*pv*kww
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