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ON A STABLY FREE MODULE

By T. Kwon, K. Leg, I. Cuo, S. Parg®

1. Introduction

Let R be an integral domain of characteristic 0 with quotient field L and
Il a finite group such that no rational prime dividing the order of I is a
unit in R. Let T be a free abelian group or monoid of finite rank.

We prove that for any finitely generated projective R[ T I -module P,
L&rP is LLT LI J-stably free.

This result is a generalization of a theorem of Sharma [4, p.303].

2. Notations and Definitions

Each ring considered in this article will be assumed to be an associative
ring with 1 and all ring homomorphisms as well as all modules are unltary

For a finite group [ by ord(II) we mean the order of II.

For a ring 4, B(A4) denotes the class of all finitely generated projective
(left) A-modules.

Let P€B(A). Then P is said to be stably free over A, if there exists a
finitely generated free A-module F such that POF is free over A. It is
known that a finitely generated projective A-module P is stably free if and
only if PEZ[A] in K,(A) (Lam [2,p.40]).

Let R be a commutative ring and p&Spec(R), the prime spectra of R.
Then the minimal number of generators of Pp——:PgQRp as a Py-module is

said to be the rank of Pp over Ry. We denote it by rkpP.

We shall say that P has constant rank r and write rtkpP=r if for every
peSpec(4) rkyP=r.

Let A be a local ring (not necessarily commutative) and P&R(A4). Then
the minimal number of generators of P is said to be the rank of P over A
and it is alsodenoted by rk,P.

Let T be a finite group, A a ring and € be the class of all cyclic sub-
groups of /. Then K,(Al)® denotes
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-
Nker [Ko(Al) — K (AII')].
i

ree
See Swan [5, p. 23].

3. Preliminary Results

PROPOSITION 3.1. Let R be an integral domain of characteristic 0,11 a
finite group of order n and PEB(RI), If no rational prime dividing n is a
unit in R, then n divides tkpP.

Proof : Let p be a rational prime dividing = and I, be a Sylow p-subgroup
of . Then P€B(R(I,)). Hence if the theorem is true for p-groups it is
true for finite groups. Thus we may assume that I is a p-group.

Since p is not a unit in R, there is a maximal ideal M in R with p M.

P/MP=(R/M) QP € B(R/M)I)
implies that P/MMP is free over (R/M)HA (Swan [6, p.58]). Thus we have
dimpg /5 (P/MP) =n-rkg /qy (P/MP).
But rkpP=rkg /0 (R/MQ rP) =dimpg /q ((R/M) @ P) =dimp ;5 (P/MP)
This completes the proof.

COROLLARY 3.2. Let R be an integral domain of characteristic 0 and I
an finite abelian group such that no rational prime dividing the order of I is
a unit in R. Then P=R(RI) has constant rank.

Proof : It is enough to show that RJ has no idempotent other than 0 and
1. If ¢ is an idempotent in R, then we have the following direct sum

RIO=RIeDRI(1—e).
Let P=RIle, Q=RII(1—e). Then the order of 7 divides rkzP and rkzQ
by Proposition 3.1. But

ord () =rkg (RIT) =1kzP + 1kzQ.
Therefore, rkgP=0 or rkz@=0. Hence ¢=0 or 1.

PROPOSITION 3.3. Let f: R— S be a homomorphism of commutative rings.
If no idempotent in R is in the kernel of f, then H(f) : H(R)—>H(S) is
injective (Swan [4,p. 138]).

Proof. Let g be an element of the kernel of H(f). Then for every ideal
geSpec(S), 0=H(f)(g) () =g(f'q). Thus it is enough to show that for
each p&Spec(R), g(p)=0.

Let = be a rational integer with g(b)=n. We need only to show that
n=0. Let X=g 1(n), then X is open and closed in Spec(R) and so there
is an idempotent e in R such that X=V(I), a Zariski closed set in Spec(R),



On a stably free module 149

where I is an ideal in R generated by 1—e. By the given hypothesis we
have f(¢) #0, thus 1—f(¢) is a non-zero idempotent and so not a unit
in S. Hence there is a maximal ideal M in S with 1—f(e)eM. Thus
1—ec f1(M) and so f1(M) €X. Therefore z=g(f1(M))=H(f) (g) (W).
But H(f) (g)=0. Hence n=0.

PROPOSITION 3.4. Let A be a left regular ring and let T be a free abelian
group or monoid. Then the canonical homomorphism Ko(A)—Ko(ALTY]) is an
isomorphism (Bass [1, p. 636]).

4. Main Theorems

THEOREM 4.1. Let R be an integral domain of characteristic O with quotient
field L and let S be a subring of L with RCSCL and I a finite group of
order n such that no prime dividing n is a unit in R. Furthermore, we assume:

(1) For each cyclic subgroup II' of Il every finitely generated projective

SII'-module with constant rank is stably free.

(2) Ko(SIH) is torsion free.

Then PEB(RIT) implies SQgP is stably free over SII.

Proof. Let PER((RI)). Then rkzP=rn for some positive rational integer
r by Proposition 3.1. We claim that [SQzP]=r[SH] in Ko(SH). We know
that 72K,(SH)%=0 (Swan[6. pp.23,25]). But, by the given hypothesis (2),
Ky (SHM) is torsion free. Hence Ky(SH)%=(. Therefore it is enough to show
that [S@P]—r[S]I]EKO(S]I)Q. For each cyclic subgroup I’ of I, P has
constant rank over R/’ by Corollary 3.2. Let R/’ — SII be the canonical
ring homomorphism, q&Spec(S#’) and let y;=F"1(;). Then we have the
following canonical homomorphism

(RI) 5= (SH")q

which is induced by f.

Note the following canonical isomorphisms
(SIr'), S@g) (SQrP) = (8I") 4 § s z(z% P)
= (ST, @ ((RI)y ® PY=(SI")q @ F
(R11")» RTI* (RT1"p
where F is a free (RII’)y-module on rkgyp generators. This shows that
S(;DP has constant rank over S#’. Therefore [S(%)P]=m-[8]] T in Ky(SHO7),

for some positive rational integer m, by the hypothesis (1). We will prove
below that m=(: II’)-r where (I : [I") is the index of /I’ in . We have
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[SQrPl=m-[SH' J=r- (Il : I")-[SII"]=r-[SH] in K(SI’).
Thus [SQxP]—r[SH1€K,(SH)®. But Ko(SHI)?=0. Hence S(;&P is stably

free over SII. It now remains to be shown that m=r-(I: [I’). Since
[S@P]=m-[$]]’] in Ko(SI"), we have [L(%P]——:m-[LH’] in Ko(LH’) and

) [L(%)PZI:m-ord(II')-[L] in Ko(L). But rtkgP=r-ord({l)=m-ord(ll’),
for Ky(L) is torsion free. Therefore, we have m=r- (I : II').

THEOREM 4.2. Let R be an integral domain of characteristic 0 with quot-
ient field L. Let Il be a finite group such that no rational prime dividing the
order of I is a unit in R. Let T be afree abelian group or monoid of finite
rank. Then for every PERLRLTILI]], LQxP is stably free over LL T 1]

Proof. Let m be the order of 7 and N be the set of non-negative rational
integers. Since the following map R[AIL T 11— R T[],
2 (g;nfvgg )T —__)ggl:'l (Vé“' Tngv)g

velN®

is an isomorphism of rings, we may identify R[] T] and RLTJ[/T]. Since
no rational prime dividing the order of 77 is a unit in R[ 7], we only need
to show that L[ T7] satisfies the two conditions of Theorem 4. 1. Since L1 is
semisimple, it is left regular. Therefore we have the following isomorphism

Ko(LLT LA D) =Ko(LLA LT ) = Ko(LID)

by Proposition 3.4. Furthermore, Ko(L/l) is torsion free. Now it is enough
to show that for each abelian subgroup /I’ of II every finitely generated
projective L[ T ][ I’ J-module with constant rank is stably free.

From now on we may assume I is abelian. Yet f:LI— LI T] be
the canonical injection. Then the following diagram of canonical homomor-
phisms

Ko(f)
Ko(LALTD) —= Ko (L

| I

H(LIOLT]) << H(LI)
H(f)

is commutative (Swan [5, p.138]). But H(f) is injective by Proposition
3.3. Furthermore, r : Ko(LII) — H(LIH) is also injective. For an element z
of the kernel of the map r, there are P, FER(LI) such that F is free and
z=[P]—[F] in K (LI). Thus for each p=Spec(Ll), rp(p)=rk;;(F).
Hence P has constant rank. Since LII is semisimple it is semilocal and P
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is free. This implies that z=[P]—[F] =0, and so the map r is injective.
Now it is clear that

r K(LILTY) — HLALT)
is also injective. Let PB(LI[T]) with constant rank (Bourbaki [2, § 5.3,
Prop.5]). Let F be a free LI[ T]-module with rk;;iriF=rk;;t1P. Then
rp=rp. But r is injective. Hence [ P|=[F] in K (LI[T7]).
This completes the proof.
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