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MULTIPLIERS FOR THE ORLICZ SPACES La
By SunG K1 KiM

Let m be a bounded measurable function on R*. One can define a linear
transform T,, whose domain is L2\ L,, by the following relation between
Fourier transforms

N R
(Thf) (@)=m(x)f(x), FELEN Ly,

where L, is an Orlicz space.
We shall say that m is a multiplier for L, if whenever f€L2N L, then
T.f is also in L,, and T, is bounded, that is

(* N TwfllasCllflla, FELPN Ly
(with C independent to f).

The smallest C for which (*) holds will be called the norm of the multi-
plier. We denote %4 the class of multipliers with the indicated norm.

ExamMpLE: If A@®) =-|—té'—2—, then Ma=1M,, is the class of all bounded me-
asurable functions and the multiplier norm is identical with the L™ norm.,

It is well known that if A,(z) =—|%i and -;—+;}7=1, then Ly,=L? and
M, p=", 4 [2]. We will generalize this fact in the Orlicz space L, for any
N-function A.

If Aand A are complementary N-functions, a gereralized version of
Holder’s inequality

lu(D)v(z)dz| L2llullallvllz, #ELa vely
can be obtained by applying Young’s inequality to

|(z)|/llalla and |v(2)]/llvllz [11

THEOREM. Suppose A and A are complementary N-functions, then
%A=%g.

Proof. Let ¢ denote the involution ¢ (f) (z) =Ff(—z). As is immediately
verified ¢ 1T,0="T;, therefore if m belongs to M4, so does #%; moreover #m
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has the same norm of m. Now by Plancherel’s formula,
[Tufais=[m(@)f @2@da=[ @ n@e @ do~ [ Tusda,

whenever f, g€ L2 Assume in addition that f€Lz g€L, and |gll.=1.
Then

|| T 2dz| < 20 £lall Tugla < 2C1 £lLs

where C is the norm of the multiplier m (or %) in M,. We may assume
that T,f+#0 in Lz so that

K=||Lz,sI>>0,
where Lr,;(&)=|T,f2dz and || - |l is the norm in the dual space L's.

Taking the supremum over all indicated g, gives

HLra il = 2CH £lla
On the other hand, let

(1 Tuf @\ Taf(x) .
A(-——T—) =l it 1, 1) 20

0 it T, f(z)=0
If jlz]l>>1, then for sufficiently small £>0, we have
A de = {a(12@1 ),
T At @Dz = fa(GEE L) as >
Letting ¢ — 0* we obtain, using the inequality A(A(t)/8)<<A(@), £>0 [1],

I2a < fAUz@) Ddz = [4] A(T2L@1), Taf @ 15,

AT @l) g Ly

This contradiction shows that ||z]la=1. Now

g(x)=

T,fgldz < ||zl

l Tmf (.‘t) l
HLT,.fH—ugﬁ?_ llLr,,.f(gN == ”LTmf”IA( NLrosl )

so that

jﬁ(‘lfﬁge)dxg.
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Thus || Tpfllz S |Lr,rl=2CH fllz and m&W 4 Since the situation is sym-
metric in Ly and Lz, we have M,=%3 Q.E.D.
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