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ON a-CONTINUOUS FUNCTIONS

By T AKASHI NOIRI

1. Introduction

The purpose of the present note is to introduce a new class of functions
called a-continuous and investigate the relationships between o-continuity and
near-compactness due to M. K. Singal and Asha Mathur [9J. The concepts
of continuity and a-continuity are independent of each other and both imply
almost-continuity due to M. K. Singal and A. R. Singal [10J. However, an
almost-continuous function need not be o-continuous.

Throughout the present note spaces always mean topological spaces on
which no separation axioms are assumed unless explicitly stated. A subset 8
of a space X is said to be regular open (resp. regular closed)i£ Int(CI(8))
=8 (resp. CI(Int(8))=8), where CI(8) (resp. Int (8)) denotes the closure
(resp. interior) of 8. A point xE X is said to be a-cluster point of S [l2J
if 8 nU*fj> for every regular open set U containing x. The set of all 0­
cluster points of 8 are called the a-closure of 8 and denoted by [SJo. If
[8J,;=8, then 8 is called a-closed. The complement of a o-closed set is
called a-open. For basic properties of o-closed sets, refer to [4J and [12].

2. Characterizations

DEFINITION 2. 1. A function f : X-Y is said to be a-continuous if for each
xEX and each open neighborhood V of f(x) , there exists an open neigh­
borhood U of x such that f (Int (CI (U) ) ) elnt (CI (V) ).

We denote the semi-regularization of a space X by X s and define a function
Is: Xs-Ys associated with a function f: X-Y as follows: Is(x)=f(x) for
each xEXs_ The following theorems are easy consequences of the above
definition and the proofs are thus omitted.

THEOREM 2. 2. For a function f: X- Y, the following are equivalent:
(1) f is a-continuous.
(2) For each xEX and each regular open set V containing I(x) , there e3:ists

a regular open set U containing x such that f( U) C V.
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(3) f([A]a) e[f (A) Ja for e1.'ery AeX.
(4) [f-l(B) Jaef-1([B]a) for every Be Y.
(5) For e1.'ery regular closed set F of Y, f- 1(F) is o-closed in X.
(6) For every a-closed set F of Y, f- 1(F) is o-closed in X.
(7) For e,Jery a-open set Vof Y, f- 1(V) is o-open in X.
(8) For e'oery regular open set V of Y, f-1(V) is a-open in X.

THEOREM 2. 3. A function f: X - Y is o-continuous if and only if f (n:)
a-con1Jerges to f(.7:) for each xEX and each filter base n: a-converging to x.

THEOREM 2. 4. A function f: X- Y is o-continuous if and only if {f(.1.·a) l as D

a-converges to f(x) for each xEX and each net {xal aED a-con'lJerging to x.

THEOREM 2.5. A function f: X- Y is a-continuous if and only if fs : X s- y.
is continttour.

3. Basic properties*'

The following properties are easily obtained and the proofs are thus omitted.

THEOREM 3. 1. If f: X- Y and g: Y-Z are a-continuous, then so is
gof: X-Z.

THEOREM 3. 2. For a function f: X - Y, the following are true:
(1) If f is a-continuous and Xo is open in X, then fl Xo : X o- Y is a-con­

tinuous.
(2) If {UalaEtll is a cover of X by regular open sets and fl Ua: LTa --'> Y

is a-continuous for each a E tl, then f is a-continuous.

THEOREM 3.3. Let fa : X a- Ya be a function for each aE.,:J and f: IT X a
-IT Ya a function defined by f( {xa}) = {fa(xa)} for each point {xal E IT X a •

Then, f is a-continuous if and only if fa is o-continuous for each aE-fJ.

THEOREM 3.4. A function f: X-lT X a is a-continuous if and only if Pr>0f
is a-continuous for each {JEfJ, where Pr> is the projection of IT X a onto X;..

COROLLARY 3. 5. Let f: X - Y be a function and let g : X-X X Y, gh'en
by g(x) = (x, f(x» , be its graph function. Then f is a-continuous if and
only if g is o-continuous.

4. Comparisons

DEFINITION 4. 1. A function f: X- Y is said to be almost-continuous [IOJ
(resp. f)-continuous [2J, strongly f)-continuous) if for each xEX and each

*JThe author is grateful to the referee for his valuable suggestions to improve the original form
of this section.
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open neighborhood V of f(x), there exists an open neighborhood U of x
such thet f(U) eInt(CI(V)) [resp. f(CI(U))eCI(V), f(CI(U))eV~.

DEFINITION 4.2. A function f: X -->- Y is said to be almost-open DO] if
for each regular open set U of X, f( U) is open in Y.

THEOREM 4.3. (1) If f: X -->- Y is strongly f)-continuos and g: Y - Z is
almost-continuous, then gof: X -->-Z is o-continuous.

(2) The following implications hold:
strongly f)-continuous => o-continuous => almost-continuous.

Proof. These are immediate consequences of the definition~.

The following two examples show that the concepts of o-continuity and
continuity are independent of each other and that none of implications in (2)
of Theorem 4. 3 can be reversible.

EXAMPLE 4.4. Let X be the real numbers with the usual tOl'Ology, Y tl:e
real numbers with the co-countable topology and f: X - Y te the identity
function. Then f is o-continuous but not continuous.

EXAMPLE 4.5. Let X= Y= {a, b, c}, ox= {«ft, {a}, {c}, {a, b}, {a, c}, X} and
oy= {«ft, {a}, {c}, {a, c}, Y}. Let f: (X, ox)-(Y, OY) be the identity function.
Then f is continuous but not O-COntinuous.

THEOREM 4.6. For a function f: X- Y, the following are true:
(1) If Y is semi-regular and f is o-continuous, then f is continuous.
(2) If X is semi-regular and f is almost-continuous, then f is o-continuous.

Example 4.4(resp. Example 4.5) shows that in (1) (resp. (2)) of Theorem
4.6, semi-regularity on Y (resp. X) can not be dropt.

COROLLARY 4.7. If X and Yare semi-regular spaces, then the following
concepts on a function f: X - Y: o-continuity, continuity and almost-continuity
are equi·valent.

DEFINITION 4. 8. A space X is said to be almost-regular [8J if for each
regular closed set FeX and each xf!!iF, there exist disjoint open sets U
and V in X such that xE U and Fe V.

In [8J, it has been known that almost-regularity strictly weaker than
regularity and is independent to semi-regularity, however, every almost­
regular and semi-regular space is regular.

THEOREM 4.9. For a function f : X - Y, the following are true:
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(1) If Y is almost-regular and f is O-continuous, then f is i)-continuous.
(2) If X is almost-regular, Y is semi-regular and f is i)-continuous, then

f is strongly O-continuous.

Proof. (1) This follows easily from Theorem 2.2 and the fact that a space
Y is almost-regular if and only if for each y E Y and each regular open set
V containing y there exists a regular open set Vo such that yE VocCI(Vo)
c V [8, Theorem 2. 2J.

(2) Let xEX and V be an open neighborhood of f(x). There exist re­
gular open sets Voc Y and UocX such that xE Uo and f(Uo) c Voc V.
Moreover, there exists an open set ucX such that xE UcCI(U) c Uo; hence
f(CI (U» c V. This shows that f is strongly O-continuous.

Example 4. 5 (resp. Example 4. 4) shows that in (1) (resp. (2» of
Theorem 4.9, almost-regularity (resp. semi-regularity) on Y can not be
dropt. Since every almost-continuous function is O-continuous [5, Lemma 6J,
from Theorem 4.6 and Theorem 4.9 we have

COROLLARY 4. 10. If X and Yare regular spaces, then the following concepts
on a function f: X- Y: O-continuity, almost-continuity, iJ-continuity, continuity
and strongly· O-continuity are equivalent.

THEOREM 4. 11. If a function f: X- Y is O-continuous and almost-open,
then it is i)-continuous.

Proof. Let xEX and V be an open neighborhood of f(x). There exists
an open neighborhood U of x such that f (CI (U) ) cCl ( V); therefore,
f(Int(CI(U»)cCI(V). Since f is almost-open, we have f(Int(CI(V»)
cInt(CI(V». This shows that f is O-Continuous.

5. Nearly-eo.Pad spaces

DEFINITION 5. 1. The graph G (j) of a function f: X- Y is said to be
i)-closed if G(f) is iJ-closed in the product space XX Y.

In [l1J, T. Thompson defined G(f) to be r-closed if for each (x, y) ft-G (j) ,
there exist regular open sets UcX and Vc Y containing x and y, respec­
tively, such that feU) n V=¢J. By a straightforward calculation, we have

THEOREM 5.2. For a function f: X-Y, the following are true:
(1) G(f) is iJ-closed if and only if G(j) is r-closed:
(2) If f is i)-continuous and Y is Hausdorff, then G(f) is i)-closed.

DEFINITION 5.3. A subset K of a space X is said to be N-closed relative
to X [lJ if every cover of K by regular open sets in X has a finite subcover.
A space X is said to be nearly-compact [9J if X is N-closed relative to X.
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THEOREM 5. 4. Let f: X--'> Y be a function with a a-closed graph. If K is
N-closed relative to Y (resp. X), then f- 1 (K) (resp. f (K» is o-closed in
X (resp. Y).

Proof. We prove only the first case, the proof of the second being anal­
ogous. Suppose that K is N-closed relative to Y. For each x$f-l(K) and
each yEK, (x, y) $G(j) and hence, by Theorem 5.2, there exist regular
open sets U(y) eX and V(y) e Y containing x and y, respectively, such that
f(U(y» n V(y)=¢. Therefore, there exists a finite subset KocK such that
Kc U {V(y) \yEKo}. Put U(x) = n lUCy) lyEKoL then U(x) is a regular
open set containing x and U(x) nf-1 (K) =¢o This shows that x$ [f-1 (K) Jo
and hence f- 1 (K) is a-closed.

THEOREM 5. 5. If Y is a nearly-compact space and a function f : X--'> Y has
a a-closed graph, then f is a-continuous.

Proof. Let F be any regular closed set of Y. Since Y is nearly-compact,
F is N-closed relative to Y [1, Theorem 2.6J and hence f- 1(F) is o-c1osed
in X by Theorem 5. 4. This shows that f is a-continuous.

COROLLARY 5. 6 (Thompson [l1J). Let f: X--'> Y be a function with an
r-closed graph. If Y is nearly-compact, then f is almost-continuous.

Proof. This follows immediately from Theorem 5. 2 and Theorem 5. 5.

LEMMA 5. 7. If f: X--'> Y is a a-continuous function and K is N-closed
relative to X, then f(K) is N-closed relative to Y.

Proof. This follows immediately from Theorem 2. 5 and the following result:
A subset K of a space X is N-c1osed relative to X if and only if .K is
compact in Xs [6, Theorem 3.1].

THEOREM 5.8. Near-compactness is preserved under a-continuous surjections.

CoROLLARY 5.9 (Singal and Mathur [9J). Near-compactness is preserved
under almost-continuous and almost-open surjections.

Proof. Every almost-continuous function is O-continuous [5, Lemma 6].
Therefore, this is an immediate consequence of Theorem 4. 11 and Theorem
5.8.

DEFINITION 5. 10. A function f: X--'> Y is said to be a-perfect [7J if for
every filter base [I in f(X) a-converging to yE Y, f- 1 ([I) is o-directed
toward f- 1 (y).

THEOREM 5. 11. Let X be a nearly-compact space and Y a Hausdorff space.
If f: X --'> Y is a a-continuous function, then it is a-perfect.
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Proof. By Theorem 4. 1 of [lJ and Theorem 2. 5, fs is a continuous
function of a compact space X s into a Hausdorff space Y s• Therefore, fs is
a closed function with compact point inverses and hence f is a-perfect
[7, Corollary 3. 6].

THEOREM 5. 12. Let X be a Hausdorff space and Y a nearly-compact space.
If f: X-Y is a a-perfect function, then it is O-continuous.

Proof. Let F be a regular set of Y. By Theorem 2. 6 of [1], F is N­
closed relative to Y and hence so is f- 1 (F) [7, Theorem 3.4]. Since X is
Hausdorff, f- 1 (F) is v-closed and hence f is a-continuous by Theorem 2.2.
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