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A SUFFICIENT CONDITION FOR THE INTEGRABILITY OF 
REES-STANOJEVIC SUM / 

By Babu Ram 

o. Abstract 

We show that the condition S of Sidon is sufficient for the integrability of 
.. n n n 

the limit of Rees-Stanojevié cosine sums g ,,(X) =승￡’ 6. a k + . .r:::;’ ~ 6. a j cos kx. 
x “ k=ü “ k=l j=k J 

1. Introduction 

Sidon [5] introduced the following class of cosine trigonometric series: Let 
~ c。

(1.1) 二9- + ￡’ ak cos kx 2 . k=l R 

be a cosine series satisfying ak=o(l), k • ∞. If there exists a sequence (A강 
such that 

(1.2) Ak • 0, k •∞， 

(1. 3) 

(1.4) 

c。

g’ Aι 〈∞，
k=ü .. 

16. ak 1 드 Ak, k, 

we say that (1. 1) belongs to the class S or equivalently the coefficients (ak> 

satisfy the condition S. 
A quasi-convex null sequence satisfies the condition S if we choose 

。o n 

An= rl 6.‘ am 1. 
m=n 

Recently, Rees and Stanojevié [4] (see also Garrett and Stanojevié [3]) in

troduced a new class of modified cosine sums 
’ n n n 

(1.5) g n(x) =향끓6.ak+많 짤~aj cos kx 

and obtained necessary and sufficient condition for integrability of the limit of 

these sums. 

The object of this paper is to show that the condition S is sufficient for the 

integrability of the limit of (1.5). 
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Lemma 

:258 

2. 

The proofs of our results are hased upon the following 

then 11 I ckl드1 ， [1] ). (Fomin LEMMA 1. 

Idx드C(n+1)， sin(k+ 1I2)x 
2 sin x/2 

_ n 

i |￡’ ck k=Û 
where C z.s .... posz"tz"ve absolute constant. 

Results 3. 

We estahlish the following theorems. 

Let the seqμeηce (ak> sati장y the condzïz"on S. Then THEOREM 1. 

’ ” • ')6.a. 十도’6.a; cos kx 
‘ n J=k J 

” g(x)= 1im g 
”→∞ k=l 

π 。。

。 Ig(x)ldx드C ε’ Ak. 
k=Û 

and 

We have 

exz"sts lor xε(0， π] 

PROOF. 

6.a. _ n u 

gn(x)= ￡표 

n 1 n n 
=L:호 6.ak + P, FL 6.aj cos kx k=l .. ,. k=l j=k J 

+슬 따 COS kx-an+1 Dn(x)+ a반1 
k=l 

a 4 

2 
n 

P
}，
닥
 

느4
k
 

we ohtain Making use of Ahel’ s transformation, 

+an(Dn(x)+융 
k=l 

n 

gn(x) =띨l 

a __ , , 
-a1-an+l D/x)+ ’;「‘

n-l 
=뀔l4ak Dk(x)+anDn(x)-an+1 Dx(x). 

The last two terms tend to zero as n→∞ for X ;t:O and since 

I Dk(x) I =0(1/ X) if X;t:O andζ’ l 6.ak l <∞， 
k=Û 

Hence lim gn(X) exists for X=O. 
n->o。

。。

the series ζ’ 6.akÐk(x) converges. 
k=l 
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Now applications of Abel ’ s transformation and lemma 1 yield 
π 。。

I.L' 6ab Db(X) 1 dx 
o k=l ~ ~ 

π 

Ig(x) Idx= 
o 

Dk(x) Idx 
π 。o /\ n 

I.L' A.二약 
o k=l ~ Ak 

-

Aaj π ∞ k 
12二 6Aιε:

o k=l ~ j=o 

Dj(x)ldx 
Aaj 

Aj 

k 

g
때
-

。。

드듀’ 6A. 
k=l κ 

c。

드 C .L' (k+ 1) 6Ab k=l --
c。

= C .L' A,. 
k=l “ 

This completes the proof of theorem 1. 

Then Let (ak> be a seqμence satisfying the condiUon S. THEOREM 2. 

h(x) 
x 

-x 잉
 에

 

1 R / , ‘ 
、

·m g 
i 

a A ∞
 
g 

섬
 

1 
-x 

[0, π]. EL aηd h(x) 
x 

,Converges for xE(O, π] 

n n 
t~(x)= ε: ε-;6ι cos kx. 
.. k=lj=k J 

Let PROOF. 

Then 

A깐(작(x)-fr ” cos kx = .L' 
j=l 

n J 
tn(x)= ε: 듀’ 6a; 

“ j=l k=l J 

Thus 

6a , n 
J .=2::’ 6a;D.(x). 

2 j= 1 J J 

we have 

n 

tn(x) 十ζl

Jf g(X) is the same as in theorem 1, 

쯤lAaJ 작(x) 
Daj 
2 

n 

「
一늬
 

‘ 
4 
-7J 、

찌
 

/
1、% 

·m 
@ 

--” --씨
 

밍
 

ι즈2-「 
2 sin x/2 . 

sin(j + 112)x _ 
2 sin x/2 

00 

= ε-; 6a , 
j=l J 

g(x) exists for x~O and According to theorem 1, 
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g - h(x) (x)=τ깃:τ'1') E L [0. π] 

If <ak> satisfies the condition S. This establishes theorem 2. 

4. Remarks 

Concerning the convergence of g n in the metric space L. the author [2] haS'-

recently proved 

(i) If (1.1) belongs to the class S. then 11/- gn IL' =0(1). n→∞. 

and deduced as a coronary the fo1Iowing theorem of Te1jakovski; [6] : 

(i i) If (1. 1) belongs to the class S. then a necessary and sufficient conditioD1 

for L 
1 

cODvergence of (1.1) is an log n=o(1). η→∞. 
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