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A GENERALISATION OF CERTAIN RESULTS OF G.JAMESON
By J.Prada-Blanco

1. Introduction

G. J.O. Jameson in his paper “Convex Series” published in Proc. Camb. Phil.
Soc. 72, 37—47, (1972), has studied the CS-closed and CS-compact subsets of a.
Hausdorf{ topological linear space. In the present work, we introduce the con-

cepts of A-p-CS-closed and A-p-CS-compact subset of a Hausdorff topological
vector space over the field K of real or complex numbers, finding, in a natural

way, certain results concerning locally bounded topological vector spaces: for
instance, the closed-graph and open-mapping theorems.

2. Definitions and notations

Let A be a subset of a Hausdorff topological vector space and p a real nu-

mber such that 0<p<1. A series of the form Zl A, @, where ¢, €A and A, E:

K, nEN and 3”|2 |P<1 is called an absolutely p-convex series of elements of A.
1

We say that A is:
a) A-p-CS-closed if it contains the sum of every convergent absolutely p-con-

vex series of its elements.
b) A-p-CS-compact if every absolutely p-convex series of its elements converges.

to a point of A. |
The absolutely p-convex cover of a set A will be denoted by A-p-co(A4), the-

image of A under a relation R by R(A4) and the interior of A by I(A). A set.
admitting addition and non-negative scalar multiplication will be called a wed ge.

3. Preliminaries and preservation rules

Every A-p-CS-compact is A-p-CS-closed and every A-p-CS-closed is A-p-convex..

If each member of a family of sets is A-p-CS-closed (or A-p-CS-compact),
then so is their intersection. '

A linear subspace is A-p-CS-closed if and only if it -isIsequentia_lly"closed.

Every sequentially closed A-p-convex subset of a topological vector _-spaﬁe IS.
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A-p-CS-closed.
There are non-closed A-p-convex sets which are A-p-CS-closed, for example,

the open unit ball in a p-normable topological vector space.
Reasoning in a similar way as in {4], we have the following proposition.

PROPOSITION 1. Let A be a bounded, A-p-convex subset of a topological vector
space E. Then, A is A-p-CS-compact if any one of the following conditions is
satisfied |

a) A is A-p-CS-closed and E sequentially complete.

b) A is sequentially complete.

Besides, every A-p-CS-compact set is A-p-CS-closed and bounded.

The following preservation rules are easily verified.

a) If A and B are A-p-CS-compact, so it is A-+B.

b) The image of an A-p-CS-compact under a continuous linear mapping is
A-p-CS-compact.

c) If A and B are A-p-CS-compact, A-p-co(AUB) is A-p-CS-compact, too.

d) If A 1s A-p-CS-compact and B is A-p-CS-closed, A+B and A-p-co(AUB)
are A-p-CS-closed. An analogous statement holds for a finite number of sets
(all but one being A4-p-CS-compact).

e) Let E, F be topological vector spaces. If 4 is an A-p-CS-compact subset
of E and S is an A-p-CS-closed subset of EXF, then S(A) is an A-p-CS-closed
subset of F.

4. Two theorems about interier peints

From the fact that CS-closed sets are semiclosed, Jameson finds interesting
results about normed spaces. The following theorem leads us to similar ones

for locally bounded topological vector spaces.

THEOREM 1. Let E be a metrizable topological vector space and A an A-b-
LS-closed subset of E. Then, there exists a&R such that 0<a<1 and al(A)CA.

PROOF. Let x be an element of I(4) and U,, n=1, 2, - a decreasing base
of neighbourhoods of zero. Take

" - ntl
V =U M@ ?PA-2" ¢ x), n=1, 2, -
2 _ il 2
As 2 ? 4-2 ? zis a neighbourhood of zero for every » and 2 ? A4
w1 n+1 n+2

e ]

~2 7 zxcontains2 ? A-2 ? g for every 7, V., n=1, 2, «, is a
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decreasing base of neighbourhoods of zero.

1 _ 2 1

Since 02 ? A-2 ? x, there exists an element a,&A4 such that 2 ? ,

2 _1 _£
-2 7 xE—Vz. Write y,=2 Jt”.‘:;'1—-2 P .
2 3

Since —3,EV,, there exists a,&A4 such that y +2 ? a,~2 7 r&E—-V, Wr-
_1 _ 2 4 _3

ite y,=2 P a,+2 P a,—2 P x—2 P x Then take y,_1E—V, i there exists

7 n+1 1

I —
el

. .
¢, =4 such that y,_,+2 ? ¢ -2 7 x&-V, . Writing ynzgz P a,—

7 2+ 1
-—._):,1 2 p x, we have constructed a sequence that converges to zero. Then,
1=

” n+41 7

oo OO o0
)1:' 2 p a,— %’ 2 ~p x=0, which implies that the series %’ 2" p @

, 1S CO-

/4

OO
nvergent and being A an A-p-CS-closed set, we have that ? 2" a,=aE A

o0 n+1
Writing a=)T,_' 2 p , we have that exEA.

As a straightforward consequence of the previous thecrem, we find:

COROLLARY 1.1. Let E be a metrizable topological wvector space and A «
dense, A-p-CS-closed subset of E. Then, A=F.

COROLLARY 1.2. Let E,F be topological wvector spaces, F being metrizable.
If A is an A-p-CS-compact subset of E and S an A-p-CS-closed subset of EXF,

then there exists o &R such that 0<a<l and «I(S(4))CS(4).

COROLLARY 1.3. Let A, B be subsets of a metrizable topological vector space;
A is A-p-CS-compact and B is A-p-CS-closed. Thei, there exists c&R such that
0<a<1 and al(A+B)CA+B and al (A-p-co(AB))CA-p-co (AB).

In corollary 1.2, if S is a closed subset of EXF, it is possible to omit the
metrizability condition of . We shall prove the following theorem.

THEOREM 2. ILet E,F be topological vector spaces. Suppose that A is an A-
p-CS-compact subset of E and that S is a closed, absolutely p-convex subset of

EXF. Then, there exists « =R such that 0<a<1 and al (S(A))CS(A).

n

PROOF. Let y be an interior point of S(A). Then, the sets Vn=2#hi’_ S(A)

74 1
-2 ? 9 n=1 2 .- are neighbourhoods of zero in F.
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| | ” 7 " 1+1
We can construct a sequence of the following form: yn:;l 2 p bi"f—:i 27 1

9 =
9, such that y &-V,_, and 5,ES(A4). For every 5,ES(4), there exists ¢ €4

{4

such that (e, 5 )ES. Since A is A-p-CS-compact, we have that P 2 » a

|

a&A. Call af-‘—‘E' 95 . Then, (a, ay)&S and the theorem follows.
n=]

1

H

To see that (e, ay)ES, let us take U and V, neighbourhoods of zero In £
.
p

and F, respectively. As A is A-p-CS-compact, thereis an #&N such that 2

ACU and
1 _2 _r
a— (2 ta,+2 Payt--+2 pa,)EU.

Besides, —9,EV,, which implies that there is an element ¢&S5(A) such that

& _n+1 _ )
2" 7 tE€—y,+2  ~p y+V. Therefore, there exisis an element a’'€A such that

_n ntl
{(¢’,)ES and y,~2 pt+2 ~» yEV.

Being S an absolutely p-convex set of EXF, we have that
7 7 71+ 1 #

1 _ _n _2 i _n
(2" ?Pa,++2 pa,+2 pa, y,+2 Py+--+2 " p y+2 pES.

Then, there exists an #&N such that this element is in (¢+U-U YX(ay+V
+V+4V). So (a, ay)ES.

As a immediate consequence of theorem 2, it 1s shown:

COROLLARY 2.1. Let A, B be A-p-convex subsets of a topological veclor space
E. Suppose that Ais A-p-CS-compact and B is closed. Then, [ (A+p)#Q implies
I(A+ B)+#4g.

5. Anpplications of theorems 1 and 2 te lecally bounded topological vector
SPAC2S

Recall that a topological vector space is said to be locally bounded if there
1s a bounded neighbourhood of zero. One basic result about locally bounded
spaces is that they are p-normable for a suitable p with 0<p<<1 [6, p. 161].

The open-mapping and the closed-graph theorems for complete p-normable
spaces are found in a natural way from theorem 1. Also, we have the follow-
1ing propositions that are proven reasoning similarly to Jameson [4].

PROPOSITION 2. Every separable p-normable, complete space E is the image of
&’ under a continuous, open linear mapping.
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Note. Recall that /"= {(* )EK : )_1,_'Ixﬂ_]p oo}, pER, such that 0<p<l is a

«complete p-normable space with the p-norm |||x[]] =}_?' ES °.

PROPOSITION 3. Let A, B be A-p-CS-closed wedges in a p-normale complete
:space E. Suppose that for every x&E, there exists bounded sequences (a,) in A
and (b)) in B such that a,—b, converges to x. Then, E=A—B and there is a
positive number 0 such that (ANU)—(BNU)D U, where U denotes the unit

closed ball of E.

PROPOSITION 4. Let A, B be closed linear subspaces of a p-normable complete
space E and let U be the closed unit ball in E. Then, A+B is closed if and
only if there is a positive number 0 such that (ANU)+(BNU)D(A+B)NJU.

From theorem 2, the following propositions hold.

PROPOSITION 5. Let E, F be topological vector spaces, F being complete p-
.normable. Let T be a linear mapping from E to F with closed graph. If there
1S a bounded subset B of F such that the closure of T”l(B) s a neighbourkood
Of zero in E, then T s continuous.

PROPOSITION 6. Let (&,7) be a topological vector space such that the closed,
absorbent, absolutely p-convex subsels of E form a base of neighbourhoods of
zero for the topology ©. Let F be a complete p-normable space and T a [inear
mapping from E to F with closed gmpf; Suppose that there is a bounded subset

B of F such that T(E) is contained in U nB. Then, T is continuous.

n=1

6. The A-p-CS-closure

We call the smallest 4-p-CS-closed set containing a given set its A-p-CS-
«closure.

We have the following two propositions.

PROPOSITION 7. The A-p-CS-closure of a wedge or linear subspace is again a
wedge or linear subspace.

PROPOSITION 8. Let {a,} be a bounded sequence in a complele p-normable space
E. Then, the A-p-CS-closure of {a,} is the set of all sums of absolutely p-convex

OO
Series 3 A.a,.
L .1

PROOF. Consider the following mapping T from Z’? to E, JT(_x)z)%’ x,a,. T 1S
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a continuous linear mapping.
Consider, now, U= {x&/I? : )_1," lxnlp <1}. Since U is A-p-CS-compact, T(U) is:
A-p-CS-compact.

Note. The previous proposition is satisfied, too, if we take E to be a.
sequentially complete, locally convex space.

The following theorem is proved similarly to Jameson.

THEOREM 3. Let E be a metrizable topological vector space. Then, the A-p-CS-
closure of a subset A of E is the set of all sums of convergent absolutely p-
convex series of its elements.

Let £ be a vector space and 7; and 7, two topologies in E. The satatements:
named below are easily shown.

If 75 1s finer than 7,, every A4-p-t,-CS-closed set is 4-p-7,-CS-closed and every
A-p-1,-CS-compact 18 A-p-1,-CS-compact.

Suppose that 7, and 7, are compatible locally convex topologies for a vector
space E. Then, the same sets are A-p-CS-compact with respect to 7; and 7.

PROPOSITION 9. If (E,7) is a locally convex space, then the same sels are
A-p-CS-compact with respect to v aend the strong topology given in E by the dual

pair {E,E").

PROPOSITION 10. Let T, and T, be iwo compatible locally convex topologies-
for a vector space E. Then, the same bounded sets are A-p-CS-closed with respect

to 7, and T,.

REMARK. The author does not know if the same sets are A4-p-CS-closed with.
respect to two compatible locally convex topologies in a vecor space E.
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