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NUMERICAL RANGE THEORY FOR PSEUDO-BANACH ALGEBRAS 

By T. Husain and A. Srinivasan 

O. Introduction 

In [7J GiIes and the first author extended the concept of numerical range of 
an element of a normed algebra to locally multiplicatively convex algebra and 

studied some of the basic properties. In [8J GiIes and Koehler studied it fur
ther. In this paper we study the numerical range of an element of a pseudo

Banach algebra introduced by Allan etc. in [3J. Among other results, we 

show that for any element of a pseudo-Banach algebra the numerical radius 

is equal to its spectral radius. AIso its spectrum is compact and is contained 

in its numerical range which is a convex compact set. Hence we show that 

the convex hull of the spectrum of an element coincides with its numerical 

range. Moreover , we give a characterization of dissipative elements of a pseu

do-Banach algebra. (The case for Banach algebras is known in [5J). 

It is known [3J that every commutative Banach algebra with identity is a 

pseudo-Banach algebra and there are pseudo-Banach algebras which are not 

Banach algebras. It is interesting to note that in the case of a Banach algebra, 

the numerical radius is less than or equal to the spectral radius whereas in 

the present case of pseudo-Banach algeka, they are equal. 

1. PreIiminaries 

The concept of pseudu-Banach algebra was introduced by Allan, Dale and 

McClure [3]. We reproduce the definition here: 

DEFINITION 1.1. (Allan, Dales and McClure [3J) Let A be a commutative 
topological algebra over the complex field C with identity 1. A bound structure 

for A is a non-empty collection ß of subsets of A satisfying the following 

conditions: 

(i) Each Bαεβ is abs뻐tely convex, bounded, EZζEα and 1εBα; 
(ii) Given B1, B2εβ， there exists B3 in ß and it>O such that B1 UB2ζitB3• 

The pair (A , ß) is called a Bound algebrα. 
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For Bα in β， let ACBα) = {Àb : },EC, bεBα}. In view of (i), ACBα) is a suh

algebra of A generated hy Ba' The Minkowski functional of Bα defines a 

submultiplicative seminorm IH Ba on ACBa). If each 11'1 B" is a norm, and if 

ACBα) is a Banach algebra with respect to 11.1 Ba’ and if A= U {ACBα) ; Bαεß}， 

then A is called a psezed 0 Banαch algebra. 

If A is an algebra with identity 1, then GCA) denotes the set of all invert

ible elements in A , A' its topological dual and A* its algebraic dua l. We fol

low the notion and terminologies of [3] and [5]. 

PROPOSITION 1. 2. CAllan etc. [3]) An algebra A is a pseudo"Ballach algebra 

wz"th respect to some bound structure, zf and only zf A is isom01’phic μlith the 

ùzductive limit 01 an 쩌dzective 원Istem CAα : z·Ra : α， ßEA, α드ß) ， 01 Banach alge

bras with z"dentity and continχozes μnital monom01’phisms. 

REMARK. Observe that a priori a pseudo-Banach algebra does not carry the 

inductive limit topology which is complete by definition. Its initial topology is 

in general coarser than the inductive limit topology. We assume that A is a 

complete topological algebra as well as a pseudo-Banach algebra in the sequel. 

The following simple known result is giγen here for the use in the sequel 

PROPOSITION 1. 3. Let CA, ß) be a pseudo-Banach algebra μIzïh the inductive 

limit topology. Then a linear lzenctional 1 on CA, ß) is continzeoμs， zf and 01z1 y 

zf lor each α， IIAa=!'α is a conti1zμozes linear 1;μnctional on the Banaclz algebra 

CAa , 11. α). 

2. Numerical range of an element of a Pseudo-Banach Algebra 

DEFINITION 2. 1. Let CA, ß) be a pseudo-Banach algebra with identity 1. 

Recall β={Bα ; αεA} ， where each Bα is an absolutely convex bounded set sa

tisfying the conditions in 1. 1. We put Aα=ACBα) which is a Banach algebra. 

끼T e define DCA， β ; 1)= {fεA' :/(1)=1, II/I A)l드1 ， for all α드A} ， and DαCA， 

Ba; 1)= {fEA* ;/IAαεD CAα， 1. 11α ; 1)}, where DCAα， 1.11 a ; 1) = { 1，αεA나 : 
Ilfαα =1=la(1)}. Observe that for each laEAa', by the Hahn-Banach theorem 

there exists a gεA* such that gIAa=la' 

THEOREM 2. 2. Let CA, 껴) be a pseudo-Banach algebra with identity 1 and zvith 

the indμctiνe limit topology. Then n DαCA， Bπ ; 1) =DCA, ß ; 1). 
αεA - “ 
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PROOF. If 1ε nDη(A， B", : 1), then 1 is a linear functional on A such that 
aEA - ‘ 

IIAα=Ia is a continuous linear functional on Aα， 111α lIa드1 and la(l)=l for 

each α in A. The continuity of 1α on Aa for all α in A implies the continuity 

of 1 on A by proposition 1. 3. Clearly 1(1) = 1 and 111 a11a드1， for all α in A 

imply that fεD(A， ß ; 1). Conversely, if fεD(A， β : 1), then clearly la=/IAa 

EAa' , // 1)=1 and 11 1.α lI a드1 ， for each αεA. Thus we have: 

n DN(A, BN : l)=D(A, β : 1). 
aEA - -

THEOREM 2.3. Let (A , ß) be a pseudo-Banach algebra μIz"th z'dentity 1 eχdow

ed wz't lz tlze inductive Umit topology. Then D(A, β :1)=핀핀 D a(A, B a : 1) (pro-

jective l z'1nz't, see [5]). 

PROOF. First we show that for α， ß in A, α르β implies Dα(A， Ba : 1)그Dβ 

(A , Bß: 1). If 1εDß(A， B ß ; 1), then fεA* and I ß= IIBβ is in D(Aß, 11. Iβ ; 

1). So 1 ßEA/. Since α드ß means BaCBß' it follows that 1IAa=IßIAα드Aa'. 

This proves that 1εDα(A， Ba ; 1). 

Now {Dα(A， Ba; 1)} A is a family of subsets of A* indexed by the directed 

set A such tha t for α드ß， α， ßεA， Dα(A， Ba ; 1)그D lA, B ß ; 1). For each α in 

A, the norm topology on D a(A, B a ; 1) ind uced by 1Ha is finer than the norm 

topology on D ß(A, B ß ; 1) by 1.1버， whenever α드β because BaCBβ lor α드β. 

Take z'αß to be the canonical injection: D ß(A , Bβ ; 1)• Da(A, Ba ; 1) for α드ß， 

then Lim Dα(A， Ba ; l) may be identified canonical1y with n ‘ Da(A, Bα ;1) 
aEA 

(See Bourbaki [6] page 50). But by Theorem 2.2, n D ,,(A , B" ; 1) =D(A, β ; 1) 
aEA “ “ 

and the result follows. 

DEFINITION 2.4. Let (A, ß) be a pseudo-Banach algebra and a an element 

of A. Since A = 닝 {A(Bα) ; Bα딩}， aEAa for some a. Put Va(A , Ba ; a) = {f 

(a) ; l'εDα(A， Bα ; 1)} and define the nμmerical range 01 a to be V (A , β ; a)= 

{f(a) ; fεD(A， ß; 1)}. 

v(A , ß; a)=sup{1λI ; λεV(A， ß, a)} is called the numerical radius 01 a. 

REMARK. Since a complete locally convex algebra in which every element 

is bounded is a pseudo-Banach algebra (cf: [3]), the results of this chapter 

hold good for those locally convex algebras as well. 

THEOREM 2. 5. Let (A , β) be a pseudo-Banach algebra and a αíZ element 01 
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A. 1[ aεAa [or some α• then Va(A. Bα : a)=V(Aa• Il-IIa: a) and V(A.ß: a)= 

q{V(Aα. 1 1-11 α : a) : aEA). Moreoveγ， ν(A. β : a) =inf {v(Aa.II.11 α : a)<1 α1α• aε 

Aα}. 

PROOF. By definition. 

Vα(A.Bα ; a)= {f(a) : [1εDa(A. Ba : 1)} 

= {g(a) ; gεA*. gaED(Aα. 1 1-11α : l)} 

= {ga(a) ; gaED(Aα’ 11. a; 1)} 

(Since g(a)=ga(a). for aεA깅 

=V(Aa’ 
;;.lIa:a). 

Thus. by Theorem 2. 2. 

V(A.ß; a)={[(a) ;[1εD(A. β : 1)} 

= {g(a) ; gε nDα(A.Bα : 1)} 
aEA -- ‘ 

= Q {g(a) ; geDa(A, Bg : 1], aεAa} 

= n {Vα(A.Bα ; a) ; aεAα} 
a 

= Q {V(Aa, 11 · |1α ; a) : aEAa}. 

FinalIy. since V(A. ß : a) = n V(Aa.11-IIα : a). we have. 
α 

v(A. ß : a) =inf {ν(Aa' lI olla : a)드Ila α’ aεAa}. 
g 

THEOREM 2.6. Let A be a pseudo-Banac1z algebra μ!Uh z'dentity 1 and a an 

element o[ A. Then. 

(i) Sp(A : a) = n {Sp(Aα : a) : aεAα}. where Sp(Aa' a) z's the spectγμηZ o[aεAα· 
α 

(ii) r(A : a)=inf {γ(Aa: a) : aEAαJ. μIhere r(A ; a) =sup {I À./ : À.εSp(A ; a)} 
α 

is the spectγal radizes. 

PROOF. (i) By definition. Sp(A: a)= {À.εC: (A.l-a)똥 G(A)}. If À.εSp(A: 

a) then (À. -a)E1=G(A). We claim that (A. -a)풍G(Aa) for each Aa for which a 

εAa. For. otherwise. (A. -a)εG(Aα) for some Aα for which aεAα. But this 

implies that (À. -a)εG(A) (because G(Aa)CG(A)) contradicting that (A -a)졸 

G(A). Hence Sp(A: a)εSp(Aa : a). for aIl α’ s for which aεAα ; and so Sp 

(A ; aIQ {Sp(Aα ; a) ; aεA씨 . On the other hand. if À.εn {Sp(Aα ; a) ; aεAa}' 
g 
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then (A. -a)풍G(Aα) for all Aa for which aEAa' But the algebra A being the 

union of the subalgebras Aa' which are outer directed by inclusion, we see 

that (A. -a)종G(A) ; and therefore AεSp(A ; a). This proves (i). 

(ii) By definition and (i), r(A; α)=sup {IAI; λESp(A， a)} =sup {I A 1 ; AEn 
a 

Sp(Aα ; a)} =i판 {r(Aα ; a) ; aεAα=A(Bα)}， because {Ba} is outer directed. 

THEOREM 2.7. Let (A , 껴) úe a pseud 0-Banach ι1geúra and a an element 01 
A. Then Sp(A ; a)CV(A, ß ; a). 

PROOF. We know that Sp(Aα ; a) is contained in V(Aa,lI' a: a) for aεAa’ 

because Aα is a Banach algebra ([5J , page 19, Th. 6). 

Hence by Theorem 2.6, Sp(A; ψ =n {Sp(Aα : a) : aεAa} 
g 

ζQ {V(Aα， 1Ha : a) : aεAa} 

=V(A, β : a) by Theorem 2.5. 

3. Some propertÎoes of the numerical range and spectrum 

PROPOSITION 3. 1. Let (A , ß) be a pseμdo-Banach algebra and a an element 

,01 A. Thmz Sp(A : a) Z"S a compact sχbset 01 C and V (A , β ; a) a convex compact 

subset 01 C. 

PROOF. By Theorem 2.6, we have Sp(A, a)=n {Sp(Aα ; α) ; aεAα} ， where 
α 

each Sp(Aa ; a) is a nonempty compact subset of C [5J. Since Sp(A ; a) is the 

intersection of nonempty compact subsets of C, it is compact. Further, since 
by Theorem 2. 5 

V(A , β : a) = n {V (A a' 11.11 α ; a) ; aεA~} ， w here each V (Aα， i' [[α ; a) ; aεAα is 
α 

a convex compact subset of C, by Th. 3 (page 16, [5J) it follows that V(A , 

β ; a) is a convex compact subset of C. 

THEOREM 3.2. Let (A , ß) be a pseudo-Banack algebra wz"t lz the z"ndχctz"νe Umz"t 

topology and a an element 01 A. Then, r(A; a) =inf {r(Aα ; a) ; aεAα} =inf 
α 

{[[ a [ α’ aεAα} and γ(A ; a) =ν(A， β ; a). 

PROOF. Let β(a)=inf {[[a a' Bαεß;aεAα=A(Bα)}. By Theorem 2.6 (i i) , 

r(A;a)=inf {γ(Aα ; a) ; aεAα} 

=inf{sup {!지 ; AεSp(A ; a)}}드inf{ lIaμ ; aεA，，J 
α α 

=ß(a). 
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I“、~ we prove that ßCa)르rCA ; a). Suppose aεAa=ACBa) for some Bαεβ. If 

zEt'::SpCAα ; a) and I z I > Ilalla’ then Cz-a)-l εAα and (z--a)-l=z-l+z4 a+z-3a2 

+ ...• in which the series converges ahsolutely in Aα. Thus if I'εA' and g 

-1 ~/ .. ", I -2 J'"/ _ "\. I -3 r/ __ 2 Cz) =/CCz-a) -"). then g(Z) =z _"/(1) +z~/Ca) +z -"/Ca"') +"'C션. for zEt'::Sp(Aa 
a) and Izl> 1 allα늘ßCa). Clearly g is holomorphic for I z I > rCAa ; a) and hence 

from its Laurent expansion C*) we have lim SUp I/Ca n) ， 1/n드lim supllanll "，1/η 
”-，。。 n-，。。 g -

Thus lim SUp' ICa성 1 1/n드γCA ; a), (/EA') proves that ßCa)드γCA ; a). But then 
11-→。。

βCa)<rCA ; a)=inf rCAa ; 찌르inf vCAa ; 11.1나 ; a)드inf{ 1 alla ; aεAa} =ßCa) , wh-
a a a 

ich also implies that inf γ CAa ; a) =ir;Í vCA, Ba' a). Hence we have rCA; a) =v' 
a α 

CA. ß ; a) =inf {lI allα" aεAα} =ßCa). 
g 

THEOREM 3.3. Let CA. ß) be a pseμdo-Banach algebra and a an element of 

A. Then the closure 01 the convex hull 01 Sp CA. a) , denoted by Co SpCA ; a) •. 

coincz"des with VCA.ß; a). 

PROOF. By Theorem 2.7 and Prop. 3.1, SpCA; a) is a compact subset of C. 

and VCA. ß ; a) is a convex compact subset of C such that SpCA ; a)드VCA， ß; 

a). AIso by Theorem 3.2, rCA; a)=vCA, ß; a). Hence Co SpCA; a)=VCa, ß; ‘ 

a). because the latter is a compact convex subset. 

THEOREM 3.4. Let F be a closed Cunder the z'nducUve limz't topology) subalg-

ebra 01 the pseudo-Banach algebra CA. ß). Let CF, ß') denote F wz'th the bound ’ 

stγuctμγe ß’ restricted to F a1td let a be an element 01 F. Then VCA.ß;a)=V 

(F, ß' ; a). 

PROOF. For each α we have A(Ba)그FCBa') i. e Aα그Fa' where Ba'=FnBα· 

AIso by the Banach-algebra numerical range theory (page 16. Th. 4,. [5]) for 

each α when aEFα. we have: V(Aa• 1Ha; a)=V(Fa• Hα ; a) or Va(A.Bα ; a), 

=Vα(F.Bι ; a) , for aεFα· 

Hence VCA , B ; a)=n {Va(A. Ba ; a) ; aεAα} CTheorem 2. 5) 
α 

=n {VaCF, Ba' ;a);aεFa} =VCF, ß; a). 
α 

REMARK. The above theorem is not true in general for any topologicaL 

algebra, e. g. , see [9]. It is, however, true for Banach algebras [5]. 
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COROLLARY 3.5. Let (A , ß) be a pseudo-Banach algebra and a an element oF 

A. Then V(A， β : a)=V(P(a) ， β : a), where P(a) z.s the algebra of polynomz.als' 

wzïh complex coeffz"dents. 

PROOF. This is an immediate consequence of Theorem 4 (page 16, [5]) and 

Theorem 3. 4. 

The following properties (Theorem 3.6) are known to be true for Banach. 

algebras. We show them here for pseudo-Banach algebras. 

THEOREM 3.6. Let (A, ß) be a pseudo-Banach algebra with tlze inducUve lim# 

topology, let a, b be elements of A and p, qεC. Let V(A, ß; a) be denoted by V' 

(A : a) for convenience. Then the following properties hold: 

(i) V(A,a+b)CV(A: a)+V(A: b) , 
(ii) V(A : p十qa)=p+qV(A : a) , and ν(A: p+qa)드 IP I 十 I q I ν(A : a) , 

(iii) v(A : pa)= Iplv(A : a) , 

(iv) ν(A : a+b)드v(A ; a)十v(A ; b) , 
(v) r(A ; a+b)드r(A ; a)+r(A ; b), 
(vi) r(A : ab)드시A : a) r(A ; b) and ν(A ; ab)드v(A ; a) v(a; b), 

(vii) v(A ; an)=vn(A ; a) and r(A ; an)=rn(A; a). 

PROOF. They are easy to verify. For the Banach algebra case, see [5]. 

THEOREM 3.7. Let (A, ß) be a pseudo-Banach algebra aκd a an element 01" 
A. Then 

max Re V(A; ß: a)= ~!1f p-l {inf Il 1+palla 一 1 : aεAa} 
P>O α 

= lim p -1 {inf 1I 1+palla-1 ; aεAa}' 
P-o'" a 

PROOF. By Theorem 2.5, we have, 

max Re V(A ,ß: a)=max Re n {V (Aa, 1Ha: a)aEAa}. 
α 

=igf {max Re V(4, 11 • 1la ; a) ; aεAa} 

= inf {inf p-l (1ll+pallα-1) : aEAa} (by [5]) 
a þ>O “ 

or 

lim 
P• 0+ 

=inf p 1 {inf ll1+Pa|1a-1), aεAa}' 
þ>O 
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or 

lim 
f • 0+ 

THEOREM 3. 8. Let (A , ß) be a pseudo-Banach algebra and a an element 01 

.A. Then the set-valued map: a• V(A , β ; a) is uppeγ semiconUnμous. 

’ PROOF. Observe that a• V(A , ß ; a) is continuous if A is endowed with the 

inductive limit topology. Since for every aεA， V(A , β ; a) is a convex compact 

subset of A by Theorem 3.1, the set-valued mapping: a• V(A , ß ; a) is upper 

semicontinuous as in (cf. [4]). 

THEOREM 3.9. Let (A , ß) be a pseudo-Banach algebra. and a an element 01 

.A. Then 

max Re V(A， β ; ω=s.uP I 축 log {inf lI exp(뼈 lIa.; aεAa1 1. 
þ>O L P a 

or 

lim 
p• 0+ 

, ι 

ι 

:PROOF. max Re V(A , β : 강 =max Re n {V(Aa, 1Ha ; a) ; aεAa} 
a 

-
‘ =igf max Re {V(Aα.IHα ; a); aεAα} 

=inf sup [P 1 log {llexp(pa)lla ; aεAα}] 
a þ>O 

야
 r
m변
 

1,i*y 
‘ r ‘ ’ ‘ 

‘ 

=sup [p l log (inf {llexp(Pa)lla ; aεAa} )1. 
þ>O 

or 

lim 
þ>O+ 

DEFINITION 3.10. An element of a pseudo-Banach algebra is said to be dis

、sipative if Re z드0， for all z든V(A， β ; a). (See [5] for the Banach algebra 

.case.) 

THEOREM 3.11. Let (A , ß) be a pseudo-Banach algebra aηd a an el ement 01 

A. Th e1z a z's dz'ssz'pative il and only il inf {lI exp(ta)Iμ ; aEA~}드1， (t>0). 
a “ ‘.‘ 

PROOF. Applying Theorem 3. 9, we see that a is dissipative if and only if 
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log inf 
a 

{lI exp(ta) Ila ; aεAa} <0, i. e. if and only if inf {llexp(ta) Ila : aEAa} 드1， 
a 

(t>O). 

THEOREM 3. 12. Let (A, 찌 be a pseμdo-Banach a.lgebra and a an element 01 

A. Then, 

max Re Sp(A : a) =ip.~ 
p>ü 
송 1og(igf {11exp(pa] lla ; aεAa}) 1. 

or 

lim 
p• 0+ 

PROOF. max Re Sp(A : a) =max Re n {Sp(Aa : a) : aεA와 
a 

‘ 

=max Re {z: zεSp(Aa : a) : aEAα} 

=inf {max Re Sp(Aa : a) : aEAa} 
a 

=inf 
α 

ip.U츄 log Cllexp(þa) lIa : aεAa) 
.p>ü ~.I' 

or 

lim 
p• ú+ 

=$RE 곰 log (핑f {II exp (þa) 11 a : aεAa} ). 

or 

lim 
p• 0+ 
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