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Summary

This study was intended to computerize the structural analysis of -two-dimensional
continuum by finite element method, and to provide a preparatory basis for more sophis-
ticated and more generalized computer programs of this kind.

A computer program, applicable to any shape of two-dimensional continuum, was form-
ulated on the basis of 16-degree-of- freedom rectangular element

Various computational aspects pertaining to the implementation of finite element method
were reviewed and settled in the course of programming. The validity of the program was
checked through several case studies.

To assess the accuracy and the convergence characteristics of the method, the results
computed by the program were compared with solutions by other methods, namely the
analytical Navier's method and the framework method.

Through actual programming and analysis of the computed results, the following facts
were recognized; ) ‘

1) The stiffness matrix should necessarily be assembled in a condensed form in order to
make it possible to discretize the continuum into practically adequate number of elements
without using back-up storage.

2) For minimization of solution time, in-core solution of the equilibrium equation is
essential. LDLT decomposition is recommended for stiffness matrices condensed by the
compacted column storage scheme.

3) As for rectangular plates, the finite element method shows better performances
both in the accuracy and in the rate of convergence than the framework method. As
the number of elements increases, the error of the finite element method approaches
around 1%. v

4) Regardless of the structural shape, there is a uniform tendency in convergence chara-
cteristics dependent on the shage of element. Square elements show the best performance.

5) The accuracy of computation is independent of the interpolation function selected.
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Fig.1. Force, displacement and stiffness.
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Fig. 2. Two-dimensional domain divided into
triangular elements.
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Fig. 3. Shapes of two-dimensional elements.
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Fig. 4. Array of terms of polynomial series
in two-dimensions.
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o] Tz A& FA4¢Y Fx= =239 (Main Program)
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1. Main Program

I/0 fg3zo] o] 2 v], Automatic Mesh Gene-
ration, Matrix Partitioning, &S S8, KN 2
W8 EtEFel &1

2. Sub-program

1) Subroutine COORD; HAEEE Foix =f
ol #3 HAEEE (Natural Coordinate) = fg#uslk
o,
2) Subroutine LOADC; EHEEE=z AHE £
WEE gkl BEch.

3) Subroutine LOADD; &SHHELS BREEE
FiFiste] giBke] Wadeh.

4) Subroutine LOADE; g#i&-& % g
o},

5) Subroutine MTXINV; Inverted Matrixg %
B

6) Subroutine STFINT; {555 Interpolation Po-
lynomialZ 28 Matrix(G)§ R3}x, Subroutine
MTXINVe A 3EE (G =Y HHBEEE HE
st ERAIESTE Kk,

7) Subroutine STFMAT, Hermitian Interpola-
tlon Formulare] ks)A WMEHE HEsiz TR
RIETFE FHES)

8) Subroutine STFDSK; Fgt= "®Eol E/Y
AVERY RiEs 89 o1& RAY EHHEA
EfT5l$ stEDL

3) Subroutine LOCAL 1; Compacted Column
Storage Schemeo. 2 2EBRIE{TFIS H g

10) Subroutine MTXSOL; LDLT Decomposition
o 2 Matrix§ Zt},
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V. #® X £

1. D23 B

=299 AEES By S #Eyy
Tk, WEEE R HXEEe] B 10EY BB
HY HEERE BIRden 2 Fd WA E
Eplz ®nstgch olAe EHE K, MR

— 91—



BEA TR F22% £ 25 19804 6H

READ
Shape of structure

Boundary conditions

{.
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‘Subroutine MTXSOL,

SOLVE
System _equations
by LDL"decompos.

v

REARRANGE
‘Nodal displacements
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Fig. 9. General flow chart of the program
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Fig. 10. A case study for the test of the progtaiu.
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Fig. 103} v}, ol¢ BEFERE Table—39 i),
L &k 5
1) 2B JERND
Ry=R;+Ry+R;;+ Ry -+ Ryg+++- + Ry + Ry
=—1404. 0(T)
2) 289 HE
W1,=3.0%X(16.0X9.0+24.0X9.0+12.0
X9.0)=1404. 0(T)
3) EEIS HEAN
Ry +W)p=—1404. 0+1404. 0=0. 0
Ch. Y-Y@ime| §=HE
1) BEEAE
Myy=(Mya/2+Myis+Myy+Mysu+Myye
+Mygo+ My, 2) X b=1069, 8(T.M)
2) KAOEAE

M,,=RMy,+RMy,y+RMy o+ RMy,, -t RMy,
+RMygy+RMyq,=—6251. 2(T.M)
3) BEXAA &3 ZRE
M1h= (R1+R10+R10+Rza+R41+R51+Re7)‘
% 10. 0=2481. 4(T-M)
4) FrEd K3 =ZAE
M,=3.0x(10.0X18. 0) X5.0=2700. 0(T.M)
5) RElE9] #Fn
Myy+M,m+M, 1 +M,=1069. 8—6251. 2
+2481. 4+2700. 0=0.0
et X—X@me| siih
1) 3 &N
Sa=(Ss41/24Szua+Ssaat oo+ + 8152 T S255,2)
X 9=100. 6(T)
2) BERT
Ry=Ri+R,+ R+ Ry +Ry+Ryy + Ry +Res
=—748.6(T)
N H =H
W3=3.0X(16.0X12.0+8.0X3.0)
=648, 0(T) :
4) |EN #M
S,z +Ry+W;y=100.6—748. 6-648. 0=0. 0
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Fig. 11. Distorted evolution of displacement
shape.
2 A REutst o] A-Hils} E—FigolA & .
fr wst 7\ &7] owjons} Folxz, D—Ess R Bl
A Bl Foleh, ol EEREZ ML ud
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—
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Fig. 12. Structual system for convergence
study.
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ARERE K3 —IOTEEES EERT

99 ol A HEak vhebzke] o] R I K
T HEFER FES gl WA NS, el
A ERARO 259 48 i) HyAx ol
F—3 ARez z2ade FHE] HESA

2. WERiERE

zzade FEELS EAAA REEIAYS
ol =4 FHEMRS EfHol BHE A2 obd
=,

BIRERESE PERTR GRS KEMe = &L
fgiel B2 Wikl BT ®EVE deter A B
IRESRES ERke RS BE ®A2 4 &
L7y 522 (Exact Solution)e] 1&g A hghsl=
ol webA pEE e,

Desaish Abeloe disto] #HffEe] fEI3HE E
AR 480 BRSHIA Y BEld FAA 8
BE HHo = 3o ARTHREKY KEKS D
Z A BERY W] e kel R
ZEEF 5% Wi

Szilard'® & 43fo] Blifikied EHARY Hokel
EhfEe] (FAY 4 BHE12Y EABERES @
A gTES haERe] BUfEE SE2MET 6
%7t AL ol gz shg o

Fyrged A= Fig. 12614 mE ubsh o] ol
Bisird EmAYE SomiEe fHste
BBE MER REstd Ry #8Sd  BAse
AH R OBCE EHST, RebRES) e 5
T RS BT e e BTy Ak
3113l Framework Methods] k@itt=t Hoik, =&
i,

e RSt BIRS] TUREe| whE BES el
&3t b/agt L,/L. & &% 1.0, 1.5, 2.0,9 37}
A2 9fEe] EiRe e HRE FEHHE

522f#= Double Trignometric Serieso] {#3}F
Navier's Solutione z ‘¥ k3l 4 o},

Framework Method¥ —ZkITidigEE 2 Open Grid
2 R 3le Matrix AnalysisZ fgi7sl: Hko
=

HIRE LS Framework Method® & st w5
B7h seaf@ed Wfel 7l BES finsts Fig 13
7w 4714 a=b=1.0mz RE3} -}

BIRE SRS Frameworrk Methodo] (k3] 4 %
T HHE bk BEBMES REHL b/ast
Ly/L, 3= #%mste] Table—1s 7bc},

Table—1. Percentage error in center displac-

ement.
N=Number of elements
Error(%)
b/a| L/l N F.E.M. Framework
4 —29.64 —18.12
16 —10.87 —6.88
25 —6.41 —4.36
36 —4.25 —3.13
1.0 64 —2.07 —0.19
81 —1.53 +0.24
100 —0.98 +1.52
256 1 —0.90 +2.37
6 ] —25. 33 —6.03
1.0 s 24 | —7.09 —5.76
. 54 —3.28 —0.47
96 —1.56 +2.1
216 —1.29 +2.75
8 —25.71 —9.6]
18 —11.92 —4.43
32 —8.00 —2.06
2.0 50 —4.36 —0.58
72 —2.84 +1.45
98 —-2.17 +2.74
200 —1.95 +3.87
6 —23.82 —13.76
24 —8.05 —4.
1.0 54 | —2-39 +1.29
96 —1.02 +2.98
216 —0.89 +3.44
4 —34.97 —20.09
16 —13.65 —8.72
s 25 —9.43 —7.24
1.5 36 —6.94 —3.81
64 —2.49 —0.65
100 —1.17 +1.03
256 —1.02 +2.47
12 —19.45 —6.42
27 ~-10. 34 —1.83
2.0 48 —5,57 +0.55
108 —2.01 +3.41
192 | —1.29 +3.82
8 —18.43 —9.09
3 18 —9.92 —2.58
[ L0 23 —5.87 —0.17
50 —3.69 +1.97
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72 —2.17 +2.32
98 —1.75 +3.87
200 —0.97 +4.03
12 —17.06 _7.54
27 —9.46 —2.35
1.5 48 —4,30 +1.02
108 —2.97 +-3.85
192 —1.37 +4.17
2.0
4 —36. 81 —13.89
16 —16. 24 —5.74
25 —6.41 —1.46
36 —4.79 +0. 67
2.0 64 —2.03 —~1.01
81 —3. 66 +2.03
100 —2.05 | 3. 88
256 —1.84 +4.12
Fig. 14 Table—1o] B A FHRERES
Framework Method?] W#iihgES e =2 v}kl

Aoty = HERE HEIEE$ES Framework Me-
thods} =5 LFRAY Heie fvte FEVH ZF —
o,

Fig. 140} A 2.3 ul¢} 7te] Framework Method
o We Ly/L,(F5RY BESH)EL oz
b/a(#i el ﬁ%ﬂ Si)e) wEbA ZEL Qe Kl
HBIREHEEY WHES b/ad] BIfRlel Ly/LAl=
—= g fHES Bolm drh AREREEY KEuE
2 Ly/L7} 1o 71445 B A2 Vi
o, HES #E 200/ Pk EMAZRE = Fram
ework Methodo] UréifiE-t 3~4""91 EEE e
A BIRERRS B8 e 1% Ae]s, TR
o BE o)A ol EMAAE | _ml{ﬁi REE F
ol=dlE FE FES de Aoz #HEdd. 29
D2 EHe HWE RMESA 24 e AL AF
Bol AR EEEEY BRI Pt =z
o3 FREE ®EHE FEEE BEY #SRE |
< & Qe WEEA HEER BE JYsA
z2d ZEIEE @ENeE MAT & 9 A
o2 A,

3. BMEE7 FrEMHARC DXl BE
AP A & ok 8 o] 3fES] 16 FMSH
Rg |Eshd & SEAEZYY AHEERE FH
dP ¢ J|B HERERE hEEz2A WEEE
7b HEMERC debht 2 BEE FEUtd HEA
RS

splacement

center di

Number of
i o 0 [T 220 200 W20 Klemente.
e}

[CERr R D RTRER IR

Fig. 14. Convergence characteristics of
F.E.M. and F.M.

Table—2. Percentage errcr in eenter displa-
cement by F.E-M. with various
interpolation functions.

N =Number of elements

Error(%)
b/a Ly/Lx N |Poiyno- [Polyna- | Polyna-
I mial 1| mial 2 mial 3
4 =29, 64¥ —30.120  —30.57
16 | —10.87] —10.97' —11.04
25 | —6. 41! 6,50, —b.56
3 | —a. 25‘ 429 —4.30
1.0 1.0 !
64 | —2. o7. —2.09, —2.10
i
8l 153 —1.54 —1.54
100 | --0.98 _0.98“ —0.98
256 -_0.90‘1 —0.90  —0.90

K %, 1(Bicubic)
1+x+20 42 +y+ay+ 5%+ 5%y +y 2yt
2%y x4+ xy - xty?
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AREFE (kT —RITEEES BEmK

MASER 2
1+ 24y 4+ 22 2y 4y 2+ 0%y +2y* +5° + 27"
+aty+ %y 2 Fayt 2%y
HRSER 3
1+a+at 244 y4ay-Fay+x0y+3° +ayP+a%y°
T2 1y 5% + 2%+

Table—1d) A HIRERHES REFE FHLHEIN
o] %3 RAqld, o] % #MELER 2,34 KT &

st gl Table—2h 2ok,

Table 264 —R3A & & A& Wt o] H
%o ot BolAw & WRSEAE AAAA 2
o wmEo] Az —FIALS ZHAZE WHE
®E oA EEstas 276 1,3 “HEI &
ME EEIES HEAI A AE FEERE
Pz BEe FA %=z 2T + 9

mi

Tahle—3. Computed Result of a Case Study.

ELASYIC WOCULUS = 30€C3C.00
POISON'S RaTiC - 0.30
THICKNESS - c.50

SHAPE OF STRLCTURE

CCRNER x Y
1 0.¢ G0
2 16,60 Q.0
3 18200 9403
4 24.¢0 9.08
s 24,60 27.£8
3 12.¢00 27.00
? 12.¢¢ 18400
4 0. 18-00
s a.¢ 0.0

GENSFATEC WCLE RUMBERS

LGAD CCARITICNS

Clo7aIRyIsE

0.0
©.0
9,00
LR
CISTRIAUTED
5,00
@00
18,00
15.60
GESTHIZuTED
14,00
1800
27.0n
27.00
.se
INTERFCLATION PCLYNOMIALS
FOMER L X o1 2 30t 23 ¢
PaRFR OF ¥ 0 0 0 8 U 1 1 12
REALLCCATION 12 5 ¢ 3 4 1 813
Yy
1¢¢nCco00Co00C000 1.0 ¢.0
€100CCCCC0CCCO000 0.0 1.0
0010CCeLCo0CO00UD0GC 0.0 U.n
0CC1060C0CGCCCECOQ 0.0 0.8
€CCCeulaCc0G6C00C000 Cof U0
Cguettooeaacccoono 6.0 0.9
[ A O ) w0 N0
COO0CCCo01000CC0D0DO0 0.0 0.0
€CCCeCeCc1acccnoo0 9.0 0.0
Co0¢ecrco0Cc1COCOCEC 0.0 0.0
A0dCCo00CClCCeUC 0.0 8,0
666G6C000L001C00 D0 D40 Dy
0CCCO0A0N0CO00QLO0D0C G.C Gon
cccceooececcccion 0.0 0.g
€e0C0CeCcCcoco0l o u.c 6.0
oco0boNaCcCCCOCOOTL 0.0 0.0

P NP

UT 04T A wee

39 40
L)
63 &6
w Ty
ar #a
LS5
s 10¢

FGR M

3.00

3.00

2,00

3.00

00

3,00

2.00

3.00

3.00

1,00

3.00

3.00

INTENPDLATION  FUNCTION  #ew

3

[ R | X Koy

33 3 3 PPN

14 910 15 1811 1 PR

IAVERSICN  OF  G-MATRIX  oés

040 Oull taD G0
0.0 .0 .U 4.

[T
[FONRY
0.0 0.0 M0
el Oel 140 ¢
046 140 040
0.0 €40 8.0
NI
o Cay 0.9 0.
G €0 B €2

0.
0.0
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Table—3. (Continued)

®--= INTERNAL  FORCE (PER UNLT LERGIH) ~a-9
133 S X -y MERY

OUSPLACEMENT, SUPPORT REACTION ( INTERNAL FNORCE ees
emees QLSPLACEMENT —-—oo—— * Sr—eanae SUPPOAT REACTION covcea-e
L] (1} (13} n X Ny Mxy

C.0 0.0 Q.0 q.0 ~6.0% “36,35 ~123.39 =T15%.26 6.89 -4.59
0.0:73 Q.03E8 o, 0107 0.0027 Q.0 0.0 -0 0,0 0,00 =5.97
0,1584 0. 099) €.0870 €. 00132 0.0 0.0 0.0 0.0 0.00 -2.92
0.2534 0.0%34 0,0269 0.0049 0.0 0.0 9.n 0.0 0.00 .74
2.3390 0a0I9l G.0379 0.0Q78 2.0 0.0 0.0 @0 0.00 18,41
0. 3824 -0,0079 [ 213 0.0118 a.0 0.0 0.0 040 0.00 14,33
0.308F -G 04460 0,0846 040184 0.0 0.0 0.0 0.0 0.no 33434
0.1860 -0.0800 8,12 0,0223 0,0 0.0 0.0 0.0 0,00 15499
0.0 ~0.0994 80,1740 0.0296 “154.45% 0.0 0.0 0,0 154,43 102,96
.9 .0 0.6 G0 ~104,430 “0,26 -)49.4% 4 LTRIY 19.49 =3& M0
6. 03540 CoDEL S 4, 0049 0,003 Q. 0.0 6.0 0.0 ~A. 77 ~26.42
Oy i#%7  QaR73) Q. 0L43  0,0057 G Q.0 0.0 0.0 -3.88  -19,5%
Cadded C.0726 R.021% 0. 0072 [ 0.0 0.0 0.0 ~1.09 —lees2
©.4842  0.0541  ©.0427  0.0086 0.0 0.0 0.0 0.0 0.35  -10.10
s 9471 0.0272 C.0619 0.0106 0.0 n.o 0.0 N0 1.93 ~6.27
G.4%22 -0.001% Q.0854 Ce 0129 0.0 0.0 0.0 0.0 2.B% =3.00
Q.9448 -0,0819 [193%1) 0,015 Ge0 0.0 0.0 0.0 LPEL) =0, 77
Y8110 -0,0237 0o ladd e.mn Q.0 €.0 0.0 0.0 S0.89 6. 00
e.0 0.0 0.0 0.0 ~1iT.01 ~1.%% ~415.49 -10,22 48,82 -317.60
9.0479 0.,0418 040030 0.0020 0.0 0.0 040 0.6 ~6452 -31.02
0,2234 0,€89) Q,010% 0s 0040 0.0 0.0 Ga0 ~3.%% ~24,80
€.200) 0.092% 0.0299 0.00%7 0.0 00 0.0 ~1.20 -19.19
€.500% 0.0i7% 0,013 0. 00n4 0.0 0.0 0.0 .73 EELTR 1
0,711 0.0%0 Ge 0489 0.0089 0.0 0.0 04 2410 1012
0.0204  ¢,0603  0,0048 0.0 0.0 0.0 .98 -beb7

. 0403 0.0730 0.00% 1 0.0 0.0 8.0 Ta 1 -4,07
0.001¢  0.0832 0.00d0 0.0 040 0.9 HIP ) 0400

.0 0.0 0.0 «0,00 -435.17 EET 1) 55,65 ~3%.77

0.0679 6.4016 9.001% 0.0 0.0 N, ~3:53 =33.31

Ce 0599 G, 0033 0. 0024 0,0 0.0 0.0 ~2.04 -2T.23

0.10%2 tal10% 0.0029 040 2.0 Qe ~0,064 =21s62

00920 0.0187 0,0029 0,0 0.0 0.0 0.8 ~lb4.8n

Q.08T7 0.0220 0.0023 0.0 0,0 0.0 2.82 ~12,18

0. 0390 0.02%0 040005 0.0 0.0 0.9 6,49 -8.3)
0.0110 0.0219 -0,0n48 0.0 0.0 0,0 t7.04 =% 10

~0.0098 ~-0,005C -0,0319 0.0 0.0 0.0 ~15.09 -T.8¢
-0, 0808 -0.0301 -0.0038 C.0¢ 040 0,0 0.0 =0400 239

~0,131% -02.Q290 0.00% 0.0 0.0 0,0 .0 ~-0,00 21.01
~Cel696 -0,0173  0.0074 0.0 0.0 0.0 n.9 -04 00 3%.89
~0.1826 ¢.0 GeOOBE “67. 48 =10.3% 0.0 0.0 sl.48 44,78

0.0 0.0 0.0 ~121.24 -0,44 =~4170,00 -n.88 60,25 ~4U. 8
0.0703 06,0002 0.0002 0.0 0.0 0,0 0.0 ~D. ) -33.79

c.1031 C.0C0Y 0.,0002 0.0 0.0 0.0 0.0 -0, %0 APAXEY)

G 1093 0.0007 -0.0000 0.0 n.0 0.0 .0 -0l =21.71%
0. 0992 0.00G) ~0,0006 0.0 0,0 a.0 0,0 0.2)  -1b,80
00,0484 =~0,0020 -0,0018 0.0 00 0.0 0.0 0. 16 -12.24
0.C'4% -0,008% -0.N03L 0.0 0.0 0.0 b.n 1.07 =7.30

-040028 ~=0.0137 -0,0044 [} 0.0 0.0 0.0 ~0.23 a.n

~0.043) =~0.0219 -0.0048 0.0 0.0 0.0 0.0 4.5 10.3%

0,80%4 -0.0864 =-0,02%& 0.000L 0.0 0.0 0.0 n.o ~4.60 1.7

Ocumamna DISPLACEHENT wecocmencs
ax ey

i oxy
0,9931 =0.,1243 =~0,02}9 0.00%4
043154 =0.1911 =0Q.012% 08,0057
0.0 ~0. oo 0.0 040065
0.0 0.4 0.0 D.0
0.0760  0.,0893 ~0,0012 =0.0005
0.2322 C.1017 =~0,0032 -0,0012
0.4839 0.1060 =0.0082 ~-0.0018
Q.862¢8 0.0892 ~0,0110 =-0.0032
c.811 0,0508 ‘~0.0180 ~0,0047
0.08928 0402)80 ~0.0303 ~0.0087
€.5008 ~0.0403 -0,0041
Q.e37% ~0.0447 -0Q,000%
C.1072 ~0.0418 0.00%3
005349 ~0,0817 0. 00A3
Qa2723 ~0.017¢ 0. 0081
0.0 ~Gell3ae Q.9 0. 0088
0.0 0e® 0.0 0.0
0.0892 0.0659 -0.0609% 0.0008
[ 7% 2 13] d. 1001 -0,0078 0,007
0, 4480 ¢.3029% -0,0052 0.0003
0,6292 0,791 =0,0070 -0.0026
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