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ON A CLASS OF SYMMETRIC STABLE PROBABILITY
MEASURES ON SEPARABLE FRECHET SPACES®

By DonNG M. CHUNG

1. Introduction

Let E be a real separable Fréchet space, E* its topological dual and £(E)
the o-algebra generated by the class of open sets in E. By a measure on E
we shall always mean a probability measure defined on 8(E). For a measure
it on E the characteristic functional of u, denoted by #(-), is a complex
valued function on E* defined by

o) =[ ferap)

where ( , ) denotes the natural bilinear form on EXE*. For two measures
u,v on E, the convolution of 1 and v, is defined by

(B = p(B—2)dv(2)

for every BEL(E).

We say that a linear operator S:E*—E is a covariance operator if it is
symmetric and non-negative definite in the sense that (Syi, y2) = (Sys, 31)
and (Sy;, 1) =0 for all y,, »E*. We denote by @(E) the class of all those
S’s corresponding to which there exists a centered gaussian measure g on E
with S its covariance. For some special cases of E such as separable Hilbert
space H, R”, 1?, L?(p>1), many authors have obtained the necessary and
sufficient conditions for a covariance operator S to be in the class @(E); for
instance, see the work of Prohorov [17 on separable Hilbert spaces, Vakha-
nia [3],[4] on I? and R” spaces, and Rajput [2] on L? (p=1).

The main purpose of this paper is to identify each function of the form

o(y) =eS»9 | yeE*, SeC(E), 0<a<2

with the characteristic functional of a unique symmetric stable measure on E
represented by a certain mixture of Gaussian measure on E(Theorem 3.1).
We then apply this result to obtain several properties on such measures;
topological support(Theorem 3.2), equivalence of measures(Theorem. 3.3).

* This research was supported by the Ministry of Education Scholarship Foundation, 1979
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Furthermore, by specifying E to be R” space, we obtain the necessary and
sufficient condition for such measures on R” space to be concentrated on
1#(1<p< o0) by using results for Gaussian. measures due to  Vakhania [47].

The author takes this opportunity to thank Professor B.S. Rajput for
his helpful suggestions.

2. Necessary lemmas

In this section we will give the necessary lemmas Whlch will be needed

in the proof of the main theorem.
We first begin with the following definitions.

DEFINITION 2.1. A measure ¢ on E is called symmetric stable of type a,
0<a<(2, if it is symmetric, and for any positive reals a, b, there exists c=
(a*+8%)1/2 such that T,usTpu="T,.u where T,z is a measure on E defined

by T.u(B)=x(1/aB) for every BE&(E).

DEFINITION 2.2. The topological support of a measure ¢ on E, denoted
by S,,is the smallest closed set in E with full measure.

It can be shown that S, is the set of all z€E for which #(U)>0 for
all open set U containing x. The first lemma is an immediate corollary of
a well-known theorem of Berstein and Widder[ 5.

LEMMA 2.3. Let 0<a<2; then there exists a probability measure P, on
(0, ) such that for every t=0,

. _21_t2x2
e =j:e dP.(x).

Proof: If 0<8<1, then ¢*° is completely monotone on [0, ) ([5],
p-854). Hence from([5], p.883), there exists a probability measure P; on
(0, ) such that

£ _— —tx

e I:e tzdP.(x),

for all 1>0. Now let a=(0,2) and let S=a/2; then
PR Y JUN (g
et =¢ J:e dPg(x).

By an obvious change of variable formular, we obtain the desired result.

LEMMA 2.4. Let pt be a measure on E, and let P be any finite measure on
&((0, 0)) (o-algebra generated by open sets in (0, )), Then for each fized
BER(E), the real function f(x)="Tyt(B) is Borel measurable on (0, o).
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Proof: Let’s consider (0, ) XE as the product measure space of two
measure spaces ((0, ), &((0,)), P) and (E,&(E),pn). If g denotes the
scalar multiplication on E restricted to (0, o) XE, then g is a continuous
mapping, and hence a measurable mapping on (0, o) XE. Thus for every
fixed BE&(E), Igzog is measurable from (0, o) XE to E, where Iy is the
indicator function of B. Since

@)= Isog(a,r)du(r) = Tou(B),
it follows from Fubini’s theorem that f is a measurable function on (0, ).
This completes the proof.
3. Theorems

In this section we first prove the main theorem of this paper, and by
using this result, we obtain some more interesting results.

THEOREM 3.1. Let S<@(E), and let 0<a<2. Then the function ¢(¥y)=
exp{— (Sy, %)% % is a characteristic functional of a unique symmetric stable
measure it of type & on E,

Proof: For the given a< (0,2), we have, from Lemma 2.3, a probability
measure P, on (0, 0) such that

e—v:J:e“‘lf'”z dP.(z), t>0. 3.1)

Let v be the centered Gaussian measure determined by the given Se€(E).
For every B€&(E), define

1B =[ T (B) dP.(z). (3.2)

Then by Lemma 2.4, g is well-defined and clearly a measure on E.
Now we shall show that ¢ is the characteristic functional of . We first
note that from (38.1), for every BE&(E),

2(B) = J Js(du()
=I ;:J: Ip(r) T,y (dr)dP,(z)

={ | ) To@nar.@.
This shows that the equality
[r@au) = [, 10 To@r)ap () 3.3)

holds for every indicator function f. Hence this equality holds for every
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simple function. Therefore, by the easy application of monotone convergence
theorem, (3.3) implies that for every yc E*

I Eeicr, Pdp(r) —_-EL:ei(r, P Tw(dr)dP,(z)
N i(r, xy) ;
j:jEel Py (dr)dP,(x)
~[ s(zpar.@
= [ et ap, (@)
0

=" (by (3.1).
This proves that ¢ is the characteristic functional of the measure p.

Since it can be easily shown that for every reals ¢>>0, 550, and y=E*,
o(ay) - (by) =0 ((a*+5)V ), it follows that g is a symmetric stable measure
on E of type a. Moreover, since it is known [1]-that.characteristic funct-
ionals determines uniquely measures on E, we complete the proof.

In view of Theorem 3.1, if a measure x on E has the characteristic func-
tional of the form 4(y) =e'(5y’3”a/ 2, yeE*, where S€@(E), a=(0,2), we
shall say that it is the symmetric stable measure of type « determined
by Ses€@(E).

THEOREM 3.2. Let p, and v be the symmetric stable measure of type
a=(0,2) determined by a fized SEC(E) and the centered Gaussian measure
corresponding to S, respectively. Then S, =S, for all ac ©0,2).

Proof: Let a=(0,2). Since S, is a closed subspace of E ([27]), we -have
Tw(S,) =v(S,)=1; whence from (3.2), #,(S,)=1. Moreover, if r&.S, and

V is an open neighborhood of r, then %re S, and —i—V is an open mneigh-

borhood of lr for every z>0. It follows that z)(l )=T (V)>0 for every

z>0. Therefore, from (3.2), we have u,(V) >0 Thus S, is the topological
support of g,. This completes the proof.

THEOREM 3.3. Let y, and (s be two symmetric stable measures of type
a<(0,2) determined by Sy, So=@(E) respectively, and let vi and v2 be the
centered Gaussian measures corresponding to Sy, So€@(E). Then vy ~ vy implies
Uy ~ U, where ~ denotes equivalence of measures.

Proof: We first note that y;~v, implies T~ T, for_ all :c>0 Let. Be
&(E) such that g;(B)=0; then from (3.2), ¢ (B)=0 implies T,v,(B)=0
a.e. [P,]. Since T,w~T.v, for all z>0 it follows that T »,(B)=0 a.e.
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[P,]. Hence we have ps(B)=0. This shows that z,<su. By the the similar
arguments, we can shows that s, <p,. Hence s~y This completes the
proof.

Now let E=R” be the separable Fréchet space of all real sequences with
the meétric defined by

-y [Za— 3
4 (@) =Zg [ 25— 32

where a; are positive real numbers which forms a convergent series. A
characterization of the centered Gaussian measure on /# space, 1< p< oo,
in terms of its covariance operator S has been known in [47]. By using this
result, we extend it to the case of symmetric stable measures determined by
S=(s;;) €@(E). Let ¢y and [, denote respectively,

co={z:lim z;=0}, and I.= {z: sup|a;|<oo}.
It can be shown that ¢g, . €&(R”).

THEOREM 3.4. Let pu, be the symmetric stable measure on R™ of type a&
(0,2) determined by (s;;) €€(R”). Then

o ?
@) pa(t?)=1, 1<p<oo, if and only if T} si’ < o°.
(b) if }Ee"5<oo for all €>0, then p,(co) =1.
i=]

(¢) if there exists an €0 such that i e“"i'< oo, then pu,(l.)=1.

=

Proof: Let v be the centered Gaussian measure corresponding to S= (s;;).

Since it is known in [4] that »(/#)=1 if and only if f_f,'ls,-,-%<00, it follows
from (3.2) that g,(1?)=1 if and only if is;,‘%\"oo. The proofs of (b) and
(¢) immediately follows from the known results in [3] that if i}e'” i oo,

for all >0, then v(¢y) =1, and that if there exists ¢>>0 such that ie”” Sii

i=1

< oo, then »{l.)=1.

REMARK 3.5. We note that no special property of the probability measure
P, has been used in the proofs of Theorems 3.2, 3.3 and 3.4; thus these
results will hold for any mixture of Gaussian measures on E.
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