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Introduction

The theory of distributions is, among other things, a language. With its
aid, many of the operations of classical analysis can be performed univer-
sally. When applied to convolutions, however, the theory has a serious flaw:
the convolution of two distributions is not defined unless one of the distri-
butions has compact support. (We refer here to the definition as it is most
commonly given.) Hence the theory leaves out important topics, such as L1
algebras, where the compact support hypothesis is not satisfied.

This article attempts to remedy that defect, while at the same time stay-
ing close to standard treatments of the subject. It is our aim to show that,
by making a fairly simple modification in the definition of convolution, we
obtain a comprehensive notion given once and for all which covers most of
the classical cases.

Previous work in this direction has been done by Chevalley ([27;see also
[4], p. 498), Shiraishi [17], and others [8,11]. It seems that Shiraishi
has given the best definition, and our development is based on his approach.
Here and in [21] we have attempted a systematic development, tying toge-
ther integrability and the operational calculus connected with it, convolu-
tion, associative laws, and some applications. There is one detail in which
our development differs from others, and this may be worth mentioning.
While all of the above mentioned approaches (including ours) use the same
space of test functions, we use a different topology, the so called “strict
topology”. (A description of the test function space, £(R#), and its topo-
logy is given in Section II. )

Now to return to our problem. Ideally, one would like to define the con-
volution for two arditrary distributions. Unfortunately there does not seem
to be any natural way to do this. All de finitions proposed so far, including
ours, apply only in certain cases. Moreover there are counterexamples, invol-
ving e. g. the question of associativity for triple convolutions, which suggest
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14 Heekyung Kang Youn and Ian Richards

that such limitations are inevitable. The standard definition of convolution for
distributions requires all but one of the distributions to have compact sup-
port. But there are other cases, such as the convolution of measures, where
quite different principles are invoked. Thus we have several different instan-
ces of convolution, all obviously related, yet each one requiring slightly
different treatment. What is wanted is a single notion of convolvability that
combines all of these cases, and that specifies at the outset which distribu-
tions are convolvable and which are not.

QOur approach is to start with the well known fact that, formally speak-
ing, the convolution f*g acting on a test function =D (R}) is equal to the
2k—fold integral

[ 0@ |5 @8 () dydz

=[] o @+ 5 @5 () dady,

where the variables z, y&R: The question is: what should this integral
mean when f&€@’ (R*) and g @’ (RY) are distributions ? In particular, for
which pairs f, g is it defined ? Looked at this way, the question reduces to

defining JR;J: (z)dz, h being a distribution on R* and % an integer (here £

replaces the 2% above). Now, still proceding formally, L;Jz (x)dz 18 equal

to the “inner product” of the distribution 4 tested against the “test function”
1. Thus we are led to introduce a test function space which contains the
constant function 1, namely:

& (R¥) =the space of C” functions on R* which are bounded together with
all of their mixed partial derivatives. [In Section II we will give an appro-
priate topology on £(R*) so that D(R®) is dense in B(R*) and hence its
dual space & (R¥) <@’ (R¥).]

Now we define a distribution 2€ @’ (R*) to be “integrable” if it has an
extension to a continuous linear functional on £(R%) (i.e. if he& (RY)). Of

course we set .[Rkh (£)dz=<h,1)>. Finally we will define convolvability of

two arbitrary distributions f, g€ @’ (R*) in terms of this notion of integr-
ability: Briefly, f and g in @' (R%) are called convolvable if the distribution
o(z+y)f (@) g(y) €D’ (R?*) is integrable for every test function =D (RF).
Then f*g is given by the formula

(frg, o=\ 20 (z+3)f (2) g (y) dzdy.
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It is important to note that the expression ¢ (z+y)f(z)g(y) always exists
as a distribution on R?: for f(z)g(y) is a tensor product with respect to the
independent variables z,y, and ¢(z-+y) is a C” function, so that all of the
multiplications indicated here can be carried out. Only the integrability of
¢(z+y)f(z)g(y) is in question, and this is decisive for the convolvability
of f and g.

The space &’ (RF) of integrable distributions turns out to consist of all
finite sums of derivatives of bounded complex measures: i. e. every fe&
&' (R¥) has a representation as a finite sum f=34,, where the py, are

bounded complex measures. This is proved in an Appendix, which deals with
structural questions. (We prefer to keep the core of our development, in Sec-
tion II, independent of such questions.) Recall that we have defined the
convolvability of two distributions f and g to mean integrability of ¢(z+4)
F(x)g(y) for every test function . Now ¢(z) € D(RF has compact support,
but of course ¢(z+y) does not; its support is an “infinite strip” in the pro-
duct space R¥*X Rt Thus the convolvability of f and g depends on the be-
havior of f(z)g(y) along such strips: briefly, the restriction of f(z)g(y)
to these “strips” must be integrable.

Our definition of convolvability can be looked at from a different view-
point. In Section II we will introduce the notion of the “partial integral”
of a distribution f€Q@’(R* over a linear subspace VcR: Then it will
turn out that €@’ (R? and g’ (RY) are convolvable if and only if the
partial integral

(fxg) () =|uf(z—3) g (y)dy

exists (where the tensor product f(z—y)g(y) is a distribution on R2%, and
the partial integral is taken over the subspace R* corresponding to the y
variable).

We obtain a Fubini-type theorem, which states that the partial integral
can be iterated, and a “variable constants theorem”. These will be used in
a subsequent paper ([21]) to extend the convolution operation to three or
more distributions.

Having outlined our approach, this may be a good place to mention one
of the main difficulties in generalizing the definition of f*g. Recall that
the standard definition requires one of the distributions, say g, to have
compact support. This suggests that we use a sequence of g, with compact
support to approximate an arbitrary g. The extension to more general g
would then be made via continuity. Unfortunately, however, under the
distribution topology the convolution f*g is not even a closed operator as a
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function of both variables, and hence is certainly not continuous (For a
counterexample, see the end of Section III.). Of course in certain classical
cases, e. g. in convolving functions in L? with those in L9, p 14+471>1,
there is another topology-namely the L#XIL¢ topology-in terms of which
the convolution is continuous. But this would require introducing a different
topology for each special case; and that is precisely what we want to avoid.

A key property of the definition {f*g, 0> =| 2 (z+3)f (2) g () dzdy

given above is that it is symmetric in f and g; thus it automatically allows
various growth and decay conditions on f and g to balance each other out.
To complete this approach, we need to put a topology on the test function
space Z(R*). The appropriate choice is the so called “strict topology”.
Loosely speaking, this is the topology of uniform convergence on compact
subsets, together with global uniform boundedness: ¢,—>0 in Z(RF) means
that, for all derivatives ¢, (with « fixed), ¢,?(z)—>0 uniformly on
compact subsets as n—>co, and there exists some constant M, such that
0,2 (x) | <M, for all z,n. Actually, the strict topology is not first-coun-
table, but for most purposes one can treat it as if it were. It has been studied
by Buck, Herz, Rubel, Collins [1, 6, 13, 3] and others.

The introduction of a “new” (i.e. not completely standard) space £(R¥)
may seem a heavy price to pay for defining convolution more generally. How-
ever, the resulting development is completely straightforward. Only a pre-
liminary knowledge of the theory of distributions is needed to follow our
demonstrations (we do not even use the closed graph theorem). Instead of
topological vector space arguments, we use “mesa functions” (C” functions
with compact support which are identically 1 over a given interval) to loc-
alize the problems.

As for the applications, which will be discussed in Section III, our goal
is to show that various classical cases of convolution fit into our framework.
In addition to the cases mentioned above, we will find that the Hilbert trans-
form and the generalized Hilbert transforms can be defined as convolutions
between their kernels and L?# functions. We do not prove here hard analytic
theorems like the boundedness of the Hilbert transform in L?, because our
purpose is merely to provide an abstract framework for studying such ques-
tions.

The reasons for seeking such generality are, of course, mainly linguistic.
Thus consider the one dimensional Hilbert transform: formally it may be de-
fined as a convolution, T(f)= (1/x)%f. But, under the classical definition,
since the kernel 1/z is not L! and does not have compact support, (1/z)*f



On the general definition of convolution for distributions 17

is only meaningful when the function f is smooth. The classical method for
avoiding this difficulty is to state the key theorem very carefully;thus it mi-
ght read:

(1) The operator T(f) = (1/z)*f is well defined for functions f which are
C” with compact support;

(2) if 1<<p<(oo, the resulting operator is bounded in terms of the L'-norm;

(3) therefore T has a unique extension to a bounded operator on L2

However, as we shall see, it is easy to show that (1/z)*f exists as a
distribution. Then the above theorem can be stated:

For 1<<p<{oo, if f&L?, then (1/z)*fEL?, and ||(1/z)*f|,SC,lIf

I. Standard preliminary results

We will establish some notations and definitions and state some basic facts
from classical distribution theory. For more details, we refer the reader to
Edwards [4] and Yosida [207].

Notations. Let ¢(z) be a complex valued C” function on R* and a= (a,
..., a) be a multi-index with @;>0. Then |a| denotes a;+---+a; and
0@ (z)=(0!2! [0z 10...02,7) 9 (), 2= (z1, ..., 73) ERE,
Let a=(ay, ..., az) and B=(By, -.-, B1). We say a>8, if a;>p;
Let z=(zy, ..., zz) €ER: Then |z|=max (x|, .... |zz]).
Let f be a continuous linear form on a topological vector space X. We
will denote f(z) by {f, z), z€X.

The following test function spaces are standard and very well known ex-
cept for ZB(R%).

DEFINITIONS. We will work on real Euclidean space R* and consider the
following families of test functions:

1. 1. D(R*) is the space of C” functions with compact support on R,
endowed with the following topology: A family of functions U in @ (R®) is
open if and only if UNDk is open in D for any compact subset K in R¥;
here @Dx consists of all C* functions with support on K with the topology
given by the family of semi-norms ||¢|l,, x=IDax sup lo® (z) ], pEDx and

a a multi-index.

1.2. &(RY) is the space of all C* functions on R} with the topology
given by the family of semi-norms ||¢ll.,x defined in (1.1) above (however
here these semi-norms determine the topology directly; the much stronger
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topology in (1.1) is the direct limit of restrictions to the subspaces D).
[The dual spaces @’ (R*) and & (R*), defined below, are just the space of
all Schwartz distributions and the subspace of distributions with compact
support. |

We will consider £(R*), which is not so well known, but will be essen-
tial for our development of convolutions between distributions.

1.3. B(R*) is the space of C” functions on R* which are bounded toge-
ther with all of their mixed partial derivatives. We will define a topology
on K(R*) later, in Section II

1.4. We denote by @’ (R}), & (R}, and &(R¥), the spaces of distribu-
tions formed by taking the duals of D (R#), & (R*) and &’ (R?), respectively.

It is evident that the spaces D (RY, &(RH, &(R¥), D’ (RH), & (RH, and
&' (R¥) defined as above are tcpological vector spaces. Furthermore it will
turn out that @D (R¥) cB(R*) —E(R*) and that & (R¥) <&’ (R¥) Q' (RH).

A notational remark. Very often we will consider spaces D(U), &(U),
etc., where U is a linear subspace of RE. We will not give any detailed
description of these spaces, since they are self explanatory. There is only
one point worth mentioning. The identification of ordinary fucticns f(z)

with distributions is via the inner product {f(z), ¢(2))=|f(2) ¢(z)dz.

When we break up R? into the direct sum of two complementary subspaces,
RE=U®YV, then we want the Haar measures du, dv and dz to be norma-
lized so that dz=dudv. We will always assume that this holds.

Let us now define the support of a distribution.

1.5 DerFmNITION. For a distribution f, we define the support of f to be
the smallest closed set F in R% such that, for any ¢=C” which belongs to
a proper test function space and is supported outside of F, {f, ¢)=0.

1. 6 DEFINITION. Let ¢,€@(R¥. Then we say that ¢,——0 in D(R¥), if
there is a compact set K in R* such that the supports of the ¢,’s are all
in K, and ¢,——>0 uniformly for any multi-index «a.

The following theorems are well known. So we will skip the proofs, with
a reference to Edwards [4] and Yosida [207.

1.7 THEOREM. fE€D' (RY) if and only if {f, 0,0—0 whenever ¢,—>0
in D(RY).

ReMARK. The topology on D(R} is not first countable. That is why
Theorem 1.7 is interesting.
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1.8 THEOREM. & (R®) consists of distributions which have compact support.
Finally we will define the tensor product of two distributions.

1.9 DEFINITION. Let U andV be complementary subspaces of R% (i e.,
UDV=RF and UNV=1{0}) and let f(u) and g(v) be arbitrary distributions
in @ (U) and @’ (V), respectively. Then the tensor product f(u)g(v) is
that distribution on R* given by {f(x)g(v), ¢ (u, v) ) ={f(w), {g(v), ¢ (u, v) D
for any ¢(u, v) €DQUDV)=D(RH).

REMARK. Since g is continuous and ¢ has compact support, 8(x) ={g(v),
¢(u,v)) is a C” function with compact support. Hence the above is well

defined.
1. 10 THEOREM. The tensor products is commutative: f(u)g(v)=g)f(w).

1.11 DermITION. Let U and V be complementary subspaces of R and
let f(x) be a distribution on U (i.e., f€D'(U)). Then we define the ex-
tension along V, f(u,v) of f(u), to be the tensor product of f(z) with the
distribution g(v)=1 on V. (This corresponds, in the case of ordinary fun-
ctions, to setting f(u, v) =f(u).)

II. Convolution of two distributiorns in @' (R%).

In this section we will define convolution between two distributions in a
natural way. We will use the fact that 1€&(R¥), and if f and g are in
LY(RY and ¢=D(R*) then

(Frg 0= @ af e=9 (N0 (@) dydz
[ | S @2 o(a+y)dndy,

which we can formally describe as {f(z)g(y)o(z+y), 1). That is, {fxg,
oy is f(z)g(y)o(z+y), as a functional on B(R%*), evaluated at 1. (Recall
that Z(R*) denotes the family of C* functions on R* which are bounded
together with all of their derivatives. )

In the following, we will give an appropriate topology on & so that @ is
dense in & Then we will define a distribution €@’ to be “integrable” if
it has an extension to a continuous linear functional on & (i e. if fe&’).
Finally we will define “convolvability” of two arbitrary distributions f, g€
@’ in terms of this notion of integrability.

2.1 DEFmNITION. The topology on &(RF) is given by the family of semi-
norms: for o€ & (RY),
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lllpe=suplo(z)9 () |,

where p(z) is a continuous function on R* which approaches zero as|z|—> o,
and « is a multi-index.

This topology, sometimes known as “the strict topology”, has been studied
by various authors [1, 6, 13, 37.

2.2 DEFINITION. We denote by &’ (R¥) the space of distributions formed
by taking the dual of &B(R¥).

REMARKS. ¢,—0 in &(RF) (i.e. llp,ll,,.—0 as n—oo for all semi-norms
It l,e) if and only if, for each multi-index a, the sequence ¢, is unifor-
mly bounded on R* and converges to zero uniformly on compact sets. Even
though the space Z(R¥) is not first countable, this description in terms of
sequences is adequate for most purposes (cf. Proposition 2.3 below).

2.3 PROPOSITION. The space B(R¥) coincides with the set of all finite sums
of derivatives of bounded complex measures. Thus every f& & (R¥) has a repre-
sentation as a finite sum f=21,'?, where the u, are bounded complex mea-

sures.

Furthermore, a distribution f&€@’ (R*) is continuous on B(R?) (i.e. f€
& (R¥)) if and only if, for every sequence ¢,=D(RF) (not&(R¥) : ¢,—0
in the topology of £(R®) implies {f, p,o—>0.

We will give the proof of this proposition in an Appendix. Because it is
somewhat less elementary, Proposition 2.3 will not be used in the rest of
the paper.

Now let us see that D (RF) is dense in &(R*) in the topology of R(R¥).

2. 4 PROPOSITION. The space D(RY) of test functions is dense in B(RY) in
the topology of £(R¥).

We note that Proposition 2.4 would fail if, instead of the strict topology,
we had used the topology of uniform convergence on Rk

Proof. Choose “mesa functions” 8,€D(R*) so that:
1 0,(x)= (lz] =max]z;]) ;
0 if |z]=n+1,
(2) for each «, |0,°(z)| is bounded independent of #, z.
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Figure 1. A sequence of test functions converging to 1 in the manner of Proposition 2. 4.

(This is easy to achieve: for a 1-dimensional picture, see Figure 1; the
#—dimensional case is handled by taking products of functions like those in
the figure. )

Let o &(R¥). Then since 8,(x)p(z) €D(RY), it suffices to show that
0,0—¢ in B(R¥). But (1) implies, for any multi-index a, (0,p) @ (z) =p@
(z) for |z|<ln, which in turn gives uniform convergence on compact sets.
Also (2) together with the Leibniz formula for (8,p) “gives us uniform
boundedness of (6,0) @. Hence we have 0,0—¢ in B(R¥) with 6,p0€D(R¥),
which proves the proposition. Q. E. D.

It is evident that the topology of D(RH is stronger than the topology on
Z(R¥). Hence we have that every distribution in &’ (R¥) corresponds to a
unique distribution in @’ (R¥). The same relation holds between &(R*¥) and
R(R¥). That is, &(R* is dense in &(RY in the topology of &(R%), and the
topology on B(R*) is stronger than the topology on &(R%). Hence we have
the following proposition.

2.5 PROPOSITION. & (R¥) &' (R} Q' (R¥).
The next proposition is about the tensor product in &Z(R¥).

2.6 ProrosITION (Closure). (a) Let U and V be complementary subspaces
of Rt so that R*=U®V. Let f(u)and g(v) be distributions in & (U) and
&' (V) respectively. Then the tensor product f(u)g(v) €& (RF).

(b) feB' (RY), ¢o=B(RY) implies of €&’ (R¥); furthermore, if $<=R(RF),
then {of, & ={f, §D§b>

(c) fER (RH implies f @' (R¥) for each multi—index «; if QSR(RY),
then Of [0z, $)=<f, —0{/0x1y, and similarly for other partial derivatives.

Proof. The proofs of (b) and (c) are almost trivial, but there is one
logical point worth mentioning. Take (c): if the test function ¢ were in
D(RE), then the identity {0f/dzy, ¢) =< f, —o¢/0zx,y would be true by defini-
tion. But since ¢=&(R*), we must approximate ¢y by a sequence of func-
tions ¢,€D(R¥ such that ¢,—¢ in the topology of Z(R¥. Then also
0,0z, —0) [0z, in B(R¥), and we are done.
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For (a), we could use the structure theorem (2.3) (proved in an Appen-
dix). However we prefer to give a more conceptual proof.

LEMMA. Let o= &(RE). Then for each partial derivative, say 0/0x;, we
have

3qo/ax1=lhi£101[go (x1+ b, 22y ony zp) — (2, ouzp) 1/ R

in the topology of B(R*).
Proof. Routine.
Now we go back to the definition of the tensor product (1.9).

(f(u)g(v), @(”’ 7))>=f’ (u), <g(v), gD(”& 'U) >>-

This definition applies just as well to “test—functions” p=&(R*) as to those
in Q(R¥) (here is where the Lemma is needed), and thus the tensor prod-
uct f(u)g(v) gives a continuous linear functional on &Z(R%).

Now we define integrability:

2.7 DEFINITION. A distribution f€@’ is integrable if it can be extended
to a continuous linear functional on £ (i.e. f€&’). The integral IR" Flx)dz
is defined to be {f, 1).

With the above definitions and propositions in hand, we are ready to de-
fine our main object.

2. 8 DermITION. Two distributions f and g in @’ (R¥) are convolvable if,
for every test function oD (R¥), the distribution ¢(z+3)f(2)g(y) (€D’
(R?%)) is integrable over R2%, i.e. ¢(z+y)f(x)g(y) €A (R%). In that case
we define the convolution fxg by;

(fxg, 0y =Cp(z+3)f(z)g(y), 1.
The following proposition will show that the convolution defined by De-
finition 2. 8 is in fact a distribution in &’ (R¥).

2.9 PrROPOSITION. If ¢(z-+3)f(z)g(y) €& (R2E) for every o= D (R¥), then
fxg defined by Definition 2.8 is continuous on D (RF¥).

Proof. Applying Theorem 1.7, let ¢,€D(R¥) be such that ¢,— 0 in
D(R¥ and let K be a compact set containing the support of ¢, for every .
Choose a mesa function 0,€ D (R¥) with fx(2) =1 for z&K. Then ¢,(z+y) =
0.(z+y)0x(z+y). Hence

<f*g: §Dn>=<(0n (I+y)f(x)g(y)1 1>
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=<0K(x+y)(on(x+y)f(x)g(y)’ 1>
= (z+9f (@) g (), o.(z+y))
—Ox(z+)f (@) g(y),0> =0 as n—o0,

because Ok (z-+y)f(z)g(y) EL (R%*) and ¢,—0 in D(RE) implies ¢,(z+y)—0
in B(R?).
Hence f*g is continuous. Q. E.D.

Our last definition introduces the notion of partial integrability; this leads
to an “operational calculus” on distribution space.

2.10 DEFINITION. Let U and V be complementary subspaces of R* (i e.

R:=U®V and UN V={0}). We say that a distribution f€@’ (R?) is par-
tially integrable over V if for each ¢ (u) €D (U), the product ¢ (u)f (u, v) is

an integrable distribution on R: We define JV f(u,v)dv to be the distribu-

tion on U given by

¢ (@) —<p W) f (w, 0), 1).

REMARK 1. By choosing a 8, (U) as in the proof of Proposition 2.9,
we can easily verify that ¢ («) —=<p (@) f (s, v), 1) is continuous on D(U).

Another question is whether the existence of Ivf (#, v) dv is independent of

U. But if U’ is another subspace complementary to V, then the correspond-
ing variables # and «’ are related by a non-singular linear transformation.
The resulting distributions on U and U’ are transformed in the same ma-

nner, of course. A complete structural description of when J f(u, v)dv exists
v

is given in an Appendix. We observe that f is “integrable over R¥" if
and only if f is “integrable” in the sense of Definition 2.7.

REMARK 2. It is natural to choose the Haar measure on U, V, and R* so
that the measure on R* is the product measure corresponding to those on U
and V. Actually, this assumption plays no part in the purely distribution—
theoretic results below, because the notion of an abstract distribution (as a
linear functional on a test-function space) does not involve Haar measure.
It is in the transition from functions to distributions, via the formula {f, ¢)

=Jf (z)p(x)dz, that the Haar measure plays a role.
REMARK 3. Of course the partial integral of f over V may exist even

when f is not integrable over R: A simple example is f(u, v) =g(w)k(v),
where g is any distribution in @’ (U) and re& (V).
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2. 11 LEmMmA (Consistency). Let the subspaces U and V be as above, and
let 1 be a finite complex measure defined on RE Then the “partial integral”
difined in (2.10) corresponds to the ordinary partial integral of measure
theorsy.

Proof. For convenience, let us denote by v, and v; repectively the mea-
sure~theoretic and distribution—theoretic (Definition 2.10) entities defined

formally by the partial integral jvy (4, v)dv. We have to show that the
measure v, corresponds to the distribution v; in the usual way, i.e. that,
for all test—functions ¢ (x) €D (U), L}(D (W) dvp=va 0.

By measure theory we have

[ o@avn=| _ o@adut,

where the ¢(z) in the right hand integral is the natural extension of ¢ (x)
from U to RE=U®@YV. From Definition 2. 10 we have (g ¢)="{0 (x) u(x, v),
1), and since g is a finite measure and ¢ is bounded, this coincides with

Lj@ @, 2), as desired. Q E.D.

The above definition of the partial integral enables us to describe f*g in
a very function-like way.

2.12 THEOREM. Two distributions f and g on REF are convolvable if and
only if the following partial integral exists (and then that integral gives the
convolution)

(fxg) (2) =\ uf(z—2)g(9) dy,

where the tensor product f(x—y)g(y) is difined on R,

Since non-singular linear changes of variables are permissible in distribu-
tion theory, it follows that tensor products such as f(z—»)g(y) are well
defined.

Proof. The partial integral Lk flz—y)g(y)dy exists if and only if ¢(z)

fla—y)g(y) €® (R for all o(z) €D(R¥. But, since non-singular linear
changes of variables map & (R¥)into itself, ¢(z)f(z—y)g(y) €& (R¥) is
equivalent to ¢ (z+¥)f(z)g(y) €& (R?*), which in turn implies that f and
g are convolvable. Q. E. D.

The following extension lemma is based on the fact that if ¢ (v) €&(V),
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X=U®YV, then ¢, v)€&(X), where ¢(u,v)=¢{) (G.e. ¢(u,v) is con-
stant along all lines parallel to the subspace U). We note that the corres-
ponding statement for D(V) is false.

2. 13 EXTENSION LEMMA. Let X=U®@V. Then the map defined by mapping
each function ¢ (v) on V inte ¢(u,v) =¢(v) is continuous in the topology of
B(X).

Proof. Clear.

As a corollary of (2.13), we see that the following is well defined (it
depends on U as well as V):

2.14 DEFINITION. Let X=U®V, fe& (X). Then the restriction f|&(V)
of f to (V) is defined by applying f to the extensions ¢(z, v) =¢(v)
described in the above lemma.

REMARKS. In other words, the restriction of f to 8(V) is the dual map
& (X)—#& (V) to the map given in the lemma. This is equal to the partial

integral ju fu, v)du. We observe that if we considered the standard Schwartz

spaces @ and @, instead of & and &’, then nothing like the extension or
restriction lemmas would be true.

We will now construct “mesa~functions” which will play the role of iden-
tity and will be of great help in the rest of the section.

2.15 EXISTENCE LEMMA. For any ¢ (u,v) EDQ(UDV) there are mesa func-
tions 0(uw) €D(U) and 7(v) €D(V) such that

o (u, v) =0 (W) o (u, v) =0 W) 7(v) o, v).

Proof. Let a>0 be such that ¢(u,v)=0 for |uz|>a or |v|>a Choose
D), 7()eD(V) so that 6(w)=7n(v)=1 for |u|<a and |v|<ea
Then ¢(u, v) =0(@) ¢ (u, v) = 0@ () exv). QED.

The next theorem, together witk the one which follows, forms the main
tool in extending the notion of convolution to three or more distributiens.
This is carried out in a sequel to the present paper [21].

2.16 TuroreM (Fubini’s theorem). Let U and V be complementary sub-
spaces of R and let V be the sum of two complementary subspaces S, T. Sup-

pose that I f(u, v)dv exists. Then the iterated integral I.JT flu, s, t) dtds
Vv

exists and equals J.V f (u, v) dv.
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Proof. Recall the definition of the partial integral (2.10): Given a de-
composition X=Y@®Z of a finite dimensional real vector space X, and a

distribution fe@’ (X), we say Lf(y, z)dz exists if and only if () F(y, 2)

E& (X) for all () ED(Y); then (| f(3.2)dn o)) =@M (32), D.

[In order to understand the minutae of this argument, it is important to
recall that (o ()f(», 2), 1) is defined only indirectly. Originally, ¢o(»)f(y, 2)
is a distribution €@’ (X) (so that it acts on the subspace D(X)c&(X)),
but it is continuous in terms of the &-topology, and so it can be extended
to &8(X). Recall that the constant function 1€&(X), but 1€D(X).]

First we will show that I Fu, s, t)dt exists; its existence implies that it
T

defines a distribution g(u, s) e’ (UDS) (¢f. Remark 1 after 2.10).
Let ¢ (u, s) eD(UDS) and choose a mesa function 8(z) €D(U) so that
¢ (u, 5) = (u, s)0(z) (¢f. Existence lemma 2.15). Then

¢ (a, 5)f (u, 5, 8) =9 (u, 5)0 () f (, 5, £) €& (RH),

because ¢(u, s) €RB(R¥) (clearly ¢(u,s) and its derivatives are bounded),
and 0(w)f(u, s, t) €&’ (R¥) since f is partially integrable over V. (Recall

that pe&, FER implies pFe &, after (2.6).) Thus g(x, 5) =JT Flu, s, D)dt
exists.

Now let us show that g(u,s) is integrable over S.

LEMMA. With the above assumptions on f, let g(u, s) ZL‘ Flu, s, t) dt, and

let 9(u) €D(U). Then o(u)gu,s) =& (UDS) (which means jsg(u, s)ds

exists). Furthermore, if ¢(u,s)€B(UDPS), and ¢(u,s,t) denotes the
natural extension of ¢ from UDS to R, then:

Lp(u) g (u,5), P (u, ))=Lp W) f (u, 5, 2), P (u, s, £)).

Proof of lemma. Begin by taking ¢(z, s) €D (UDS) (and not K(UDS)).
Then:

o) g(u, ), Plu, 5)>=Lg(u, 8), p(@) P (u, 5))

= F s 0dt 0@ )Y = oW 9F s 1), L.

So far we have only used the fact that g(u,s) exists (i.e. that f is parti-
ally integrable over T). Now we recall that, by hypothesis, f is partially
integrable over V, and hence ¢ (u)f(u, s, ) €& (R¥). Thus we may write:
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oW g, 5), ¢ (u, 5)> =L@ f (4,5, 8), (w5, 2)),
still assuming that ¢€D(U®S). By the Extension lemma 2. 13, the natural
injection of £(U®DS) into L(RY given by setting ¢ (u, s, £) =¢ (u, s) is con-
tinuous in the &-topology. Then, since o@)f(y, s, t) =& (RY, it follows
that the mapping
¢ — o) g(u, 5), P, $))=<p W) f (u, 5, 1), o (u, 5, £))

is continuous in the topology of 8(U®S). Hence ¢ (x)g(n,s) & (UDS).
This in turn implies that the preceding identity is valid for all $&&(UDS),
proving the lemma.

To prove the theorem, we apply the lemma to the functions ¢ (z, s) =1yes
and ¢(u,s,¢) =1, (and in addition we use the definition of partial integra-
tion several times). Thus:

<J.JTf(u, s, 0)dt, p(u))>= (fsg (u, s)ds, ¢(u))

= <§D (u)g (u, 5) ’ 1U€BS> = <§D (u)f (ua 5 t) ’ 1Rk> = <J.Vf(u’ 'I)) d'I), 1] (u) > Q- E. D.

2.17 TueoreM (Variable constants theorem). Let R*=U®PV, V=S&T.
Let f(w) €D’ (U), f#0, and g(s,t) €D (V). Then

H(w ) =[_f@a(s nar
exists as a distribution on UDS if and only if
G(s) =Lg(s, t)dt

exists as adistribution on S, in which case H(u,s)=f(u)G(s).

Note. The products involved here are tensor products. This explains why
the multiplier must have the form f(x) and not f(u,s). In defining G(s),
we have regarded T as a subspace of V, not R: It is easy to see what
happens if we extend the distribution g(s,t) from V to R%, by forming
its tensor product with the distribution f(z)=1 on U. There is a similar
extension of G{(s) from S to S®U. Then the above theorem, applied to
f(w)=1, shows that these extensions correspond in the obvious way.

REMARK. The above theorem fails if f=0.}

Proof of theorem. Let us assume that H(w,s) is defined and show that
G(s) is defined. Thus we assume that ¢(u, s)f (x)g(s, t) €& (RY) for all
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¢ (u, s) EDQ(UDS), and we want to show that ¢(s)g(s,2) €& (V) for all
o(s)=D(S). Choose functions as follows:

(1) e(e)eD(U) such that {f (), e())>#0;

(2) a mesa function 8(w) €eD(U) such that 8(u)e(u) =2(u).

Take any a(,)eD(V) and ¢(s) € D(S). Then since we have

0(w) (s, t) =€D(R*), we can compute:

@o()fwels, 1), 0@ als, )
=e@f@), 0wy {eglt), alst))
=f(u),e@)) <p(gls1),alst))
by (1) and (2). Hence
{p(s)gls, t), als, £))=Const {e(w)p(s)f(w)gls,t), O als 1)),
where the constant = {(f(u), e(x)) .

Now e(w)o(s)f(w)g(s,t) €ER (R*), since e(u)p(s) eD(UDS) and

f(w)g(s, t) is partially integrable over 7. This shows that the mapping
a — {p(s)g(s, t), a(s, t)) is continuous in terms of the £-topology, i.e. that
o(Ngl, )k (V), as desired. Hence G(s) exists.

Now for the converse: assume that G(s) exists. Let ¢(u, s) €eDUDS).
Choose 8(u) €D (U) and ¢(s) €D(S) so that ¢(u,s) =¢(u, )0 (W) (s), by
Existence lemma 2.15. Then using Proposition2. 6, the tensor product

Ou, )f (W) g (s, 8) =4 (u, )0 (W) f (W) 9 (s) g (s, t) €X' (RF),
because ¢ (u,s) €B(R%) (by the Extension lemma 2.13), 0w)f () €& (U)
(since it has compact support), and ¢(s)g(s, t) €& (V) (since G(s) exists).
Hence L' F)g(s,t)de  exists.

Proof of equality: Take ¢ (x) €D(U) and ¢(s) €D(S). We use the fact
that finite linear combinations of products like ¢(u)p(s) are dense in
DUDS). Then ¢W)fw) e (U), o(gls )L (V), and after Pro-
position 2. 6:

(H(u, $), 0@) () y =L (@) () f (w) g (s, £), 1w
=) f @), 1) {p()g(s £), 1y)

={f@G(s), ¢@e(s)).
Hence H(, ) =f )G (s). Q.E.D.
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IIL. Applications

It was our aim to define a notion of convolution between distributions
which encompasses as many as possible of the classical cases.

3.1 THECREM. Two distributions f, g€ D’ (R¥) are convolvable if any of the
Jollowing holds:

(a) g has compact support;

(b) R¥=R! and f and g have support on [0, oo7;

(¢) f=p and g=v are complex measures, and the convolution of the posi-
tive measures .[Rk\#l (z—y)d\v|(y) is locally finite. In particular, if f€ Lt

and g<L9 and 1/p + 1/9>1, then fxg exists.
Furthermore in each of (a), (b) and (c), the convolution coincides with the
classical ones.

ReEMARK. Theorem 3.1 could be extended to include many other exam-
ples, among them: tempered distributions convolved with rapidly decreasing
distributions, exponentially bounded distributions convolved with exponen-
tially decaying ones, distributions of L? type, etc. In fact, all of these
cases can be gotten from Theorem 3.1 combined with Theorem 3.4 below.

Proof of (3.1).

(@). Let =D (R¥). Then ¢(z+y)f(z)g(y) has compact support on R?*
because g and ¢ have compact support on R: Hence by Proposition 2.5,
olz+y)f(x)g(y) €X (R?), So f and g are convolvable.

Now let us compute {f*g, ¢ for p€D(R¥. Since g and ¢ have compact
support on R%, there is a mesa function ¢ (z, y) €D (R?*) such that ¢(z+y)

g(»)=0¢(z+y)g(9)¢(z,y). Hence
{frg, op=Lp(z+3)f(x)g(¥), 1D
={ (@ Mot f(@Deg®), L={f@g(), ¢a+y¢(z, )
={f(2), g (), pla+ 3¢ (z, ) ) ={f(2), {g (), o (z+5))).

Note that these equalities follow because ¢ (z+y)¢ (2, y) €D(R?*), and ¢
(z+3)¢(z, y) =¢(z+y) on the support of g. So {f+*g,¢) coincides with
classical definition.

(b). For any ¢=D(RY), ¢(z+y)f(x)g(y) has compact support on R?
because ¢(z+y)f(x)g(y)#0 only if 0<z,0<y and z+y<M for some
M>0. Hence o(z+9)f(2)g(y) €& (R?) which implies that f and g are
convolvable.

To compare {f*g, ¢y with classical definition, let us again choose a mesa
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function ¢ (z, y) ED(R?) so that ¢(z-+y)f(z)g(y) =0 (z+y)f(2)g(¥)P(x, v).
Then

{frg, oy =<p(z+yf(x)g(y), 1D
={f(@)g(y), otz y)>={f(a),{g(®), p(a+y)P(z, y) ).

Now let us see that (£ (), {g (), ¢(z+ )¢ (z, ) )>={F (), {g (), p(z+))).
Let 0(z) =<g(9), p(z+3)¢(z, 3)) and %(z)={g(»), 9(z+y)). Then over
the support of f, 0(z) =75(z) because ¢(z+y)f(2)g(y)=¢(+y)f(z)g(y)
¢(z,y). Hence {f(x),0(z))={f(x),7(x)). So we have {f*g, ¢)={f(z),
(), olz+y))).

(c). Let o= D(RY. Then ¢o(z+y)u(z)v(y) is a finite complex measure
on R2 because

[ oG+ idlel @dsl o) =] ale@ |dlul =) div| )

:___j JRk|¢(x) ldip) (@—y)div] (v),

and 0(z) =j kl ¢l (z—y)d|v|(y) is a locally finite measure. Hence
R
o(z+y)n(x)v(y) €& (R?%) (¢f. Lemma A.1 in the Appendix) and

@t 1@, D= oG+)dup@d (),

where the integral is an ordinary measure theoretic one. So g#v is defined
and coincides with classical definition. Q. E. D.

A nice application is that we can now formally express the Hilbert Tra-
nsform as a convolution.

3.2 THEOREM. Let f{(x)=1/z, z=R. Then f(z) is convolvable with
L2 (RY) functions for 1<p<co.

Proof. Let

1z if 0<]z]<1 0 if |z|<1
fi(z) = . and fp(x)=
0 if 1<z, 1/z if |z|>1.
Then f, (z) L4 for 1<g< o and hence by the previous Theorem (c), f»
is convolvable with L? functions for 1<p<{oo,

Now fi(z) is a distribution because f;(z) =d/dzloglz|, [z|<1;and logx
being locally integrable, is a distribution. Since f;(z) has compact sup-
port, it is convolvable with any other distribution, particularly with L?
functions. Q. E.D.
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We extend the application to singular integrals.

3.3 THEOREM. Let K(z) be a function on R* such that K (z) =0 (z)/|z|%,
where Q(z) is a bounded measurable function, Q(Az)=Q(zx) for 1>0, and

L '=1Q (£)dz=0. Then K(z) is convolvable with L? functions for 1< p< oo,

Proof. The idea of the proof is the same as that of the proof for the
Hilbert Transform. Let

K(z) if 0<]lz|<1,
K1 (x) ”—'—'{ and K2 (1‘) 2[
0 if |z]=1,

0 if {2]<T,
K(z) if |z|=1.
Now we must show that K;(z) defines a distribution. Firstly, since
Jlxl= 19 (z)dz=0, the Cauchy principal value 1‘1’113 K (z)dz=0. Hence

-0/ g<lzl <1
for any o€ D (R¥),
|  K@e@ds=| K@ @@ -p0)dz.

Now [0(z) —0(0) | <|z|sup|¢’(z) |, where ¢’ is the gradient of ¢. So
(KK (@ 0@ =] K@ (0@ —p0)dz]
S(L<;,,<1'K(x)']xldﬁr)sgpl;o’(z)l.

Since [ K@ [lalda=[ (10@)|/1219|z]dz

(which in polar coordinates r=|z|, dz=r¥1dr)
=[ e enar [ 10@lda=[  10()|dz<oo,
0 laxl=1 lzl=1

we have that K,(z) defines a distribution on @ (R¥. But K;(z) has com-
pact support, hence is convolvable with any other distribution.
|Ky(z) | <Constant |z|7%# for |z|>1. Hence Ko(z)eL? for 1<g<eo,
and K,(z) is convolvable with L? functions for 1<p<{cc. Hence K(z) is
convolvable with L? functions. Q. E.D.
3.4 THEOREM. If two distributions f and g are convolvable, then for any
multi—~index o, the derivative £ is convolvable with g; furthermore
f(a>*g= (f*g) (ad =f*g(a).

Proof. This result belongs more properly to the theory of z~fold convolu-
tions (cf.[21]), but because of its importance we give a separate proof
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here.

There is no loss of generality in assuming that the differentiation operation
is 9/0x;, and for convenience we shall write, for example, ¢’ in place of
d¢p/0z,. We need to show that, for every test function Q=@ (R¥),

p(z+y)f (z)g(y) €& (R%), and that
{pCz+9)f (2)g(), D={—9¢" (z+y)f(2)g(y), ).

Now we know, since f and g are convolvable, that ¢ (z+y)f(2) g(y) €&’ (R?F),
and then Proposition 2.6 implies that

Lo+ f@gn]
=¢ (z+3)f(2)g(») +olz+2)f (z)g(y) €& (R?*).

(Note that the “” operation involves only the z variables.) But ¢’ is also
a test function, and so ¢’ (z+y)f(x)g(y) also lies in & (R?¥);hence so does
o (z+f (2 g(y).

To prove the required identity, we simply observe that by Proposition 2. 6,

Loa+nf@g»Y, 1 ={plz+f(@)g(y), —1>=0
since V=0. Q.E.D.

The following situation comes up in the study of time-series. It is related
to the Poisson summation formula. [A further development would require
bringing in Fourier transforms and products. We plan to study these ques-
tions in a subsequent paper. ]

3.5 THEOREM. Let fE & (RY) be any integrable distribution on R, and let
g be the “periodic o-distribution” g(x) =2 _x0(x—n). Then the convolu-
tion fxg exists.

Proof. By the structure theorem (A.4), proved in the Appendix, f is a
finite sum of derivatives of bounded compex measures. Such measures have
a measure-theoretic convolution with g, and thus Theorem 3.1 c¢ combined

with Theorem 3.4 gives us what we want.

3.6 COUNTEREXAMPLE. Convolution is not a closed operator in terms of
either the weak—* or the strong topology on @’ (R¥) X @’ (R¥). Furthermore,
even if one of the variables, say g, is held fixed, the convolution f¥g is not
closed as a function of the other variable.

Thus let g be the distribution on R! correspondintg to the constant 1,
and let f,(z) =6(z—n), n=0,1,2,... Then f,—0 in either the weak or the
strong topology, but fxg=g for all . [To see that f,—0 in the strong
topology, we use the fact (¢f. Yosida [20]) that every bounded subset



On the general definition of convolution for distributions 33

of D(RY) consists of functions with uniformly bounded supports ]

IV. Multiplication

Here we will give only the barest outline of a theory. Other approaches
to this question have been given by Konig [9, 10] and Rosinger [12].

Our definition of multiplication is formally the dual, under the Fourier
transform, of the definition of convolution given in Section II. The duality
is only formal, however, since there is no good characterization of the spa-
ce & (R®" of Fourier transforms of distributions in & (R%. Probably our
definition of convolvability will have to be modified in order to bring in
Fourier transforms. This modification would at the same time be more ge-
neral, since the space & (R})* is smaller than the space we would use to
replace it (see below). On the other hand, in treating convolutions by the-
mselves, as in this paper, & (R¥) seems to be the natural space to use,
and additional generality is not always desirable when it entails at the same
time additional complications.

In Section II we said that two distributions f, g€ @’ (R are convolvable
if the tensor product ¢ (z-+y)f(z)g(y) €L (R%*) for all oD (RY. Under
the Fourier transform, tensor products go over into the corresponding tensor
products, while ordinary multiplication corresponds to convolution. Furthe-
rmore, the inverse Fourier transform of the function ¢ (z+») on R% is the
distribution ¢[ (z+y)/2]6(z—y). [Note: the ¢[ — (z+»)/2] could be repla-
ced by either ¢(—z) or $(—y), since d(x—y) concentrates the mass along
the subspace {z=y}.] :

Thus we are led to:

4.1 DEFmNITION. Two distributions f, g€ @’ (R¥) are multiplicable if, for
every test function o= D (R*), the distribution

Lf@) gy I o(—2)d(xz—)]

can be represented by a continuous function. If so, we define {fg, ¢> to be
the value of that function at z=0.

Notes. Since ¢(—=z)d(z—y) is a distribution with compact support, the
convolution in the preceding definition exists. (Of course, it may or may
not be a continuous function.) For the reasons mentioned above, ¢(—z)
could be replaced by ¢(—3) or ¢[ —(z+3)/2]. In treating Fourier trans-
forms, it would probably be better to alter the definition, replacing “con-
tinuous” by “continuous and slowly increasing” (and of course replacing
D(RY by S(RE)). We plan to work out these ideas in a subsequent paper.
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Appendix.

The objective of this section is to describe & (R¥). (For a slightly diffe-
rent approach to this question, see Horvath [7].)

DEFINITION. &,(R*) is the space of functions in £(R®) which vanish at
infinity together with all of their mixed partial derivatives, endowed with
topology given by the following family of semi-norms;

lpllm = Jmax supklsa‘“’(x)l

<m z€

where m is a positive integer and a is a multi-index.

Immediately, we notice that £,(R* is a Fréchet space and is dense in
&(R¥ in the topology of B(R¥). Also if p=R&y(R¥), then o @=Ly (R*) for
any multi~-index a.

A.1 LEMMA. Let f=u‘®, where p is a bounded complex measure and a is
a multi-index. Then fE& (RY) and hence any finite sum 2 u® belongs to
& (RF),

Proof. Let K,, be compact sets such that

@ el K <1/4m, m=12, ...

) Q({cm:m with {6} =K,CK,C K,
Construct a continuous function p(z) as follows;

min Ip(z) I>1/2m m=0,1,2, ...

r€Kni1/K

and o(x) —0 as |z|—co. Then for all p=B(RY),

KA o= (@ du® (@) | < | i lo @ (@) || 1] (2)

<3 ((max lo® ()| alpl @)

m=0 \z&Kn+1/Kn Km+1/Km

<% mex |p@(@)]- 1/4n+max|o@ (2) | |, d1pl (2)

m=1z€ Kp+1Km

<% max |9 (2)p(2) |-1/2"+max|p® (2) | 1] (RF)

m=1x& Km+!

< (%,51 0@ (2) p(2) |) (mZ=11/2’”+ M (Rk)) —Constant [[gl]ve.

Hence fe &’ (RH. Q. E.D.
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A.2 LEMMA. Let X be a Banach space and X*= {(z1, ..., 73) : ;€ X} with
1 (15 ver z0) |l = Zhcill; .

Then if f is a bounded linear functional on X*, there are bounded linear
Sfunctionals fi, ..., fi on X such that f(zy, ..., 2z) = 2at=1 fi(x:).

Proof. Define f; : X—C by fi(z) =f(z;), where z€X, and z;€X* has
its i** component equal to z and all other components zero. Then it is clear
that f/s are bounded linear functionals on X and f(zy, ..., zz) = 2%, fi(zy).
Q. E.D.

With the above lemma and some well known theorems from analysis, we
can prove the following.

A.3 LEMMA. Let fe &) (R*¥). Then there are a finite number of bounded
complex measures p, such that f==24,'", where &'s are multi-indices.

Proof. Without loss of generality, we assume that £=1, because the proof

for £>1 goes exactly the same way, with a slight modification in the nota-
tion.

Let fe®&y/ (R). Then there is a constant C and an integer N>>0 such that
|<fs 0| <CLt= llollm for all €& (R).

We.build some Banach spaces:
Let Cy= {the space of continuous functions on R vanishing at infinity, en-
dowed with the sup norm}. Let C¥= {(@,, ..., 0x) : 6;=Cq} with ||(6,, ...,
o) |I=2%, 116;]l, and take the subspace A= {(¢, ¢/, ..., 9™) : p€ By} . Define
fon A by flp, ..., 0M) ={f, p». Then since fE&L(R), f is a continuous
linear functional on A. Hence by the Hahn-Banach Theorem, f can be ex-
tended to CyN. We will still call the extended function f. Now by Lemma
A.2, there are bounded linear functionals fo, f1, ---15 --.,fn on C, such that

f(ﬁDo, ey ON) = 2010 f1(00).
The Riesz~Representation Theorem gives f;(¢;) =Igo,-dv,~ for some bounded

complex measure v;. Hence
f, 0=F (0, ¢, ...o™) =T fi(p®)
= S foDdv= Tl (— 1) e,
Hence f=NXou; P, where ;= (—1)%; with || (R)=|»;| (R)<eo. Q.E.D.

By putting Lemma A.1 and Lemma A.3 together with a remark that
&y (R¥) 2&R*, we have the following theorem.
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A. 4 THEOREM. The space & (R¥) coincides with the set of all finite sums
of derivatives of bounded complex measures. Furthermore & (R¥) =4y (R¥).

Another thing that we want to know is that fe& (R* if and only if
{f, ¢np — 0 whenever ¢, D(R*) and ¢,—0 in the topology of &(R¥). The
proof is not difficult to see, because &' (R®) =& (R®), and &£(RY is a
Fréchet space in which @D (RF) is a dense subset.

Our last theorem characterizes convolvable pairs of distributions in terms
of their structure. First recall that a distribution f€@’ (R¥) can be restricted
to an open subset Q< R* by applying f only to those test functions whose
supports are in Q. A set is called “precompact” if its closure is compact.
Finally we define a diagonal strip in R?*=R¥DR* to be a subset of the form

dx= {(z, ) ER?* : (z+y) €K},
where K is a preassigned subset of R:

A.5 THEOREM. Two distributions f, gD’ (R¥) are convolvable if and only
if the following condition holds: For every precompact open subset K< R%, the
restriction of the tensor product f(x)g(y) to the diagonal strip Ax is represe-
ntable as a finite sum of derivatives of bounded complex measures.

Proof. Recall that after Definition 2.8, f and g are convolvable when,
for every test function p=D(R¥), the product ¢(z+y)f(z)g(y) €& (R?*).
Now if KER* contains the support of ¢, then the support of ¢ (z+y) lies
in the strip 4z in R2k. Hence the sufficiency follows from Lemma A. 1 abo-
ve. For the necessity, given any precompact set KSR choose a “mesa
function” ¢ D(RY such that ¢(z) =1 for K. Then applying Theorem
A.4 to the product ¢ (z+y)f(z)g(y) gives the desired result. Q. E.D.

EXAMPLES. Most of the theorems of Section III(“Applications”) could also
be proved using Theorem A.5. Thus for Theorem 3.1a: if f and g are
distributions, g has compact support, and K is a precompact set in R¥, then
the restriction of f(z)g(y) to the strip Ax has compact support. By a well
known representation theorem, all distributions with compact support are
given by derivatives of measures, as required. Or take Theorem 3.1 c:
if ¢ and v are complex measures such that|yg| and |v| have a locally finite
convolution, then the tensor product x(z)v(y) gives a finite measure on
each strip Ax for which K is precompact.
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