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1. Introduection.

The present note is concerned with the maximal ideal of Homa (M, M), where M is
an indecomposable left A-module with finite length. Let A4 be a ring with unit element,
and let M be a left A-module. If it is impossible to write M=M, & M, where M, M,
are nonzero left A-submodules of the left 4-module M. Then M is called indecomposable.
A finite strictly descending chain of left A-submodules of the left A-module M

M=M>M,D>M,>--2M,=0
is a Jordan-Holder series in which each M, is a maximal left 4-submodule of M,_, i=1,2,
3, aesp,
And then r is called the finite length of M.
The other terminologies and notations are based on Sze-Tsen Hu [2].

Definition 1. A left 4-module M is called left Noetherian iff every nonempty collection
of left A-submodules of M has a maximal element.

Definition 2. A left 4-module M is called left Artinian iff every nonempty collection of
left A-submodules of M has a minimal element.

2. Proof of Theorems.

Lemma 1. Let M be a left A-module and N a left A-submodule of M. Then M is left
Artinian if and only if N and M/N are left Arlinian.

Proof. (Necessity) Any left A-submodule of N is a left 4-submodule of M, so N is
left Artinian.
Let f: M—>M/N be the canonical projection.
Let M\/2M,’ 2+ be a descending sequence of left A-submodules of A/N.

Then we get a descending sequence of M;2M,2---of left A-submodules of M by letting
M,=f""(Mi"). '

Hence there exists an integer & such that M,=M, for i>4.

Therefore M/=M, for all i>k and so M/N is Noetherian. (Sufficiency).

Suppose N and M/N are left Artinian.

Let M,2M;2---be a descending sequence of left A-submodules of M, and for all i let



Mi, =f(M,)

Since M;NN2M,nN2--and M,/2M,’2---are descending sequences of A-modules, by
hypotheses there exists an integer 7, such that M.nN=M.0N, M/=M: for all i=i,.

Now we consider that if N, Noy(N, € N,) are left A-submodules of M such that N,n N
=N, NN and f(N,)=f(N,;), then N,=N,.

If xe N, then there exists ye N, such that x—yeKer(f)=N, thus x—yeN,nN=N;n
NEN,; hence xey+N,€N,. From M;,2M;+12--, it follows that M=M=+
hence M is an Artinian left A-module.

Theorem. 1. If the left A-module M is written ‘as M=M,+M,+--+M,, where each M,
is Artinian left A-submodules of M, them M is Artinian.

Proof. 1t is enough to show the case where n=2: M=M,+M..
Then M/M,=(M,+M,)/M,=M,/(M,nM,).
Since M, is Artinian, M,/(M,nM;) is Artintan; thus M/M, is Artinian. Since M, is
Artinian, from Lemma 1 M is Artinian.

Lemma 2. Let M be a left A-module. Let feHom A (M, M) and i be any positive integer,
then

(D) If Im(f)=Im(fof), then Im(f)+Ker(f)=M

2 If Ker(f)=Ker(fof), then Im(f)nKer(f)=0

(3) If M be left Artinian, then for every sufficiently large integer i, M=Im(f")+Ker(f")

(@) If M is left Noetherian for all sufficiently large integer i, then Im(f")n Ker(f)=0

Proof. (1). Let Im(f)=Im(fo f).

For any xeM, there exists yeM such that f(x)=(fof)(»), thus f(x—F(3))=0,
hence x—f(WeKer(f) and x=(x—fO)+(»)eRer(f)+Im(f) therefore M=Im(f)+
Ker(f)

(2). Let Ker(f)=Ker(fof), and xeIm(f)nKer(f), then f(x)=0 and there exists
yeM such that x=7(3)

hence (fof)(y)=0.

And so yeKer(fof)=Ker(f) implies that x=/(y)=0

(3). If M is left Artinian, for all sufficiently large integer ¢
Im(fy=Im(f*)
Letting /7 instead of f in (1), we have
M=Im(f+Ker(f.
(4). Let M be left Noetherian. For all sufficiently large integer {
Ker(f)=Ker(f*)
Letting f* instead of f in (2), Im(f)nKer(fH=0
Lemma 3. If M is a left Artinian A-module, then every monomorphism fe Hom p (M, M)
1s an epimorphism.
If M is a left Noetherian A-module, then every epimorphism feHom ,(M,M) is a
monomorphism.
Proof. Let f be a monomorphism and let M be Artinian,
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Then there is an integer i such that Im(f)=M, since Ker(f)=Ker(f)=0. From
MaIm(f)2Im(fof)2----- 2Im(fH) =M, that is M=Im(f).

Therefore f is an epimorphism.

Let f be an epimorphism and let M be Noetherian, then there exists an integer 7 such
that Ker(f) =0, since Im(f)=Im(f)' =M.

From 0CKer(f)SKer(fof) G eeeee c Ker(fH=0

That is Ker(f)=0. Hence f is a monomorphism.

Theorem 2. Let M be a non-zero indecomposable A-module of finite length, and let I be
the set of the nonivertible elements of the ring Hom p (M, M), then I is the maximal two-
sided ideal of Hom s (M, M).

Proof. M has finite length, so M is Artinian and Noetherian.

Let fel, then from Lemma 3, f is not a monomorphism and not an epimorphism.
From Lemma 2 there exists a sufficiently large integer ¢ such that M=Im(f")+Ker(f*)
and [m(f)nKer(f)=0 that is M=Im(fHPKer(f"). But M is indecomposable,
Im(f)=0 or Ker(f)=0
If Ker(f)=0, then Ker(f)=0 and so f is monomorphism.
It is impossible, hence
Im(f")=0, that is fi=0.
For any f,gel, f+g<l. If there exists 4 such that
ho(f+8)=1y, then hof+hog=1y, and hofel, hogel.
Thus there exists a sufficiently large integer 7 such that
(ho f)1=0, (hog)'=0.
Then 1x=1%=hef+hog)*=0
(since (hof)o(hog)=(1—hog)°(hog) =hog—(hog)*
=(hog)o(1—hog)=(hog)o(hof), and (hog)'=(hof)'=0)
For any fel, geHom A(M,M). ’
fegel, gofel. (otherwise ho(gof)=1, (heg)of=1, hence f is an epimorphism,
impossible)

Thus 7 is the two-sided ideal. If J is the ideal contining / properly, then / has an

invertible element of Hom A (M, M), and so J=Hom o (M, M), Therefore I is maximal.
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