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IN INTEGRAL TRANSFORM INVOLVING TWO GENERALISED 

H -FUNCTIONS 

By S. D. Sharma 

O. Abstract 

In the present paper we study a new integral transform whose kerner 

involves the product of two H-functions of two complex variables. Next, we 

establish an inversion formula for this new transform. On account of very 

general nature of its kernel, several other integral transforms studies earlier 

by many research workers viz. , Bose (1952) , Mukherji (1962) , Nigam (1963) , 

Rathie (1965) , Singh (1969) , Mittal & Goel (1973), and Gupta, Garg & Kalla 
(1975), follow as its particular cases. 

1. Intro:duction 

Recently Mittal and Goyal [8] have defined the so called ‘generalz'zed' 

H-f;μnction tran.;form’ involving two variables as follows: 
。00。

Ø1(P, q)=pq H*(px , qy) f(x, y) dx dy (1. 1) 
o 0 

provided the integral (1. 1) is absolutely convergent and the function H용(x， y) 

is a special case of the H-function of two variables (with 씬 =0) defined and 

representèd by Mittal and Gupta [9, p.117]. For convenience and hrevity, 

however, we shall use the contracted notation introduced by Srivastava and 

Panda [15, p.226, Eq. (1.5) st. seq.] as follows: 
0, n 1 : (m2' n2) ; (1113’ 1!3)(r(ap, ; ap"Ap)l : r(cp,' rp,)l r(ep;Ep,)l : 

H(x, y)=H ( 
Pl ,ql: (P2,q2): (P3 ,q3) \l(bq,: ßq"Bq)l : l(dq;Öq,) l rCJq,’ Fqa)] : 

=--Lτ 11 U1(s, t)U2(s)U3( t)xV ds dt, (1 .2) 
ιπZJ t ￡ 

where 

、



~ 
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mg n2 
;딘 r(짝-이ös) 므1 r(1-당+ηös) 

U2(s)= -] ‘ ‘-ι 
n r(C;-r;S) n r(1 -d;+δ;s) 

j=1+ η2 J J j=1+m2 J J 

nl3 na 

--딘， 「(져-Fjt)딘 ， r(l -ej+E/) 
U3(t) = p; - ι qa-

n r(e;-E ;f) n r(1- f.+F. t) 
j=1+n, J J j=1+m. J J 

provided that x and y are not equal to zero and an empty product is inter

!preted as unity. The non-negative integers 까， Pi' qi U=1 , 2, 3) and m2' m3 are 

such that 

O드ni< Pi' qi는0， O<mj<qj U=1 , 2,3; j=2, 3) ; 

and the letters a , ß, r , δ and A, B, E , F all denote positive quantities. 

The contours L 1 and L2 are suitably defined and the poles of the integrand 

are assumed to be simple. 

The conditions for the function H(x, y) being analytic and for the integral 

{1. 2) to converge are given by Mittal and Gupta [9, p. 119, conditions (1)

(vi)]. The corresponding appropriate conditions are also satisfied by H 1(x,y) 

.occuring in this paper. 

For convenience, let [(ap• αp)] and [(ap : α'p' Ap)] abbreviate the p-parameter 

sequences (a1' α1)' ...... , (ap' α'p) and (a1 ; αl' A 1) , ...... , (ap : αp' Ap) respec

tively, with similar interpretations for [(cp' η)] ， [(bq ; ßq, Bq)] , etc. 

By summing up the residues at the simple poles of the integrand of (1.2), 
the following expansion for H 1 (x, y) , defined below, has been derived [5] in 

terms of Fox’s H -function [4] : 

O.N 1 : (M2.N2) :, (1.N3) 
H 1(x,.y)=H 

1"'- -- P l' Ql: (P2.Qz): (P3.Q3+1) 

N , 

[(a ’ :a ’ A ’)] : [(c ’ .r ’)] : þ, . -p, ’ 'Pl ./J • LV"þs • I Ps 

[(bQ,’ : ßQ,’ .BQ, ’)] : [(dQ,’ .OQ,’)] : 

[(e감’ • Ep,’)] : 

Cfo'’.FO’ ). [Cf Q.’ .FQ•’)] : 
x,y 

=1Fn §1 Pa I lll Q 

“ ) Sf j좌，+F(ejr-EjVs)낌lF(1-져’ +F/ps) 

1+ N 2 I I [(c ’ • r ’)]. [(a ’ -A ’P., a" )] ( × ! P2 P2 A Pi s P1 ’ 1 (1.3) 
1+ P2. Ql+ Q2 \ .. I [(dq;. δq，’)]. [(bq,’ +Bql’ Ps' ßq,') 
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where Ps=(fo' +s)/FO' , provided that the series on the right side of (1. 3) is 

.<tbsolutely convergent. 

In this paper we introduce a new integraI transform defined by 

r _ _ _) . . _" _J α(χx)kl b(1ty)kl 
000。

rþz(μ， v) = I I (1 +σ11tX) 一ι'(1+σ2VY)-μ'HI
~ J

o 
,-. -1""--' ,-, -~-." --\ (1 +σ，ux)"" (1 +172ν'Y) 

. H 1 

m(ux/\ 

(1 +171UX )v, ’ 
깐낀r 

(1 + 172νy)1U2 
f(x , y) dx dy 

’ provided the integraI (1. 4) is absolutsly convergent. 

2. An .integraI required 

(1. 4) 

First we establish the foIlowing interesting integraI which we shaIl require 

in the proof of an inversion formula for the integral transform defined by 

’(1.4) : 

11= 

000。 À.\ /1\ 
xY __ 

h, 
ax 

o 0 
(1 + 171x) À.'(1 +σ2Y)μa “ (1+01X)h2 , 

파느 
(1+g2Y)kg 

V\ 
mx 

. H11 고갑;x)U2 , 

-(1+À.\) _ -(1+ μ1) :a .. 
ηZ17 ， 。 M

A 

F ‘ EEE 
o s=O w=1 r=O 

10, 

양 

(1+g2Y)W2 
dx dy 

δw/s.lrf “、Pr)ψ1

' •• 
.P, rr

o. nq +N 1: (m2’ n+N2+2) : (m3’ n3+ 2) 
• (Jr- m ’H 

[(ap\’ ap\.Ap\)] : [(ap,'.ap\'.Ap,’)] : 

P1+ Pl' q1: (P2+ P2+ 2, q2+ 1): (P3+ 2• Q3+ 1끼 [(bq ， : ßq\ , Bq)] 

.( -λl-VIP’ r' h2). (2- À.2 -λ1- V2Pr’ .h2-h1). [(cp,.rp,)]' [(c’p; r'p,)] : 

(1- À.2 -V
2Pr’·h2). [(dqg.aqg)] 

(μl-w1Ps' k1). (2-μ2-μ2+ (w2+ w1)Ps' k2-k1). 

(1-μ2' k2). 

￦here Ps' 
f(p s) , P/ and h(p/) are given by, 

N , 

[(e~ • E h )] 
P"~P， 

[C!h .Fh)] q.. q, 

.낀 r(l-ej’ +Ej’Ps) 
f'n+ s 

-h, 
aul -, 

--

b17감‘ 

Ps=' 음r-， f(Ps)= Pg Qs 
ro . n 1 

r(ej/-Ej/PJ n, F(1-j?+F1’Ps) 
j=N.+ 1 ' , 

j=l 

d ... +r 
ρ/=-꽁「-(%=1， ---, M2), . 

0 
" 

--

• 

(2.1) 
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M, Q, Q, 
k(Pr/)= n r(dj/-δj’Pr’)( D. ，r(1 -d/+δ"/ P/) .n, r(l-얀/-BjrPs+하， Py'): 

=1 J J ". j=λ1"， + 1 J J •• j=l 
J=W 

P, P, 
1담 r(Cj’ -rj찌 낌lr(얀-싹/Ps-%찌] 一1

provided that 

σ1> 0, (T 2> 0, h2> h1> 0, k2> k1> 0, W2> Wl> 0, V2> ν1>0. 

Re [A.2+h2(d/oj)+V2(d/ Iδz’)]> Re[지 +h1(d/δj)+νl(d/δ{)+1]>0， 

Re[μ2+현C!/Ft)+W2C!'oIF'o)] > Re [μ1+k1(좌1Ft) 十W1 C!O' IFo') + 1] >0, 

(j=l, …, m2; i=l, ... , m3; t=l , …, M 2) 

and the series occuring on the right side of (2. 1) is absolutely convergent. 

PROOF. To prove (2. 1), we first substitute for the H-function occuring on 

the left hand side in terms of the double contour integral of Mellin Barne’s 

type from (1. 2) and then change the order of (x, y) and (s, t)-integrals (which 

is justified due to their ahsolute convergence). To evaluate the inner (x, y)-

integral. we express H* in the series form (1. 4) involving Fox’ s H-function 

and then Fox’s H-function thus involved is also expressed in series form by: 
using the result 2, 

~. N I I [(a ’, α ’)] H .... - ( x I "-P , - P /, ) = 
P.Q \ I [(bQ’ , ßQ’)] 

∞
 ε
닝
 

M 

g
때
 

뒷뿔g(Pr)xP" 

where Pr and g(Pr) are given by 

b'…+r 
Pr= 츄~(w=l， …, M), 

,- w 

M N 

묘 r(낀-의， Pr) 낌lF(1-와'+따씨 

and g(Pr)= 뜰lU " 

n J’ (a;'- α;'Pr) n r(l-b;'+ß/Pr) 
j=M+1 J J. j=M+1 J"J ’ 

Now changing the order of integration and summations (which is justified 

due to uniform convergence of the series and the absolute convergence of the 

double integral thus in volved) , evaluating the inner (x, y)-integral with the 

help of result [3, p. 232] , and then interpreting the resulting. Contour integraL 

by means of (1.2), we arrive at the result (2.1.) 

3. InversÏon Formula 

We now established the following inversion formula for the genera]jzed 
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integral transform defined by (1. 4). 

If ø2 [f(X, y) ; μ， V] is defined by (1. 4), then 

f(x , y) = 

where 

1 

(2ilii 

。o c。

[2= 

o 0 

O'I+i，∞ (]， +t∞ 

[ 2xil ，yμ'dÀ1dμl 
O'l-tOO (j2-~O。

μλIVμ'Ø2 [f(X， y) ; μ， v] du dv 

(3.1) 

(3.2) 

and [1 is given by (2. 1), provided that m, n, μ， v, a, and b are all positive 

quantities; f(x ,y) is sectionally continuous; the integral transform (1.4) of 

f(x , y) exists, the double integral (3.2) is absolutely convergent; and 

Re [À2+h2(d/o j )+V2(d/ Iδ/)]>Re[λ1+h1(d/δ')+v1(d/ Iδ/)+1]>0 

Re [μ2+k2CJ/Ft)+W2CJO'IFo')] > Re rμ1+k1CJ/Ft) 十WICJO’1Fo') +1] >0 

j=l, "', m2; i==l , "'m3; t=l, …M2 

PROOF: By γirtue of (1. 4), we have 

[2= 

0000 ooc。

λ， μl u ‘ν . 

o 0 0 0 

(1+σlμx) -il'(l +0"2vy)-μg 

.H 
a(μX)h， 

(1+01μX)h" 
b(vy/' 
V\.VJ스파;) H 씬짝)V1 

(1+01μx)V2 ' 

깐띄)WI 

(1+02κy)“ (1 +02vy)W, 

• f(g ,y) dx dy ’ du dν (3.3) 

Now changing the order of (u, v)-integral and (x, yHntegral(which is justified 

due to absolute convergence of these integrals), and replacing ux by p and v)l 

by q in (3.3), we obtain 
。000 000。 /, 1 qμl 

[2= r r X- C1+ il ')y- C1+μ')f(x， y) dx dy (l+0"1P친5그σ2q)써 
00 

.H 앨f」- -
(1+σ1 p)h, ’ 

bl' 
(1+g2q)kg 

H ,I . 쁘kr: 
” ’ >\ (1+ 0"1P)"' 

. 
nqW1 

(1+g2q)Wg 

On evaluating the (p, q)-integral with the help of (2.1), we get 

[2= Ir 
。o oc 

x-C1 + À.')y-C1+μ')f(x， y) dx dy 
o 0 

dp dq. 

(3.4) 

(3.5) 
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Now, using the familiar Reeds theorem 1 , n [13J , the inversion formula 

(3.1) is completely established under the stated conditions. 

4. Particular cases 

(i) If we set nl =0, 이=σ2=0， h1 =k1 =1 , ν1 =wl =1 , 

Pl =Ql =N1 =0, M2=Qz=l, N 2=P2=O, d 1'=O, δf=1， 

P 3=Q3=N3=0, 10'=0, Fo'=l in (1. 4) , we obtain the 

H*(x,y)-transform recently defined by Gupta, Gargand KalIa [6] 이 virtue of 

the familier relations: 

HÕ:~(Px I (O,l)=e-Þ". 

(ii) In addition to above, if we ~ u , a=b=l , m=n=O, in (1. 2) , it reduces 

to the double H-function transform defined by (1.1) which further reduces to 

the integral transforms recently studied by various authors notably Singh 

{l4] , Nigam [11] , Mukherjee [10] , Bose [10] , Rathie [1낌 , etc. 
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