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E*.:, E*,y,G*:, Complex moduli with x-y axis
E*,1, E*o, G* s Complex moduli with 1-2 axis

G, G’ Shear storage and loss moduli

u Energy dissipated per cyvcle per unit
volume

U Total energy dissipated

L Length of the beam

ny Thickness of lower adherend

his Thickness of upper adherend

he Thickness of adhesive

G*. Complex shear modulus of the adhe-
sive

Us Dimensionless function of the total
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1. Introduction

Adhesive bonding has been employed for
centuries, but its use has been restricted by
the availability of only animal and vegetable
glues, so that the structural applications
have been confined to timber, and even then
only to supplement dowel and pin fasteners.
All these early applications suffered from
the susceptibilities of adhe sives to moisture,
fungi and bacteria. The development of

synthetic resin adhesives which were

resistent to these conditions made possible
the adhesive bonded joint of composite
strructures o0n & much

more ambitious

scale. Recently, the biggest drawback to

the structural application of composite
materials in the aerospace vehicles is the

predictable and reliable

joining of one
component to another. To date considerable
work has been done to study the elastic
analysis of adhesive joints* [1-9]. Among

* Numbers in brackets refer to the reference.
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the foremost contributions in the field of bon-
ded lap joints, the first -paper is .generally
accredited to Volkersen[1]). He derived the
load distribution of multi-row rivetted lap
joints in tension, where he idealized the
rivets to be replaced by a continuous me-
dium of given flexibility, and considered
the case of an adhesive bonding. By neglec-
ting the bending of the adherends and stre-
sses normal to the adhesive layer, his analy-
sis of of a simple lap joint yielded a signi-
ficant parameter relating the extensional
stiffness of the adherends to the shear stif-
fness of the adheive layer.

de Bruyne (2] found good agreement with
Volkersen using simple metal lap joints, and
demonstrated the advantage of bevelled lap,
for which it can be seen intuitively that
the stress concentrations would he relieved,
since this is elastically equivalent to a scarf
joint while retaining the offset. At about
the same time as de Bruyne’s report, a
rigorous analysis was published by Goland
and Reissner [3) examining the stress dist-
ributions for adhesive joints with identical
adherends under the action of tensile forces
at the ends of the adherends. Hahn and
Fouser(4) analyzed the bending of the adher-
ends (ignoring the adhesive) in a lap joint
assuming they act as cylindrically bent
plates (analogous to the Goland and Reissner
solution). The second part of the article
considered the differential straining in a
double lap joint (bending neglected) and
determined the shear stress distribution in
the adhesive. Cornell (5] considered a simp-
lification of the Goland-Reisser method in
which the bonding layer was idealized to a
continuum of tension and shear springs. He
used a brittle lacquer and photoelastic stress

analysis to experimentally verify his ana-
lytical formulation of a single lap brazed
joint in terms of a differential equation. Wah
[6) reported the stress distribution of a bhan-
ded anisotropic lap jdiat in elastic range
according to a strengt hof materials theory.
The case of anisotropic adherends was inve-
stigated by the finite element mothod! 7 or
finize diffe rences [8). Stress distribution in
a stepped joint has been analytically discus-
sed by DErdogan and Ratwani 793, All the
above analyses assume that the adhesive and
the adherends are elastic. But it should be
noted that the adhesive
polymer and the material is characterized by

is a viscoelastic

complex modulus. The main objective of this
paper is to investigate the effects of shear
distribution and damping in the viscoelastic
adhesive of the bonded lap joint.

2, Theoretical Analysis

The basic approach to analyzing adhesive
joints has been to idealize the joint in terms
of mathematical model whereby the material
properties and joint geometry are related i»
the applied loads resulting in a differential
equation.

The problem, originally solved by Goland
and Reissner (35 for a completly isotropic
material system, is extended as a problem
with damping of a viscoelastic adhesive. In
order to simplify assumptions that may be
made, the lap considered in the theoretical
analysis is a double lap joint which consists
of two identical outer laminated adherends
boned through two viscoelastic adhesive ¢>
a center adherend. For the practical applica-
tion of composite material, we have supposed
that the laminated adherends are symmet-
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rical so that, with the middle plane as
reference plane, the bending and stretching
terms sare uncoupled; therefore, the shear
coupling compliances are zero [10].

For stress analyses the assumption must
be made that there are no bending moments
applied to the lap, neglect the shear defor-
mation of the adherends, the shear stress
does not vary across the bonding line, and
the shear stress-strain relationship of the
adhesive is constant. A double lap joint
typifies the condition of no bending moments
in the adherends (see Fig.1). Since a double
lap presents a symmetrical configuration,
only one bond may be considered to analyze

the stress distribution.

r—'

L |

Fig. 1. Double lap joint and notations for

analysis.

Let the coordinate x, measured from one
end of lower adherend, locate the points
along the axis of the lap. Lower adherend
is described by |£.,*|. and 4, upper adhe-
rend by [E*,.|. and /s The width of the
lap is o, and its length is L. It is assumed
that the adhesive material obeys the linear
viscoelatic constitutive relations. The visco-
elastic adhesive is described by G*., ¢, and
he.

The loads P are transmitted between the
laminate so that the force carried by the
upper laminate at a section x—units from
the origin is

Pz__-fzrbgdx (1)

where b, is the joint width.
The force remaining in the lower laminate
is then

P1=P—P2=P—§:sz dx (2

The strain in the upper laminate is

) — s Da(x)
e (V) = = TE L i
— bz *
=TE jor(x) dx (3)
From equation (2), e,(x) may be written:
N G. §
£2(x) —-mj‘ . 7(x) dx (4)

where G. is the shear modulus of the adhe-
sive cement.
The strain in lower laminate is
ou,y p—p2(x)
X)) = e 2
) = = B o, ®)

- TEIH“II—LIJI{ p—tsG. {7 (x)dx]

The shear strain in the adhesive cement is

T==u/h.or bt =u (6)

where /. is the thickness of the adhesive
cement and » is the displacement.

The total shear strain of the adhesive at
any point along the glue line is composed
of the difference in tensile strain . between
the adjacent adherends plus the shear strain
of the adhesive at x=0.

Differentiating this expression twice with
respect to x from equations (4) and (5)

ou G b,G
ISR < s 2T
3 = TE e e O T E gy D

From equation (6), it is apparent that

ox? ox? ®)

Equating equations (7) and (8)

37 (%) G boG,

h. g u 7 (x) + —
ox® [Ev ke @) [Ev* | Lbihy

7(x)
(9)
If the width is the same: b,=b,=5, equation

(9) may be written
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3.7 (x) G G.

he =g =T T O T e e @
So equation (10) may be rewritten
2% (x
aiz)——kzr(x_—_o (11)
where
b2 L® Gt[lEll*thl+1E11*|ukﬂ] (12)

n | Eg* | ph B b
Solving the equation (11), the expression
for the shear strain in the adhesive cement

is

/_é)_._ / L2Gc]E11*I;./32
bLG, N hy En* | ph (ki + | En* 4]

B i+ [En* | Jz
X [

| E11* | uhs

coshk%—i— coshk <1 :%l - Cafh}x%j
sinhk J
(13)

In the steady state, for a sinusoidally
varying axial force with time, equation (13)
may be adapted to an adhesive lap with a

viscoelastic cement if p.eit is substituted for

», and G.* is substituted for G.. Complex
modufus G.* {11) is defined by

G =G, +1iG.""
or

G*=|G.*| (cos g+isin ¢) (14)
where

1G* | = (G (E) (15)

and ¢=phase angle.

By substitituting these, equation (13) be-
comes the expression for shear strain in a
viscoelastic lap at any point x and at time
t, written by
T (%, 1)

_ Doe™ AW (cosp—ising) (cosd/2+iisng/2)
- BL|G*| (M 2+ M?)

X

X (My—iMy) .

(W—1)cosh aiLcos 3

+cos @ (1—%) cos ﬂ<1—iL)

+#[W (—1)sinh a—xEsin ,9—}—‘4—

. x <. x
+s1nha<1—T> sm,:(l—T) ] (16)
where
a= /W4 cos ¢/2, B= W4 sin ¢/2
J=_ lGxLE
| E::x* I uﬂznc
E.*|A
I/L/: I ‘17( ultl
e A,
M,=sinh a cos 3
My=cosh a sin 3 (17)

In calculating the damping of a configu-
ration, it is necessary to obtain the ampli-
tude of sinusoidal shear strain that each
element of the adhesive is subjected to.
Equation (16) may be written in the form

7 (%, 8) =70 (%) sin (wf— &) (18)
where 7,(x) is obtained by taking the square
root of the sum of the squares of the real
and imaginary parts of 7(x,¢) in equation
(16). This is obtained to he

y gon Do VITW [ +Q:+ 2(W-1)(Q: Ry + Q-R)
e TATEN { M oM 2
+ W=D*REHRY o

where

Q1=Cosh[a <1 —%—) ]cos[ﬁ (1 ——%> J

Qo= sinh[a (1 — %) ]sin[ﬁ (1 — z_> ]

R, =cosh a%cos @.’Li,

Rs=sinh a %sin ,3—’2— (20)

It will be convenient to express the shear
strain distribution in a dimensionless from
given by

T(W,x,g’gs):L;LG*L

0

_ [ 4 Q2+Q +2(W—1) (QR,+Q,R)
=lw M M
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- (W_l)z(R12+R22) 1/2

(21)

The energy dissipated per cycle by the unit
volume is

u=§eldt (22)
where
r="o(x) (G, sin wt+G."' cOS wt)
7=l (%) Cosat (23)
Integrating equation (22) over one period
results in
u=n G, T (2) (24)

Thus, the total energy dissipated per cycle
in the viscoelastic adhesive of the lap joint
is obtained as in the following:

v L
U:S udV =z bir, |G.*| sin ¢§ T2 (x)dx (25)
1] 0

By substituting 7,(x) as given by equation
(19) into equation (25), we get the total
energy dissipated as follows

 sinh @ cosh @ , sin 3cos 3

_ b’ h.Ising
T 2RLWIGR] |

sinh®a~+sin? 3 /
[2(W—1)cosh e cos g+1+ (W—1)*]  (26)
coshasin®* 3 sinh®e cos g
+2(W—1)l 3 B a p
\ sinh 2a+sin? 3 ]
With N=|E*,.|.Ji./| E*..| Lk, the expression
of W as given by equation (17) becomes
W=1+N (27)
Substituting equation (27) into equation (26)

results in

T 20L(1+N)G*.| |

N

[41
sinh? ¢ +-sin® 3

. inha co injcosg:
200" Jio dsin }[51 ac shaj,_‘ s ,J”c SpJ

‘2N cosha cos f+1+N2)
¢ coshe sin® 5 sinh *a cos 5
+2N| El a B (28)
\ sinh?a+sin? 3 /

For the purpose of discussion, it will be
convenient to define a dimensionless fun-
ction for equatisn (28) given by

2L |G*|U

Uy=
’ Tﬁoz hc

‘

— 4 sin;z&{

sinha cosh ., sin S cos B

1+N

a B J
\ sinh ?a+sin? 3
(2N cosha cos 3 +1+N?)
coshasin®p  sinh®acos g )
+2N( i a P29

| sinh %a+sin®§ y/

It is interesting to observe that the special
case of joint which consists of identical

materials of lower and upper adherend with
the same thickness. For this special case,
N=1, equation (29) becomes

¢ sinh @ cosha | sin g cos 3 )
Upy=4sing) - & B
0=48 ¢{ sinh 2a+sin? § /
{coshacosp—+1]
{ coshasin®s  sinh’acos 8 \rl
| 3 - a
*. sinh 2a+sin? p / (30)

3. Disussion of Results

The energy dissipated representing damping
capacity in a viscoelastic adhesive lap joint
The behavior
and analysis of a lap joint depend on a

are given in equation (29),

number of factors including the material

properties ot the adhesive and adherends,

geometries and loading conditions. In order
10—

45°/-45°/-45°/45" (16 layers)

trata Amplitude, T
<

0°/90°/06" (30 layers)

88 Lhear

Dimenafonl

6.2 0.4 0.6 0.8 1‘0/

Dimeneionless Location, x/L

Fig. 2. Dimensionless shear strain amplitude
vs. x/L for various 4.
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value N, The parameters N and 4 contain
W the quantities, |E..*|vhs, |E.*|h, and G*
- L2h,. These may be interpreted as measures
8- 90°/0°/90° (15 layers) of the rigidities of upper adherend, lower
adherend, and the adhesive, respectively.

T T Tmrers) Therefore, the parameter N is the ratio of
the rigidity of upper adherend to that of
lower adherend. On the other hand, the pa-
rameter Amay be interpreted as the ratio of

the rigidity of the adhesive to that of upper

Dimensionless Shear Strain Amplitude, T

adhereend.
0 I | | L
0.2 0.4 0.6 0.8 1.0 )?/L-C,ar.dl
Dimensionless Location, x/L 0.9
Fig. 3. Dimensionless shear strain amplitude o \—“ #/L = .25, and 0.73

vs. x/L for various values of 4. D /L= 0.5

60°/0°/60° (16 layers)

to derive the energy dissipated in the visco- <
elastic adhesive the amplitude of shear =

0.4
strain under sinusoidal loading conditinns o b G5 507 (16 Javers)
was obtained. The adherend material proper- 0.2 b
ties were taken from the reference [127. oL
For the purpose of discussion, dimension- S a— 10-15|111|1 . ”5““}0 w1

K2 *
O = e LR g,

less shear strain amplitude of two cases,

Fig.4. Dimensionless shear strain distribution,
70(%)/76(0) vs. 4 for various values of x/L,
=0, 175

namely unequal adherends of different pro-
perties and thickness and identical adherends
of same properties and thickess are plotted
in Figures 2 and 3. The upper laminate 1 T

consists of 16 layers with fiber oreitnation M:\ [%WN o
and sequence 45° / —45°/—45° /45", cach layer L Sk 02 T T o

being 0.01-in. thick, and the lower laminate
consists of 30 layers with orientation and
sequence 0°/90°/0°, each layer heing 0.01- -
in. thick. The identical laminate case consi-

AASHRC)
T

o

sts of 15 layers with orientations 90°/0°/90°. I IS EETIT AR e T L]
From examining Figures 2 and 3, the sym- o R \G:‘Lz,‘ﬁ;x!;zhc ” o
metry of shear strain amplitude distribution Fig. 5. Dimensionless shear strain distribution,
about the plane%:(}. 5 is influenced by 7{x)/7e(0) vs. 4 for varihus values of x/L,
varying the parameter N. It can also be 7=0.175

seen that the parameter 4 determines the As shown, the energy dissipated per cycle
initial steepness of amplitude decay along in equation (24), the energy dissipated is a

the length of the adhesive lap for a given function of the square of shear strain amp-
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sl
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A= |GC|L /IEuluhzhz

0.1

Fig. 6. Dimensionless energy dissipated vs. 4

for 5=0.175
litude. Therefore, the increased energy dis-
sipated occurs when the effective shear
strain distributed throughout the viscoelastic
adhesive joint. The distribution of shear
strain amplitude function, 7,(x)/7,(0) versus

4 for various values of ilcf is show in Figu-
res 4 and 5. It can be seen from the figures
that the value of 4 determines the slope of
amplitude approaches to zero about the plane
—Z—:O. 5 with increasing the value of 4. It
is interesting to note that the case of une-
qual laminates approaches to zero from the
value of 4=10. On the other hand, the
case of identical laminates approaches to
zero from the value of 4=30. The enefgy
dissipated versus 4 for unequal adherend
case is shown in Figure 6. It can be seen
that the energy dissipated is greatly influ-
enced by the value of 4. The energy dissi-
pated is relatively unchanged in the range
of the low value, 4<1, but is sharply incre-
4>5.
Figure 7 is a plot of the energy dissipated

ased in the range of the high value,

versus 4 for various values of the loss coef-
ficient of the viscoelastic adhesive. It can
be seen from the figure that the energy
dissipated is increased by increasing the loss

coefficient throughout all values of 4. How-

3

Mucnafoniens Energy Disafpated, U

111

10.0

T

5.0
n=0.37%

ne0.175

n = 0.087

— e AU
50

0.1 NN | |

0.5 1 5

L
ey lcc|x./|xuluhzh2

10

Fig. 7. Dimensionless enengy dissipated vs. 4
for various values of loss coefficient s,
=0.1

°

5.0
¥ =1.0
N =0l

Kw=0.3

T T T =4

T

R=0.7
1.0

0.5

T

Pimensioniess Fnergy Dissipated, U

roryriul
50 100

st )
10

22 el i
0.5 1

5
PRET
N ]CC|L T1E Tyhoh,

1.0 &

Fig. 8. Dimensionless energy dissipated vs. 4
for various values of N:=|E*.:|pho/ |*E x| ihy,
7 =0.376
ever, the energy dissipated is not greatly
influenced by the value of for the low value
of the loss coefficient, 5=0.017. As expected,
the loss coefficient is a significant parameter
to increase the energy dissipated in the
viscoelastic adhesive lap joint. Figure §
shows the energy dissipated versus for
various values of N. The energy dissipated
is tabulated in Tables I and II for various
values of N and 4.

It can be seen from tables that the opti-
mum value of 4 is the largest one that is
available. Since the upper limit of 4 is deter-
r

mined by the minimum value of |E..*| .k,
the practical application of lap should be
done cautiously to be able to sustain without

failure in the structural joint.
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Table |. Dimensionless energy dissipated vs.
N and 4 for »=0.174532
N i
g ol 7!7907.»‘3» J 0.5 | 0.7 | 0.9 | 1
0.1 0. 34736}0. 34734]0. 34732)0. 34731}0. 34731/0. 34731
0.3 10. 3478410. 34766(0. 34754(0. 34747;0. 34745|0. 34476
1 0. 35262]0. 35085{0. 34968)0. 34906(0. 34894(0. 34905
5 10.42063/0. 39580|0. 382050, 37649‘0. 37704/0. 37611
10 0. 52150‘0. 46521[0. 43765}0. 429000. 43301(0. 43842
50 1.081180. 90903[0. 840200. 82794/0. 84900(0. 87756
100 1. 5254711. 28161/1. 17008]1. 11722&1. 17812{0. 98355
Table [[. Dimensionless energy dissipated vs.
N and 4for 5=0. 349066
o Mo ]oes fos oz ]os ]
0.1 12.68416[0.68412,0. 68409)0. 68408:0. 631080. 63408
0.3 10.68512/0. 684770, 634520, 684390. 681350. 68437
1 0. 69461}0. 6911000, 68878‘0. 6875410, 63730 0. 68752
2 0.83123(0.781300. 75339\0. 7423510.743130.74759
10 1.03428(0. 92082(0. 86529i0. 84790‘0. 856000. 86693
50 2.15304{1.81013|0. 67402|1. 65268'\1. 69927‘1. 73682
100 3.04210(2. 54999)2. 40483(2. 357681\3. 16425 3. 34004

4. Conclusions

The crergy dissipated in the viscoelastic
adhesive lap jeint under sinusoidal stresses
has been studied with various factors. The
elastic solution for the shear distribution in
the elastic adhesive lap joint has been utili-
zed to find the shear distribution in the
viscoelastic adhesive lap joint by replacing
the shear modulus of the elastic solution by
complex shear modulus.

The total energy dissipated in the visco-
elastic adhesive lap may be increased by
of the
adherends and adhesive of a lap joint. For

controlling the relative rigidities

a given adhesive, maximum damping can
be obtained by increasing the ratio of rigi-
dity of the adhesive to that of upper adhe-
rend. Some caution must be exercised in
determining the upper limit without failure

in the structural joint.
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