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SOME CHARACTERIZATIONS OF COMPLETELY REGULAR SEMIGROUPS®
By S. Lajos

Let S be a semigroup. A subsemigroup A of S is said to be (1,2)-ideal of S

if ASA*CA (cf. [2]). S is said to be completely regular if it is the union of ™
disjoint groups. It is known that a semigroup S is completely regular if and

only 1if aCaSa” for every element ¢ in S. The author [4] proved that S is-
completely regular if and only if ASA = A for every (1.2)-1deal A of S. In [5]

some further characterizations are given in terms of (1.2)-ideals.
The main result of this short note is contained in the following theorem.

THEOREM 1. For a semigroup S the following conditions are equivalent

(A) S is completely regular.

(B) The set 12(S) of all (1,2)-ideals of S is a band with respect to set product.

(C) The collection 12(S) eof all (1,2)-ideals of S is a completely regular-
semigroup with respect to set product.

PROOF. (A) implies (B). Let S be a completely regular semigroup, and A,
B&12(S). First we show that AB&12(S). By making use the criterion ment-

ioned above, we obtain (AB)“=ABA (BSB>)CABSB°=AB, and (AB)S(AB)’=
=ABSABA(BSBz)CA(BSBz)=AB. Another criterion of the author [5] gives.

that every (1,2)-ideal of S is globally idempotent. Thus the set 12(S) is a.
band with respect to the ordinary set product.

Evidently (B) implies (C).

Finally, we show that (C) implies (A). Suppose that S is a semigroup with
completely regular multiplicative semigroup of (1, 2)-ideals. Then, for every
element A4 of 12(S), there exists X in 12(S) such thta AXAz-':A. Hence it .
follows that A:AXA2CASA2CA. Therefore ASA°=A for every (1,2)-ideal 4
of S, whence S is completely regular (cf. Theorem 2 in [4]).

THEOREM 2. A semigroup S is completely regular if and only if every prin-
cipal (1,2)-ideal of S has a right identity element.

PROOF. The necessity follows from Theorem 2 in [5]. Sufficiency. If e is-
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a right identity of (@) (1,2) then we have ee=a. On the other hand, e=ag,

4, or ata° where t&S". In each cases it follows that a is completely regular

3, or ata’ with 7/&€S'. This holds for every element @

of S, and thus the semigroup S is completely regular, indeed.

2
because of ea=ae=a", a

The following theorems can be proved similarly.

THEOREM 3. A semigroup IS is completely regular if and only if every prin-
cipal (1,1)-ideal of S has a left identity element.

THEOREM 4. A semigroup S is the union of groups if and only if every prin-
cipal (0,2)-ideal of S can be generated by an idempotent element of S.

COROLLARY. A regular semigroup S is completely regular if and only if
every principal (0,2)-ideal of S is a principal left ideal of S.
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