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Critical Review of Reconstruction Filters
for Convolution Algorithms
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Abstract

The Fourier convolution algorithm is used to reconstruct a 3-D density function from project -
ion data sets, The convolved data are then back -projected to obtain a density function, There
are several choices of the weighting function for the design of the reconstruction(deblurring) filter,

Present paper reviews the published reconstruction filters theoretically and proposes a new re—
construction filter design method, considering the problems such as the effects of sampling rate,
aliasing, and noise,

Several previous reconstruction filters are compared with the propesed filter by computer simu-

lations,

1. Introduection

Computerized tomography (CT) is a radiograp-

hic technique that provides an image of a two di-
mensional slice of a three dimensional object,Snce
the three —-dimensional object can be considered
as the stack of the two dimensional slices, CT
is used to determine the density function inside
the object, This technique brught a great ad-
vancement in the medical diagnwsis which re -
mained for nearly a centur ywith the ordinary

two ~dimensional X -ray technique,
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The fundamental problem of the CT is the re -
construction of the section image from one dimen
stonal projection data which are obtained by the
» -~ ray projections through the object sliceat
many different angles, A simple reconstruction
method using the collected angle projection data
is simply w back -project the projection data
into a common image plane and add them, Ac--
ording to this method, the point image is form-
ed by superposition of straight lines, hence the
image obtained is blurred by the function prop-

ortional to |/t where r is a distance from a im-
age point [

For obtaining more accurate image, many re -
corstruction methods have been proposed in the
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recent vears, Among them, the Fourier convo-
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lution method is widely used due to its simpli -
city, computational efficiency, and high immunity
to noise,

The Fourier transform method of reconstruction
of the 2-dimensional density function ,(xy) is
represented by the following equation,

T A
£ (%y) = | dﬁi dw \w] Pw, 6)
0 00

L
(2x )
.exp(ig X cosf + y SIMPY) weeveerervvnenen e

where g is the spatial frequency and P(y, #) is
the Fourier transform of the projection data pyR),
If hR) is the inverse Fourier transform of H(y)
= | w]|, the equation (1) can be rewritten in

convolution form:

. -
X,y) = —— daf h(R-R) py (RY d R’
u (X, ¥y an:)! . py (

where R=x cosg+y sing=r cos@@-¢). Note

that 4(x,y) is obtained by summation or back-
projection of the convolved projection with weigh-
ting function h®). Since the projection data are
practically obtained only for R=R, =ka (k =0, *1,
+2, ), and g=0;=jz/n (=0, 1,
where a is a sampling space in each view and n
is the number of views, the equation (2) may be

approximated by,

a n-1 m
u(x,y)=~2—n— b3 Pyj(Rk)h(R—Rk)
170 k=1

Here, m is the number of sampling points of the
projection data, and is decided by the size of ob-
ject plane,

The remaining problem for the reconstruction
is to set the weighting function h(R), whichdoes
not really exist because its Fourier transform|y|
diverges as g goes to infinity, If || is replaced
with the function which approximates | | for |w|

< w, and smoothly goes to zero for |w|> w,,

h(R) is realizable, This approximation is applic-
able because P{i (w» has very small amount of sig-
nal power at ||> g, , therefore very low signal
to noise ratio,

This condition for the realization of h(R) can
be satisfied from another approach by setting
the latter summation part of equation (3) to Q(R,

m
Q= Y p, (RO
k=1 7
Q(R) has to be calculated for every point (x, y)
where the density function is to be mapped, be ~
cause h(R) is a smooth and continuous function,
This approach is obviously a costly approach, If
we assume, however, that h (R) is a piecewise li ~
near function with the interval of a,all the values
of Q{R) can be calculated
computation time by linear interpolation “with onlv

with much smaller

m values of Q@ (R, . which are the digital con -~
volution of sampled projection data and delta ar-
ray of h(R) with sampling space of 3, By samp-
ling theorem, this process represents the product
of the pen periodic frequency spectrum of projec~
tion data and that of sampled h(R) which is we-
ighted with sinc? function, The latter is due to
the linear interpolation in the spatial domain,
Fig. D
riodic spectrum Sf sampled h(R),which is to be

Thus, the product of sinc® and the pe-

called Hp (g, can be considered as the resultant
reconstruction filter which is approximately ||
for low frequency and goes to zero smoothly for
high frequency. In other words, the filter func -
tion Hp (u) can be modified so that Hp @) isap-
proximately equal to || in the vicinity of 2nz~
a, and can be adjusted for 2n7 A< w< 2(2+1)
7 -a according to the system characteristic,

The filter shown in Fig, 1is same as the one

proposed by Ramachandran and Laks himinarvan -
an W Shepp and Logan suggested modified fiiter
which is an absolute sine wavel In 1977,
Kwoh et al, proposed a generalized filter®lwhere
H, @)in the intervals of 2nz/a and 2 (n: D A
can adjusted in accordance with the system
noise,
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(b) A resultant reconstruction filter,

Fig.

The objertives of this paper are to examine
the above filters and toconsider & more improved
filter design method from ihe viewpadint of noise,
resolutior, and aliasing effect for the given

system,
II. Review of Several Reconstruction Filters

As was discussed above, main problem of the
reconstruction filter design ishow to weight the
periodic  function H, @» with the constraint
so that it is appo ximately || in the region ad-
Jacent to 2nma, In the following discussion,

H, (@) in the range from ¢to 2z,a will be consi-
dered because it is a periodic function with pe-
riod 27 a,

1. Ramachandran and Lakshiminarayanan filter
A fitter defined by Ramachandran and Lakshi-
minarayanan is,

Hew) = [ w for 0« w< T
2r -
{—; -w for Tacyc2rna - &)

1

and the spatial impuise response of the filter,
h(R), the inverse Fourier transform of H, (y)was

determined as,

F:4
h(0) = 'Z_ai
2
h(ka) = { = rK’a? for k odd integer
0 for kK even integer -........ (&)

For low noise, the reconstructed image by this
filter has good resolution, while it is somewhat
oscillatory due to the fact that Hy(y) is not smo-

oth at w:l-'
a
2. Shepp and Logan filter
Shepp and Logan modified the above filter and
suggested following filter,

2 . wa
Hp(uw) = Y lsm—E—]

4

h(ka) = = ———
( 7% (4k2- 1)

.............................. (73
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The obtained image, still preserving the accu-
racy needed, is less oscillatory and less sensitive
Ram & Lak filter, These results

come from the fact that the function becomes sm-

to noise than
ooth at y=7-a, and the filter energy, which is
proportional to the reconstruction image variance

corrupted by noise,?! is somewhat decreased,

3. Generalized || - filter

While both Ram & Lak and Shepp & Logan fil-
ters are generally satisfactory for low noise im—
age reconstruction, they suffer image degradation
at high noise levels, In 1977, Kwoh, Reed, and
Troung proposed a generalezed |g|-filter applic-
able to the
nge of noise levels,® The suggested H, () is,

image reconstruction with wide ra~

Ho) = , w e¥¥ O<w< ®a
(_2_.”__ y et o e <
a w Fy w a Sw
2
e e (8
a
In this filter, e P and e~¢Z— w)¥ reduce the

filter energy of Ram & Lak filter to improve the
noise filtering, On the other hand, the reduction
of the filter energy results in resolution degrad-
ation because of decreases of high frequency ter—
ms of the signal, Thus, the design factor, £ and
p are to be adjusted in ad hoc basig to the ad—
equate values for a given signal to noise of the
image to be reconstructed,

Ii. New Reconstruction Filter Design Method

In the above generalized filter, numerical ana-
lysis must be used to obtain the impulse resp-
onse h(R) for the conventional convolution recon-—
struction, It is also required to choose £ andp
so that Hy () is smooth at #/a, A new, sim-
ple and versatile filter is, therefore, proposed to
solve these problems, The propused new scheme

is as follows ;

2 . wa
Hp(w) = _a |sm£jz.._| X (o) coovereeerrninnnnne (C))
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where X(3) = p+q cos wa+r cos 2wa and
p+ qQ+r1r = 1]
As shown in Appendix, the Fourier inversion
formula then gives,

2 2p—q

h = -2
ka) —a? (4k2_ ]

3(g-r) Rr
4k?-9 4 k2-25

Here p, q, and r are determined by the given
system noise, This filter is smwth at z/a for
any p, q, and r, and ifs inverse Fourier trans -
form can be obtained easily in comparison with
the generalized |y|-filter, If we increase the
high frequency cosine terms, it is equivalent to
an increase of Fourier terms, Thus, if the sam-
pled projection data and noise spectrum, and al-
iasing effect are estimated, the coefficients of X
(w) can be determined for the optimum filter,

While the generalized filter is concerned only
with the noise, the propoused filter can be adjus-—-
ted properly for both noise degradation at high
noise and the resolution improvement at very low
noise situation, For examples of the latter case,
we can think of the non- destructive testing sys_
tem, which permits large X-ray dosage, and the
system with low sampling rate sothat the signal
al to noise ratio is very large, In these cases,

we can obtain the higher resolution for the given

system condition by increasing the filter
. wa
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(a) Shepps filter
(by A filter for resolution improvement,
considering aliasing effect
Fig. 2 The frequency spectra of two
reconstruction filters,
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energy with adequate p, q, and r, It is reason - /8 (HD(W) Sinczﬂ;— A
ablebecause the Spepp's filter, as an example, /’ N
Hp(w) sinc?3W is different from the ideal || R \\\
filter in the medium frequency range, as shown /ar ,,/’:/" ‘\\\\\
in Fig. 2. 22 {b} \‘\
. (c) - :5\
IV. Simulations and Discussions . (d) e s \\‘.’V
/q 27m/q

The responses of Ram and Lak filter, Shepp
and Logan filter, and the porposed filter to a (a) Pilter shapes
circular phantom are simulated in order to con-
firm the above theoretical comparison for the
previous two existing reconstruction filters and
the proposed filter, As shown in Fig 3, the

phantom consists of two large circles and nine

DENSITY

small circles of the density difference within 29,

-1.0 00

N i

Fig. 3 The phantom for simulation.
(¢) Shepp & Logan (p=1, q=0, r=0)

(a=1.01, £=1.02)
50 views, each of which has projection data
of 100 points, are used for reconstruction. The
reconstruction is performed at only three lines
which pass through the 3 circles, respectively, 10—
Fig. 4 shows the noiseless results of three
filters, As was discussed, Ram & Lak filter is

somewhat oscillatory and the resolution is low - L
ered as the filter energy decrease, OS_J

It is also noted in Fig &5 that the resolution
is improved as the filter energy increases, The
undershoot in Fig 5(c)is considered as the result Fig.4. Cut views at the line 2-2" with no noise,

(d) The proposed filter (p=0.59q=0.5r=0)
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of aliasing effect which can be compensated,
Two levels of noise are chosen to demonstrate
the reconstruction in noise, Fig, 6 shows the
simulation results which were expected theoreti-
cally, It is shown that the filter with lower filter
energy is required for the satisfactory result
when noise standard deviation ¢ equals (0,005,
Since high frequency components of the projec-

tion data are damped for large noise case, high
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(a) Filter shapes
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sampling rate may not make a contribution to
the resolution improvement except reducing the
aliasing effect . This effect is seen by compari -
son of the results shown in Fig 6(d)and Fig.7,
This means that number of detectors can be
reduced without sacrificing the system perform~

ance if noise is large,

Previously proposed filters are analyzed theor-
etically from the viewpoint of the noise, resolu -
tion, and aliasing effect, From these theoretical
bases, a new design method of the reconstruc -
tion filter is proposed, This method produces
better results when the system characteristics,
namely, noise, and number of detectors, etc,,
are given, It can also be incor porated with an
approximated Wiener filter design which is
sometimes simple and easy to handle,

19—
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(by p=1, q=0, r=0

1.1 —
1.0— Lﬁu J

(c) p=1.2, q=-0.2, r=0
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d) p=1.3, q=-10.3, r =0
Fig. 5. Cut views at the lines, 1-1° and 2~2, with no noise.
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(D) p=1, q=0, r=0
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(dy p=0.35, ¢=0.5, r =0.15

Fig. 6.
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(a) Shape of Shepp & lLogan filter for 44
sampling points in comparison with the
proposed filter (p=0.35, 9=0.5, r=
0.15) for 100 sampling points. The
filter of (¢) is the same filter as Fig.6(d).

Fig. 7.

Cut views, at the line 2-97, of the reconstructed image with noise.

o
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(b) Result of the reconstruction with noise
(0 =10.1%)

Simulation with the projection data of 44 sampling points at the line 2-2-,
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Appendix

If we consider the only one period of H, (y),
its inverse Fourier transform is as follows,

T
1 (a2
h@= — | n Hp@)e i*™ dy
2xV-—
a
T
1ra
=—5‘ HP (uy cos Xy dgeerieee- (A, D)
nJ 0
where

2, . a
Hp(zw=?| sin —Z—UZ—-| (pP+9 cos ga+rcos2pa

By sampling theorem, the inverse Fourier trans-
form of the periodic function H, (y) is

FHYHp ) =h&) ¥  six-ka)

K=—e
= ¥ h(ka) o (AP
k= -

From (A1) and (A.2),

hka)=h (x) | yoka
¥4

_ lj‘a 2 sin wa( +
== £ e cos
- a 2 pP+dq wa+rcos 2wa)

-coskaw dw

+1

(2p-q) (sin

wa

I
o
L=
[
—
< A

2k-~1
wa) +(q-r)(sin 2k+ 3

-sin

wa

k
3wa)+r(sin 2

-sin wa
—sin = ypa) dw
=__2_ 2p-q 3(g-n 51 )
ma? 4ki*-1 4k?-g 4k?-25
............................................................ (A. 4
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