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INFINITESIMAL VARIATIONS OF SUBMANIFOLDS
OF A KAEHLERIAN MANIFOLD ‘

By KENTARO YANO AND MASAHIRO KON

0. Introduction

Infinitesimal variations of submanifolds of Riemannian and general metric
manifolds have been studied by Davies [1], Dienes [2], Hayden [3], Sch-
outen and van Kampen [4] and one of the present authors [5],[61. )

Recently, Ki, Okumura and one of the present authors [7] studied infini-
tesimal variations of invariant submanifolds of a Kaehlerian manifold, and
-the. present .authors [8] studied those of ;anti-invarient submanifolds.

The ‘main purpose of the present paper is to study infinitesimal variations
of generic and CR submanifolds of a Kaehlerian manifold.

In §1, we quote some formulas in the theory of submanifolds of a Kae-
hlerian manifold and in §2 we define and study invariant, anti-invariant,
generic and CR submanifolds.

In §3, we obtain rather general formulas for infinitesimal variations of
submanifolds of a Kaehlerian manifold and in the last §4, we study inva-
riant, anti-invariant, generic and CR variations.

1. Submanifolds of a Kaechlerian manifold

Let M?2m be a real 2m-dimensional Kaehlerian manifold covered by a system
of coordinate neighborhoods {U;z*, and F;* and g; the almost complex
structure tensor and the almost Hermitian tensor of M2” respectively, where,
here and in the sequel, the indices &,7,j, k... run over the range {1’,2’,

., (2m)’}. Then we have

1.1 F_,-‘Ft"= -—5_,-",

(1.2) Fi*Fig=gj;
and

(1.3) y;iF=0,

where [7; denotes the operator of covariant differentiation with respect to gj;.
Let M» be an n—-dimensional Riemannian manifold covered by a system of
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coordinate neighboroods {V;y% and g, the metric tensor of M?, where,
here and in the sequel, the indices 4, ,c. ... run over the range {1,2,...,2}.
We assume that Mr is isometrically immersed in M2* by the immersion
i: Mr——>M2m and identify i(M*) with M*. We represent the immersion
i: M*——M?2?= locally by

1.4 zh=zk(y*)
and put
(1.5) Bt =0,x* (9,=0/0y").

These Bj* are n linearly independant vectors tangent to the submanifold M=.
Since the immersion is isometric, we have

(1-6) gcb=8'j£3chbio

We denote by C,* 2m-n mutually orthogonal unit normals to M*, where,
here and in the sequel, the indices z, y, z run over the range {n+1,...,2m}.
Then the equations of Gauss are given by

an. - © PeByt=ha7Ct
and those of Weingarten by
(1' 8) ' v cCyhz —'hcayBahy

where . denotes the operator of van der Waerden-Bortolotti covariant
differentiation along M" and the second fundamental tensors &, and k2, are
related by . - ) .
1.9 ’ hcayzhvbyg ba=hyrg bagi_y’
ghe being contravariant components of g;, and g,, the covariant components
of the metric tensor of the normal bundle.
Now decomposing F;*B,‘ and F#C,f into tangential and normal parts res-
pectively, we have equations of the form

(1.10) F{#By'=f3*B—f3*C.*
and , .
(1.11) FHCi=f2Br+fCHh.
Since F;;=—F;; where F;;=F;'g,;, we have
(1.12) Joy=F3

where Ji by =fi*g. zy and S b =f, ¥ 8ebe

Applying F to the both sides of (1.10) and (1.11), using (1.10) and
(1.11) and comparing the tangential and normal parts, we find
. (1' 13) fbe & —sz = '—aba7 '

(1.14) Foef &+ =0,

(1- 15) fyefea _l'f:vz 2=0,
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(1.16) — [y E I =—0,7.
Differentiating (1.10) and (1.11) covariantly along M», using (1. 10) and
(1.11), and comparing tangential and normal parts, we find

1.17) U f*=hes*f 2 =h"137

(1.18) Vefs*=h. o' —hep’f
(1.19) Vefy*=—htyfo+ R0,

(1.20) Vefy*=h s f *—he'f 4"

2. Invariant, anti-invariant, generic and CR submanifolds

When the tangent space of M* is invariant under the action of F, the
submanifold M# is said to be imvariant or complex in M?». A necessary and
sufficient condition for M” to be invariant is that

(2. 1) sz =0
in (1.10). o

When the transform of the tangent space of M* by F is always normal
to M», the submanifold M= is said to.be enti-invariant or totally .real in
M2= [9]. A necessary and sufficient condition for M* to be anti-invariant is
that o '

(2.2 f5*=0
in (1.10).

When the transform of the norml space of M* by F is always tangent to

M=, the submanifold M" is said 1o be..generic in.M2% [ 107]. A necessary and
sufficient condition for M* to be generic is that

(2.3) fy=0"
in (1.11).

When there exist complementary distributions'L and M in the tangent
sepace of the submanifold M* and L is invariant under the action of F and
M is transformed into a space-normal to M#, the submanifold M* is called a
CR submanifold [ 11].

We denote by 7;# and m;* the projection operators on L and M respectively.
Then we have

(2.4) 12=], m?=m, Ilm=ml=0, I+m=1.

First of all, we have from (1.10)

FE(Byilb) = (f31%) B — (f37L, ")C
from which, the distribution L being invariant under the action of F, we

have

< ss
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(2- 5) m2f, b’lcb =0
and
(2.6) FElt=0.

We also have from (1.10) :

FA(Bym>») = (fi*m ) Br— (fi*mb) C*,
from which, the distribution M being anti-invariant under the action of F,
we have f;*m 2 =0 and consequently

en felb=fso.

Thus transvecting (1.14) with 7> and using (2.6) and (2.7), we_find
(2.8) - - fE=0

and consequently
(2.9) Fsf5=0.

Conversely, suppose that (2.8) is satisfied. Then we have, from (1.13)
f cbf b‘foa'l"f A=0,
which. shows that f,2 defines an f-structure. Thus, if we put
. Le=—fi’f% m=fpfo+0"
we can easily see that I and m are complementary projection operators defi-
ning distributions L and M _respectively. _ . -
We can verify also that / and m thus deﬁned satisfy
m2f=0, f5*lb=
because of (2.8). Thus we have from (1. 10)
FA(Bl2) = (f"l) B,
which shows that L is invariant under the action of F because of m,f ,,“l b—
0. We also have from (1.10)
_ _ FA(Bimb) =—(firmP)C.H,
because of f3°m =0, whlch shows that M is anti-invariant under the action
of F. Thus we have

PROPOSITION 2.1. A necessary and suﬂiczent condition for a submanifold M
in M?» to be a CR submanifold is that fi°f . *=

3. Infinitesimal variations of submanifolds

We now consider an infinitesimal variation
3.1 Th=gk | ER(y)e
of a submanifod M?* of a Kaehlerian manifold M2= where £4(y) is a vector
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field of M2?m defined along M* and & is an infinitesimal. We then have
(3.2) Byt =B+ (8¢,
where B;#=d,%* are n linearly independent vectors tangent to the varied
submanifold. We displace Bj* parallelly from the varied point (z*) to the
original point (z%?). We then obtain .
(3-3) P+ Mg -
neglecting the terms of order hlgher than one with respect to . In the sequel
we always neglect terms of order higher «than one W1th respect to & Thus
if we put

3.4 OByh= Byt — B,
we have
(3.5) 8Bh= (VM.
If we put
(3.6) Eh=EaB k1 E=C b, ?
we find ‘
&7 Vit = (V62— hy2.57) Bt + (V65 + hp7E4) C 1.

When the tangent space of the varied submanifold at the varied point (z*)
is parallel to the tangent space of the original submanifold at the original
point (z*), the infinitesimal variation (3.1) is said to be parallel.

From (3.5) and (3.7) we have

PROPOSITION 3.1. A necessary and sufficient condition for the infinitesimal
variation (3.1) to be parallel is

(3.8) V&=t hy262=0.

We next consider infinitesimal variations of the unit normals C,.. We
denote by C,* 2m-n mutually orthogonal unit normals to the varied submani-

fold and by 5 k the vectors obtained from C,% by the parallel dlsplaoement of
C,* from the point (z*) to (z*). Then we have

>

(3.9 + Cp=CA+T(z+E)EIC j,
where I';;#* are Christoffel symbols fromed with gj;.
We put
(3.10) 3CH=Ch—Cyt
and assume that 6C,* is of the form
(3.11) 8C A= (1,2B+7,7C.P)e.

Then we have from (3.9), (3.10) and (3.11),
(8.12) CA=C—TI;}iC e+ (2Bl +1,7C.H).



122 K. Yano and M.Kon

Now, applying the operator & to g;;By/C,'=0 and using dg;;=0, (3.5) and
(3 11) we find (Vb&_y‘l‘hbayé)"!"ﬂyb 0 Whel'e E —-gyxE and Nyp= ﬂy Zeby

from which

(3.13) | 10— — (7€, hoE)e,
where Fe=gs, Also, applying & to g;;C./Cyj=g,,=0,,, we find
(3- 14) 77y1+77.zy~=0s .

where 7,:=1,"g:z- )
We now compute the variations of £9, f,, A f, and f,* appearing in (1 10)
and (1.11). First of all, we put
FA(z+&e) By=(f1°+0f) Bh— (fi7+f5") Ch.
Substituting (3.2) and (3.12) in this equatmn, using V;F#=0 and comparing
the tangential and normal parts, we .obtain
(3.15)  ofpr=L (Pl —heENf2—frW £*—hr.E%)
+ T+ h 0 [ —F W€yt hoE0) Je
and
(3.16) O =[f* W E=+hsED + Wi — ' £ &
-—(‘7 55’-1-1!»’5‘) el
We npext put
FA(z+86)Cyi=(f,2+0f ) B+ (f +3f,/)TH.
Then by a similar computation as above, we find
(38.17)  of,,=[—f, W E*—h2ED) — WL, +hst 50 f e
: + i f o+ f Vo, +h,fz$")]s
and
(3.18) of *=L~fy e(V 57+ h, g5 + (V’Q‘,—E—hd ﬁ‘i)f’
+77yzf z T yzﬂzx]‘s

4. Inﬁmtesnnal vanat!ons of invariant, anti-invariant, generie and
CR submanifolds

Suppose that the submanifold M* is mvanant Then we have f;, =0 and
(3.16) becomes »

4.1) = fir(WE>+ hie?) — W7+ ?5°) f. ‘]5

An infinitesimal variation which carries an invariant submanifold into an
invariant one is said to be inveriamt. From (4.1), we have

PROPOSITION 4.1. A necessary -and sufficient condition for an infinitesimal
variation (3.1) te be imvariant is that

4.2) Fo2(V £ +-b 768) = (V If’ —H‘!b &) [,
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From Propositions 3.1 and 4.1 we have
PROPOSITION 4.2. A parallel variation is an invariant variation.

Suppose that the submanifold M= is anti-invariant. Then we have f;¢=0
and (8.15) becomes
(4.3)  Ofyr=L (W= +h7E)f " —fr W€, +hE%) Je.

An infinitesimal variation which carries an anti-invariant submanifold into
an anti-invariant one is said to be anti-invariant. From (4.3), we have

PROPOSITION 4.3. A necessary and sufficient condition for an i'nﬁnitesimal
variation (3.1) to be anti—imvariant is that

(4.4) W=+ hpE) fo* =1 W€y +h,2E7).

From Propositions 3.1 and 4.3, we have

PROPOSITION 4.4. A parallel variation is an anti-invariant variation.

Suppose now that the submanifold M” is generic. Then we have f,7=0
and (3.18) becomes

(4- 5) afyle:_fye (Vegl"*_hedzéd) + (Vesy_l_hdeysd)fex E.

An infiinitesimal vavriation which carries a generic submanifold into a
generic one is said to be generic. From (4.5), we have

PROPOSITION 4.5. A necessary and sufficient condition for an infinitesimal
variation (3.1) to be generic is that

(4.6) Fyr V&= +h. %) = V&, +-hst £ f .2
From Propositions 3.1 and 4.5, we have
PROPOSITION 4.6. A parallel variation is generic.
Finally suppose that the submanifold M* is a CR submanifold. Then we
have f;°f.*=0. Substituting (3.15) and (3.16) into
5(f befez) = (5f be)f ez+f be (5f ez) s
we find
5(f bife‘r) =E (V bsy_l' hbdyéd)f yef & _'f 24 (V eEy+hdeyEd)f &
+f Ile.fed (V dsx'*—hdczgc) _f 5 (V e8y+h¢dyéd)f yz £,
from which, using (1.13) and (1.16),
(4° 7) 5(fbefex) :fbyEfye (Veéz_l_hedxfd) - (Ve‘gy_i_hdeygd)f‘exj“3
FL W b5+ mpa) f2 — f5° (V 52+ ho?€9) I f y7e.

An infinitesimal variation which carries a CR submanifold into a CR sub-
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manifold is called a CR variation. From (4.7), we have

PROPOSITION 4.7. A necessary and sufficient condition for an infinitesimal
variation (3.1) to be CR wvariation is that

4-8)  fRLS W E7+h ™€) — (V& 4kt oi0) f5]
+ [ (Vbsz"lr' hbdzéd)fzy _fbe (Vesy_i— hedyéd) jfyz =0.

From Propositions 3.1 and 4.7, we have

PROPOSITION 4.8. A parallel variation is a CR variation.
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