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T,, R, and Semi-R, Spaces

By Charles Dorsett

0. Abstraect

In this paper T, identification spaces are used to prove that the semi-R,
separation axiom is not a generalization of the R, separation axiom and to

determine conditions, which together with R,, do and do not imply semi-R,.

1. Introduction

Semi open sets were first introduced and investigated in 1963 [6]. Since 1963
semi open sets have been used to define and investigate many new topcicgical
properties. In 19756 semi-T, =0, 1, 2, was defined by replacing the word open
in the definition of 7T, =0, 1, 2, by semi cpen, respectively, and it was
proven that semi-T,, =0, 1, 2, 1s strickly weaker than 7, 7=0, 1, 2, respec-
tively [7]. The semi-®, separation axiom was cefined and investigated in 1973
{4]. In this paper the relationships between R, and semi-R, are investigated.

Listed below are definitions and thecrems that will be utilized in this paper.

DEFINITION 1.1. If (X, T) is a space and ACX, then A is seni open,
denoted by A€SO(X, 7), iff there exists O&T such that OCACO [6].

DEFINITION 1.2. Let (X, T) be a space and let A, BCX. Then A i1s semi

closed 1ff X— A is semi open and the semi closure of B, denoted By scl B, 1s
the intersection of all semi closed sets containing B [1].

e—  SSSaa—

DEFINITION 1.3. A space (X, T) is R, iff for x, y&X such that {x}# {y}
there exist disjoint open sets U and V such that {x}CU and {3} CV [2].

DEFINITION 1.4. A space (X, T) is semi-R, iff for x, y&X such that scl

{x} #scl {y} there exist disjoint semi open sets U and V such that sci {x} CU
and scl {y}CV [4].

DEFINITION 1.5. Let (X, T) be a space and let R be the equivalence relation
on X defined by xRy iff {x} ={y}. Then the T identification space of (X, T)
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is (X, S,), where X, is the set of equivalence classes of R and S; is the de-
composition topology on X, [8].
Note that the natural map P : (X, T)—(X, Sy) is closed, opened, and

—1
P (P(0))=0 for all O&T.

DEFINITION 1.6. A space (X, T) is exiremely disconnected iff for each O &
T, OET [8]. j

THEOREM 1.1. A space (X, T) is R, iff (X, Sy) s T, [3].
THEOREM 1.2. If (X, T) is Ry, then X0={{?} lx& X} [3].

THEOREM 1.3. A space (X, T) is semi-T, iff it is semi-R, and semi-Ty [4]..

THEOREM 1.4. Every T, space is semi-T, [7].

THEOREM 1.5. If (X, T) is a space and ACX, then scl ACA [1].

Let S; be the statement “Every R, space is semi-R;.”
2. Equivalent T', condition for S, and several applications

Let S, be the statement “If (X, T) is T, and x&X such that {x}€&T, then:
there exist disjoint open sets U and V such that x&UNV.”

THEOREM 2.1. Sy iff S,.

PROOF. Assume S,. Let (X, T) be T, and let x&X such that {x}€T. Let

y£EX, let Y=XU{y}, and let S={0€T |20} U {OU {y} |x&€0&T}. Then S is a.
topology on Y and (Y, S,) is homeomorphic to (X, 7), which implies (¥, Sy)
is T, and (Y, S) is R,. Since {x}&T, then {x, y}={y},&S and y&X — {3},
U{x} &S0, S), which implies scl {y}#scl {x}. Since (¥, S) is R,, then (¥,
S) is semi-R; and there exist disjoint semi open sets A and B such that scl {«}
4 and scl {y}CB. Let U, V&S such that UCAC(_IY and VCBCVI,. Then x
&UUV, which implies U, VET, and since (X, T)=(X, S;), then x&(U,NX)
NV ,NXD=UNV,.

Conversely, suppose S,. Let (X, T') be R,. Let x, y&X such that scl {x}#
scl {y}. If {x}~{y}, then there exist disjoint open sets U and V such that (x}CU
and {y}CV, which implies scl {x} CU and scl {y}CV, where U and V are disjoint
semi open sets. Thus consider the case that I_x}sz}. Since scl {x}s#scl {y}..

then {x}€&T. Since (X, T) is R;, then (X, Sy) is T, Let C EX, such that
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#=C_. Then C_={x} and since {x}€&T, then {C}&S, Thus there exist dis-
joint open sets 2 and 7" in X, snch that Cxe?nff Then P_l(% ) and pt

(T) are disjoint open sets in X, &P \Z)=P %), and yeP {F )=p!
(7" ), which implies p! (7 ))U {x} and P! (77 )U {y} are disjoint semi open
sets. If z&{y} — {y}, then P! (' )U{z} is semi open and does not contain ¥,
which implies z&scl {y}, and since scl {y}C{y}, then scl {y}={y}. Similarly

scl {x} ={x} and scl {#}CP~NZ)U{x} and scl {y) cCP~ (7 U {3}

Theorem 2.1 can be combined with the following example to prove S, 1s false.

)

EXAMPLE 2.1. Let N denote the set of natural numbers with the usual to-
pology and let SN denote the Stone-Cech compactification of N, Then BN is.
extremely disconnected and contains nonisolated points [8]. Thus for each
non isolated point x&BN, there does not exist disjoint open sets U and V such
that xEUNYV. ]

Example 4.1 in [7] can be used to show that semi-R; does not imply R;.

Thus R; and semi-R, are independent.
In [4], 1t was shown that the Tjidentification space of a semi-R, space is
semi-T, ‘The fact that S; is false can be combined with theorem 1.1 and

theorem 1.4 to show that the converse of the above statement is false.

3. 7, ,93’1, and .932 gets

Let &7,={P|P is a topological property such that every R, space with prop-
erty P i1s semi-R;} and let &,={P|P is a topological property such that if
(X, T) is T, and has property P, then for each x&X such that {x}&T there
exist disjoint open sets U and V such that *&UNV}. Since T.€9, and T,&
Z, then Z 3¢ and F #F,.

Let DNB be the property “Every point has a decreasing neighborhood base.”™

THEOREM 3.1. DNBEZ,

PROOF. Let (X, T) be a T, space with the DNB property and let x&X such

that {x}€£€T. Net .#” be a decreasing nbh base of x, let = be a well ordering
of /#°, and let F be the first element of 4. For each NE.¥", let & =10

A" |O<N}. Then for each NEA" there exists f, | = A" XTXT such that
(1) f N EF)=fp(F)=(F, Ug, V), where Uy and V, are disjoint open subsets:
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of F and x&U UV, and if F<OXN, then fx(0) =f0(0)::(5, U, Vo), where
O is the least element of {We&# |\WCO and WN [(UU UV )] =¢} and U, and

R<O™ RO
V, are disjoint open subsets of O such that U UV, if x%}?%o U PnRL-%O V p
and O=F, U,=U and V,=V otherwise, and (2) ggNUO)ﬂggNVo)zé. The

proof is by transfinite induction.

Since (X, T) is T, and {x}€&T, then every nbh of x contains infinfinitely
many points, which implies there exist disjoint open sets Uy, VCF such that
x&U UV .. Then fr: S z— A" XTXT defined by fo(F)=(F, U, V) satisfies
the desired properties.

Assume the statement is true for all W&/ less than N. If x&€U U 20

RN
U Vg then fy 1 &= A" XTXT defined by

RN
J 0(0) if O<N e : .
Fa(0)= | satisfies the desired properties.
fo(F) if O=N
Thus consider the case that x¢& U U, U U Voo Then x& U U ~ for suppose
RN RN RN

not. Let OET such that x&0. Then there exists W&/ snch that WCO. Let
P he the least element of {B<N|W N (U Ugp)#¢} and let S ke the immediate

R<B
successor of P. Then S<N. Since x%RLéS UpN 1%'J<SVR' then fg(S)=(S, Us, V),
where S is the least element of {Y&€A7|YC S and YN[(U U,)U (U V)] =6

RS RS

A

and Ug, V¢ are disjoint open subsets of S such that x&U SUVS. Since SCW oor

WS, SO%LQSUR)——-Q and ane['{’sUR):gé’ then SC W and V C S CWWC 0. Hence

xERLéNVR, which is a contradiction. By a similar argument x&U V.. Let N be
RN

the least element of {Y& |[YCN and YN[(U Up)U(U V)]l =¢} and let Uy,
RN RN

V » be disjoint open subsets of N such that x&U UV hlenfy 1 &= A" XT
T defined by

fo(0) if OKN
(N, Uy, V) if O=N
Thus by transfinite induction the statement is true for each N&E.#". Then

A= U U, and B= U V, are disjoint open sets such that xEANE.
Nes” Nes”

Let &#,={P|P is a topological property and (X, T) has propperty P iff (X,
Sy) has property P}

satisfies the desired properties.

.fN(OD :{
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THEOREM 3.2. Compactness, separabilily, extremely disconnectedness, and
DN B are elements of &

The straightforward proof is omitted.
THEOREM 3.3. Z NZF,=F,NF,
The proof is similar to that for theorem 2.1 and is omitted.

Combining theorem 3.3, theorem 3.2, theorem 3.1, and example 2.1 proves
DNB&Z, and compactness, separability, and extremely disconnectedness are

not elements of &;.

North Texas State University
Denton, Texas 76203
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