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1. Introduction.

In dealing with vectors, matrices, and functions, the problem arises of measuring their
siz2 in soma convenient form. This is usually done by means of a norm, a nonnegative
real-valued function with proparties which generalize the usual Euclidean concept of
leagth. When analyzing approximation methods we often need to compare solution or to
mezasure the difference between various answers. In the terminoclogy of linear space we
must find the distanze batwean two points in thz space. Thus we want to generalize
the notions of distance and wvector length. The introduction of a norm provides this
generalization.

2. Definitions.

Let V be a vector space over F, the field of real or complex numbers.
Let Ri={x{x=R'Ax>0}. A function N: V—R! is said to be a norm on V if

O NX)=0=>X=(,

(ii) vXeVAvaeF, N(aX)=|a|N(X),

(ili) N(X+Y)<N(X)+N(Y),
vX, Ye V.Notation: For N(X) we may write || X|{. The set V={4, &, ®,F,N) or
CA,®,®,F, || | > will be called a normed vector space.
Comment: If V=(A4,+, -, / | ||> is a wuormszd linear vector space and defining the
distance from X to Y as p(X, Y)=|| X—Y |, then the set {4, p) is a metric space. Given
a meatric spacz{4,p), it is not always possible to generate an equivalsnt normed vector
space V. Therefore we say a metric is more general than a norm.

Let V=(A4, +, -, F, || || > be a finite-diemensional vector space and let e, e®, +-e” be
a basis for V. Let Xzéa,-e“"e V. Usually, for vi<p<o, we define the p-norm by

X =(Z 517, XeC
Specially, with p=1 we hava the absolute norm | X [l1=,Z_'ilIx.~l; with p=2 we have the

n
Euclidean norm || X | z=(lex,-I2)"2; and the maximum norm || X|| .=r1ax|x;| comes from
i 1<5ign



the fact that || X |l —— || Xl . as p—oo. This is called variously infinity norm, Chebyshev
norm, and uniform norm. Generally the weighted p-norm is defined by || X || p.w=(§lw.~lx‘
[DY*, XeC", where w={(w,, w,, ---w,)T is a vector of fixed positive weights w,; i=1, 2,
n---, and p is some number, 1<p<co,

3. Theorems.
Theorem 3.1 Let N(X) be a norm on C" (or R"). Then N(X) is a continuous function
of the components %, %3, %, of X.
Proof. We want to show that if x,=y, for i=1,2, n, then N(X)=N(Y). Using the
reverse triangle inequality, {N(X)—N(Y)|<N(X-Y), X, YeC"
From the definition of the standard basis {e'”, e?, ---e™} for C"

X-Y=3%(x—3)e”
NX-Y)S L5~ NS | X=Y || X Ne®)

IN(X)—-N(Y) | <c || XY ||, C=i§:N(e<i>)_

By this theorem we can prove the equivalence of norms: If N and M be norms on C*,
then there are constants ¢y, ¢; >0 for which ¢ M(X)SNX) <L ,M(X) for vXeV.
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