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A CONTINUOUS OPERATOR VALUED REPRESENTATION
ON A CERTAIN B*-ALGEBRA

By Jae CHuL Ruo*

1. Intreduction

Throughout this note S will denote a fixed nonempty compact set in the
complexplane C, 2 will be the Borel field of subsets of §,X and H are
complex Banach space and complex Hilbert space respectively. Let B(S, 2)
be the set of all uniform limit of finite linear combinations of characteristic
functions of sets in 2, then B(S,2) forms a commutative B*-algebra with
the unit with respect to the supremum norm and the natural involution.

A fixed algebraic homomorphism ¢ : B(S, 2)—&(X) will be called a con-
tinuous representation if f,—f with respect to the supremum norm, then
S (fw)—d(f) with respect to the operator norm in £(X).

For a continuous representation ¢, if we put A= {{)(f) : f€B(S, )}
then A forms a closed commutative subalgebra of £(X). If X=H, A is
the commutative C*~subalgebra with the unit ¢)(1) =1, where the involution
is determined by ¢ (F)*=¢(f).

If we put ¢(X;)=E() (€2), then E : 2—B(X) defines a spectral me-
asure and any ¢(f) can be represented by the integral form

$()=[ FOE@.
In addition if2E(0) =E(d)* (self adjoint), then
0(f)*=[ FOE@, ¢(f)cAcBED).

In this paper, we will determine the spectrum ¢ (4(f)), a relation bet-
ween a scalar operator and an operator of multiplication by an independent
variable. In the next, we introduce a complex measure by means of a cer-
tain continuous linear functional on AC&Z(H) and will be formulated an
in tegral representation of elements of the dual space B*(S,2). Finally we
consider conditions under which two continuous representations are unitarily
equivalent.
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2. A relation betweenthe scalar operator and the operator of mul-
tiplication

2.1 LeMMA. Let ¢ : B(S,2)—&(X) be a continuous representation.
Then ¢(f)=0 if and only if f=0.

Proof. We note that B(S,2) is the set of all bounded Borel measurable
functions (see 5, II, p.891). Suppose that f#0 (not identically 0 on §),

the set N(f)={s€8 : f(s) =0} is not empty and N(f) €3. We put N(f)
=4 and consider the integral f 5f (s)E(ds).

This is not a zero operator; For, if we define

?l—, sE0,

f 0, s&o,

then 7L Lep(s, ). Thus j Kok L5 (ds) is defined. Hence

f FE(d9) j sxa—}—E (ds) =E(5),
and E(d) #0 since ¢(E(9))=1{0,1}, Moreover,
JroE@=[ tan) ©B@I=E@6 (1), $(5) 0.

Therefore if an f=B(S,2) which is not identically (0 on S, then ¢(f) can
not be a zero operator, or equivalently ¢(f)=0 implies f=0 on S.
The converse is obvious.

2.2 COROLLARY. A continuous representation ¢ : B(S, 2)—A is a bijection.

In order to determine the spectrum o(¢)(f)), we observe the following
facts.
Any X-simple functions on S can be represented by

f=Zats, 08=S and 5:08,=01 %)), 8:€3(G=12...).

Since ¢(fYE(G)=E(6)¢(f) for i=1,2,...n, each W;=E(5;)X reduce the
operator ¢(f) and é@%;=X. Moreover, since ¢(f)E(0;) =a;E (), ¢ (f)
acts on M; as the multiplication by «;, that is,

O(f)r=az for any z€M;.
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Hence we have

o(¢(f))m;) = {a} for each i
It follows from the fact a(H(F)) =.ga(¢(f) |9%%;) that
o (p(f))= lay, @, ..., ;) =range of f.

In general, we have a following proposition.

2.3 PrROPOSITION. ¢ (¢(f)) =closure of f(S) for each fEB(S,2).
Proof. It is easily be shown that if the closure of f does not vanish on

S, then —J-I;EB(S, %) and so gb(f)‘1=¢v(-f1—>eA. Thus A is a full subalge-

bra of B(X), whence
Q) oa(@(FN=0(p(f)), where o4(¢(f)) is the spectrum of ¢(f)

relative to A.

Furthermore, for any f€B(S,2), A—f is invertible if and only if 2
does not contained in the closure of the range of f, in this case (A—f )l
B(S,2). Thus (AI—¢(f)) 1=¢[(A—f)71] exists if and only if 2 does
not contained in the closure of the range of f.

Therefore, we have

(2) 04(¢p(f))=Closure of the range of f.
From (1) and (2), we have
o(p(f))=Closure of F(S).
If f is a continuous function on S, then o(¢(f))=F(S).

For a T€B(X), the spectrum ¢(T) is the nonempty compact subset in
C. Conversely, if S is any nonempty compact subset in C, is there any
operator T€B(X) such that ¢(7)=S ?. The answere to this question is
following:

2.4 COROLLARY. For any compact subset Sx[ ]| in C
o (ge) =S,
where ¢ . S—S is the fuﬁction defined by e(s)=s, s&S8S.
For, since the function e is continuous on S, e=B(S,2). Thus o(¢e)=
range of e=S by the proposition 2. 3.

From proposition 2.3 and Corollary 2. 4, we have the following immediate
consequence.
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2.5 COROLLARY. For any continuous function f&B(S,2).

a(H(f))=f(a(fe))

2.6 THEOREM. Let ¢ : B(S,2)—A be a continuous representation and
Q : B(S, 2)—>B(S, 2) be the operator of multiplication by an independent variab-
lein S. Then an operator J with the following diagram is commutative. i e.,

B(S, 2) —Sb> A
Q| 4 |4 Je—ee
B(§,2)— A
if and only if J is the scalar operar ¢ (e) =L'3E (ds).
If J is a scalar operator JSsE (ds), then J=¢Q¢™L
Proof. Since
@) () =¢Q1) =] sFOEWE) = () (IEW) = (#©) (1))

for each f €B(S,2), Jo=¢Q implies that (JP)f="[(¢e)¢If for any
feB(S,2), i.e., Jop=¢(e).
It follows from Corollary 2.2 that J=¢(e) =LsE (ds).

Conversely, if J=¢(¢), from the above calculation the diagram is commu-
tative and J¢=¢Q. Thus J=¢Q¢ ! holds.

In general, Let Q : B(S, 2)—B(S, 2) be the operator of the multiplication
by g€B(S,2). Then the operator J, with J=¢Q, if and only if

Jo=¢(g) ——-Lg(s)E(ds). In this case J,=¢Q,d .

3. A complex measure induced by a linear functional
It is well known that a complex measure on the sigma algebra of subsets
of a set is defined by means of the spectral measure as
Uy (0)=(E(@@)z,y) for 62 and z,yc H.

Here we consider a complex measure induced by a continuous linear func-
tional on A= {¢(f) : f€B(S,2)} c&(H), and will be formulated an inte-
gral representation of elements in the dual space B*(S,2) of B(S,2).
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3.1 THEOREM. Let ¢ : B(S,2)—ACRK(H) be the continuous representat-
jon, and let ¢ be a continuous linear functional on A= {p(f) : fEB(S, 2)}
equipped with the strong operator topology. Then the formula

$(E(0))=p4(0), 02
defines a complex measure on 2. And each element '¢ in B*(S,2) can be
represented by the form

@O = FGuyas,

where ¢/ is the dual of ¢.

Proof. It is obvious that x,((7)=0.
We have to show g4 : 3—C is countably additive. For any disjoint family
{032, < 2, the sequence {E(J;)}; is orthogonal projections and so {E(5,)x};
is an orthogonal sequence of vectors in H for any z& H. Therefore,

15 EGYale=ZIEG) = IECUs)ale<lall,
thus Zj;E (6;))z is summable. It follows that _gE(ﬁi)x=E(le115;)x converges
to g} E(5,~)x=E(_Lj d)z. This means that _ZjE(B,-) converges to the opera-

tor 1, E(0;) with respect to the strong operator topology. Therefore, by the

i=1

assumption on ¢, é(éE (6,~)> converges to ¢(§E (5,~)) =¢<E <§15,-) )

Since ¢(5E0)) = Eus(), we haveFus ) —m(02:)
Now, since any f€B(S,2) is the uniform limit of some Z-simple func-

itons {ZV'_. aix,;i} and "Za,-E (6;) convergesto ¢(f) with respect to the uniform
i=1 n i=1

operator topology, whence {i}a,-E (5,-)} converges strongly to ¢( ). There-

=1

fore, ¢ (;‘]:1 o F (5,-)) = é a;1t5(0:) converges to ¢(H(f)) =Lf ()pg(ds). Fur-

thermore, we may consider ¢ €L (B(S, 2), A) (The set of all bounded linear
operators), there corresponds a unique dual operator ¢/ €L(A4* B*(S,2))
such that [[¢l|=||¢’{| and Ppop=¢/¢. Hence we have

@O =[ FO 1@, reBS, ).

It is evident that [|¢/ll<lIll since p(AIN<IFH.
This completes the proof.
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In the Theorem 3.1 we assumed ¢ is continuous on A equipped with the
strong operator topology so that g, is countably additive. If ¢ is continuous
on A equipped with the uniform operator topology, then the same result
holds as in the Theorem 3.1 through simpler calculations. In this case we

observe the followings:

Let A* be the dual space of ACB(H), then obviously A* is closed with
respect to the topology induced by the norm of a linear functional. We
consider thestrong topology on A*, namely that a sequence {¢,}, in A*
converges to ¢ if and only if

6.(O(f))—d (D (f)) for any ¢(f) €A

And we denote the strong closure of A* by As. Here we carefully disting-
uish the strong operator topology from the strong topology.

3.2. PROPOSITION. Let Y= {u;: ¢ As}, thenY is a Banach space with
respect to the norm :

llpgll=sup {1 £, (0) | : €2}, |yl <lidll

Proof. It is easy to check that Y is a normed linear space. For the com-
pleteness, let {;} be a cauchy sequence in Y, then

Nets,— 5,1 = | 184, (0) — 114, (8) | >0 as m, n— o0 for any d€2.
Since each ¢, continuous on A equipped with the uniform operator topology,

and any ¢(f)<A can be approximated by a sequence {;Sl a;E(6)},

[0a( D (F))—Euld(F)) |0 as m,n—o for any ¢(f) € A.
Thus lim G.(p(f)) exists for each ¢(f) in A. If we put
lip . (Q(F))=0(d(F)),

then ¢ A* and ¢ is a linear functional on A. Moreover, for any >0 there
exists an N>0 such that

16,(¢p(f)) —d(¢(F))|<e for any n>N.
Thus
6@ (FN1<ldn@(F)) | +e<lignlllg (O ll+e

so we have

16@UN I<lignllig (N for any ¢(f) A.
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It follows that ¢ is continuous on A equipped with the uniform operator
topology, thus

1) =¢(E@)), 63
defines a complex measure and p,€ Y.

Since ws(tfl)gzlleb(sb(f ) 1=lgll, obviously llgll<llgll.

We consider a set {g;: g A*}. This is a normed linear space with the
same norm as stated above, and the map u: A*— {y; : g A¥) defined by
u#(¢$) =g, is continuous since [l <ligl]. )

It is not difficult to show the following

3.3 PROPOSITION. A map p: As*—Y defined by p(¢) =y, may not be
continuous, but it is linear, bijection and open (the inverse is continuous).

Exampie. Let H be a sepable Hilbert space. We shall obtain an explicit
form of a linear functional on £(H) such that ;i ¢(E(,)) is summable.

Let v=(—‘%—, 7.2@2)7) 1Bl <l (h=1,2.3,...) for i€N. And let P,

be a projection operator to the first coordinate of the vector v7, T€B(H).
If we put

é=Piov and ¢(E(S))=p,(0) (B&2)
then p, is a complex measure such that i}l #3(0;) is summable for any dis-

joint family {8;}; in Z.
For, since each operator on H can be represented by a matrix (a;) with

f] laz|2<<o (k=1,2,...). (We note that if the operator is the form ¢(f),
i=1

then each «; is a function of f.)
Therefore

- - /
§(T) = E e 16(T) 1< Gy lan] <o0

by the Schwartz inequality. Moreover since each E(d;) is a projection ope-

rator on H, some part of the diagonal elements are equal to 1 and remai-
ning elements are zero. Therefore,

|6(E()) | <% and gllgb(E(Bi)){gl

Thus }:’ #,(3;) is summable.
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In this example,

8GN = SO @ =T Bhan (1.
We leave, however, the following questions:
(1) If H is a separable Hilbert space, is there another kind of an explicit
form of a linear functional on &(H) other than the stated above such that

2¢(E (8,)) is summable?
(2) Let H be a separable Hilbert space. For any linear functional on

B(H), is there any explicit form such that ikﬁ(E (3;)) is summable ?

4. A unitary equivalence of two continuous representations

Let ¢, ¢ : B(S,2) — 8(H) be two continuous representations. We put
o) =E() and ¢o(d;) =F(5) for 6. Then it is easy to show that E(5)
and F(8) are unitarily equivalent for any 62X if and only if ¢(f) and
¢o(f) are unitarily equivalent for any f€B(S, ).

Now, we will find conditions under which two representations are unita-
rily equivalent.

4.1 DeFINITION. Two continuous representations are said to be unitarily
equivalent with respect to B(S, 2) if there exists a unitary operator U such
that U*¢(f)U=0¢(f) for all f&B(S,2). We denote it by U*¢U=9¢p
w.r.t. B(S,2).

4.2 DEFINITION. A representation (not necessarily continuous) ¢ : B(S, 2)
— 8(X) is called cyclic if there exists a vector z&X such that the set
{¢(f)x:fEB(S,2)} is dense in X. In this case z is said to be a cyclic
vector.

I {(f)x:feB(S,2)} =X, ¢ is called a strictly cyclic representation
and z is said to be a strictly cyclic vector.

4.3 PROPOSITION. Let ¢ : B(S, 2)~>AcC&(X) be a (not necessarily conti-
nuwous) strictly cyclic representation. Then A= {¢(f) : f€B(S,2)} is the
mazximal abelian subset of R(X).

Proof. Let z be a strictly cyclic vector, then Tz&X for any T€B(X).
Hence there exists an f&B(S, 2) such that Tz=¢(f)z. X To(g)=¢ (@ T
for any g=B(S, ), then

To(g)z=¢ (@) Tr=¢(g) ¢ (flz=¢ ()¢ ()=
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Thus we have T=¢(f), therefore A is the maximal Abelian.

Now, we shall show that a condition for which two continuous represe-
ntations are unitarily equivalent.

We consider a subset By(S, 2) = {f€B(S,2) : closure £(S) %0} of B(S,2)
and put Ay={¢(f) €B(H) : fEB(S, 2)}.

4.4. THEOREM. Let ¢ : B(S, 2)—>&(H) be a(continuous) representation such
that there exists a vector x with Agx is dense in H. And let ¢ be another
cyclic representation with a cyclic vector y. If (E(0)z,z)=(F(0)y,y) for
any 02 then ¢ and ¢ are unitarily equivalent with respect to By(S,2),
where F(0) =¢p(X;), 6€2.

Proof. Since AyC A, obviously ¢ is cyclic and z is a cyclic vector. More-
over (E(0)z,z)=(F(0)y,y) for each d€X implies (¢(f)z, 2)=((f)y )
for any feB(S, 2).

We define an operatorU such a way that if

Up(flz=¢(f)y, fEB(S,2)

then Uz=y and U is densely defined linear operator with the range is also

dense in H. Moreover, since ¢(|f|2)=¢(F)¢(f)=¢(F)*H(F), we have

@) W)z UH(F)2)=0(F)30(f)3) = @)z (f)a).
Thus U is bounded Inear on a dense subset of H, whence U is defined on
H. Here we denote the extension U of U, defined by U(lim.z,), Uz,=
Uz, for each », by the same symbol U.

From the assumption, for any z&H there exists a sequence {f,}, in
By(S, 2) such that ¢(f,)z—=z. It follows from (1) that

(2) (Uz, Uz) =(z,2) for any z€H.

And for any z=H there exists a sequence {g,}, in B(S,2) such that

o(g)y—v. Thus Ud(g,)z=¢(g)y—v. That is, Uw=v, where
u=lim¢ (g,) z€ H.

Hence U is a surjection. This fact together with (2) implies that U is a
unitary operator, namely (Uz, Uy) = (z,y) for any 2 and y in H. Thus
U*U=UU*=L

Since U (flx=¢(f)y for any f€B(S,2), we have

[o(f)—U*G(f)UJx=0, f€B(S, 2).

And since I=¢(1) =¢(71;>¢(f) for any fE€B,(B, ), it follows that ¢(f)

=U*p(f)U on the dense subset of H.
From this and the fact that ¢(f) —U*@(f) U is continuous on H, we have
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O(f)=U*0(f)U on H for any f&By(S,2), that is,
o=U*pU w.r.t. By(S,2).
We have proved the proposition.

In the above discussions, we may consider the cyclic vector y belongs to
another Hilbert space K, HxK, and we define V: H— K by
Vo (f)z=¢(f)y for each f€B(S,2).
Then similar arguments as above, we have (Vu, Vv)g= (4, v) g for any «
and v in H. Thus we have the following result:

4.4 PROPOSITION. Let ¢ : B(S, 2)—R&(H) be a (continuous) representation
such that there exists a vector z with Ayz dense in H. And let ¢ : B(S, 2)
—&(K) be a continuous cyclic representation with a cyclic vector y. If
(E(®)z,x)=(F(0)y,y)for any 6=Z, then there exists an isometric operator
V : H—K such that )=V *pV w.r.t. By(S, 2).
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