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BANACH *-ALGEBRA VALUED INNER PRODUCTS

By Younki Chae and Ilbong Jung

1. Introduction

W.L. Paschke [2] investigated right modules over B¥*-algebra B which pos-
sess a B-valued inner product respecting the module mapping. J.G. Bennett
[1] studied properties of vector spaces equipped with B*-algebra valued inner

products. In this paper, we will be obtained some properties of vector spaces
equipped with Banach *-algebra valued inner products.

2. Netation and Preliminaries

A Banach algebra A with an involution * satisfying [le*||=ll¢| for all e&A
will be called a Barach *-algebra. Throughout this paper, A denotes a Banach
*-algebra with a multiple identity ¢ and X denotes a complex linear space, A
is reduced if {e&Alf(@*ea)=0 for all positive functionals f on A}=1{0}. B*-
algebras are reduced. A is symmetric if the inverse (e—l-cz*a,)—l exists in A for
all a&4. A is symmetric if and only if —a*e is quasi-regular in A for all
a&=A. If A is reduced, then A is symmetric ([3] Corollary, p266, and I Pro-
position, p.303). All algebras and linear spaces are those over the complex
field ¢. It is assumed that all algebras possess a multiple identity e.

3. A-valued inner preduet spaces

DEFINITION 3.1. X will be called an A-velued inner product space if it is
equipped with a map <+, > | X XX—A4 such that

(1) <+, > 1slinear in the first entry,

(1)) <x,2>>0, i.e. <x,x> is a positive element of A, for all x&X,

(ill)) <x,y>=<y,x>*, for all z, yEX.
The map <., > i1s an A-valued inner product on X-

Suppoase [ is a *-subalgebra of a symmetric Banach *-algebra A4 and define
<x,y> =y*x for x,y&J. Then J is an A-valued inner product space. Suppose
J 1s a *-subalgebra of a *-algebra A, B is a Banach *-algebra, and @®: A—B
is a positive operator (i.e. @ is linear and @(e¢*e)>0, for all a&A) with ¢(a*)
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=0(a)¥*, for all a&A. Define <a,b>=0(*e) for a, ¥&J. Then J is a B-valued
inner product space, Otherwheres, examples of such objects are numerous.
A-valued inner product <., > is a conjugate linear in the second entry. The.
conditions of A-valued inner product space are independent of each other.

An A-valued inner product space X will be called definite if <x, x> =0 only
if x=0, In general, A-valued inner product spaces are not necessarily definite.
Hence we may consider the following proposition.

PROPOSITION 3.2. Suppose A is reduced and X is an A-valued inner product
space. Let N be the set of elements x in X such that <x, x> =0. Thenr N is the
[inear subspace of X, and the quotient space X/N forms a defirite A-valued
inner product space.

PROOF. Let f be a positive functional on A. A map (x,y)— f(<x, y>) de-
fines a pseudo-inner product on X. By Cauchy Schwarz-inequality, f(<x-+y,
x+y>)=0, for x,y&N. Since A is reduced, <x+y, x+y>=0, for x, yEN.
Hence N is a linear subspace of X. Define <t¢+N, v+N>=<x, y>, for =z,
y&N. Then <., > is well-defined, and it is a definite A-valued inner product.

Let X be a complex linear space @2 with coordinate vector operations. Let
A be the algebra of all matrices of the form

o o

0,

with a&, B&(C. Define

(a, B) = || +|8| and (a' ’ ‘6’)‘%:(a ’ B)

0, a 0, o 0, @

Then it is well-known that A is a Banach *-algebra. It is easy to show that

A is not reduced. Define

0, aB,+5 @
ey BD, (ay ﬂz)>=<0 e ’ 1“2).

Then X is an A-valued inner product space. We can take x, yEN with x+ye&
N. Thus the hypothesis in 3.2. Proposition, that A is reduced, is essential.

Suppose X is an A-valued inner product space. Let P, be the set of all po-
sitive functionals f on A such that f(e)<<1. Define

1
Izl y=sup f(<x,x>) 2, fEP,.
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1
For f&P,, x—f(<x, 2>)% isa semi-norm on X. Hence [+|y isa semi-norm

on X. When 4 is reduced and <-,:> is definite, ‘||, is a norm on X.

1
Define |[zllx=l<«,2>1l 2. Then |{-llx is not always a semi-norm on X. If A
is a symmetric Banach *-algebra, then [x|l, < lixllx. If A is a B*-algebra, then

PROPOSITION 3.3. Suppose A is a symmeiric Banach *-algebra, and X is an
A-valued inner product space.

(1) Assume that I[csz: laZH, for all ecA. Then [[<x, y> [lgllx]lxlly[lx, for all
v, y&X. In particular, |ixlly=ixllx for all x&X,

(ii) Assume that A is reduced. Then <x, y> =<y, x> if and only if f(<x,
y> )<zl yliylly, for all fEP,.

PROOF. (i)Let x, y be elements of X. By Schwarz-inequality, |f(<x, y>)l2

<f(<Lx, 2>) f (Ly, y>)£llxll§lly\l§{, for all f&€P,. Hence [f(<x, y>)I=lxiig
Iyl y, for all fEP,. Since A is commutative ([6], p262) by ([3] Corollary 4,

p308), liml <=, y>”l|1/”=sup f(<x, y>), where the supremum is taken over
all indecomposable normalized positive functionals f. By the hypothesis, [ <x,

y>1 =liml <z, y> 1Y% =liml <z, y>"1""<lizll ,yli 4.

(1) The proof is obvious.

REMARKS 3.4. (1) 3.3 Proposition (i) is not true if A fails to be the con-
dition that [[#I°={z%, for all xEA.

(2) 3.3 Proposition (ii) is not true if the condition that A is reduced, 1s om-
itted.

4, A-valued inner product mcdules

DEFINITION. 4.1. An A-valued inner product space X will be called an A-
valued inner product module if it is a right A-module satisfying

<lza, y> =<x, y>a, for all x, y&X, ae&=A.
W. L. Paschke [2] proved the following propositions for the B*-algebra va-

lued inner product modules (pre-Hilbert B-modules). In this section, we cons-
ider them in A-valued inner product modules X.

PROPOSITION. 4.2. Suppose A is a commutative Banach *-algebra and X is
ain A-valued inner product module. Then |(xai <lx|  lal, for all x€X, a&A.
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PROOF. Let @ be an element of A. For f&EP,, let ¢ be a positive functional
on A defined by o(z)=f(a*za). Since @(b*b)<|b*bllp(e) for all b&A4, [f(a*b*ba)
<|1p*blif(a*a), for all bEA. Since A is commutative, it is easy to show that
lxzal ,<lalilizll y, for all x&X, aC&A.

Let B be a symmetric Banach *-algebra. Then [0%*blle—0*6=>0, for all »&B.
By ([1], p6), we have

PROPOSITION 4.3. Suppose B is a symmelric Banach *-algebra, aend X is an
A-valued inner product space. Then a lefi-module action of B on X satisfying

<lbx, y> =<x, b*y> for all x, yEX, bEB has properties that

Q) <bz, ba><BI’<zx, x>, for all xEX, bEB, and
(1) lioxll x<<libllllxll » for all x&X, bEB.

PROPOSITION. 4.4. Suppose A is a reduced Banach *-algebra and B is a cl-
-0sed *-subalgebra of A. If T . B—A is a linear map such that for some K=0,
we have T (x)*T (x)<Kzx*x, for all x&B., Then T(x)=T(e)x, for all x&B.

1
PROOF. Define T,: B— A by To(x)={1/2(K+IIT(e)l[2)} 2 (T(x)—-T(e)x).
‘Then T(e)=0. Easy computations show that T'y(x)*Ty(x)<x*x, Define a pseudo-
norm on A as following

| x| =sup f(x*x), fEP,.

Since A is reduced, A is an A*-algebra with |x| as an auxiliary norm ([4],

‘Corollary 4.6.10, p226). Let A be a completion of A by |+|. Then A is a B*-
‘algebra. Let B be a closure of B in 4. Then B is a closed *-subalgebra of A.

Since |T(x)|<K|x|, T is a bounded operator w.r.t. |+| and T, is a bounded
operator w.r.t, [-|. Indeed, there exists 2>0 such that [T (x)|<Ek|x|, for all
x&B. By ([5], 17 Theorem, p23), there exists an extension bounded operator
T,:B—A of T, Since T is continuous, T,(#)*T (x)<z*x, for all *+&B. By
([2], 2.7 Propostion), To(x)=70(e)x, for all x&B. Since T(e)=0, T(x)=T
(e)x, for all xEB.

LEMMA 4.5. Suppose A is a symmeiric and X is an A-valued inner product
module. Then <y, x> <x, yO<|[<y, y> 1<%, 2>, for all x,yEX.

Suppose A is a reduced Banach *-algebra, B is a closed *-subalgebra of A,
(X, <+, +>3), isa B-valued inner product module, and (¥, <-,+> ,), is a defin-
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ite A-valued inner product module. Then, by 4.4 Proposition, 4.5 Lemma, and
([2], 2.8 Proposition), we have
PROPOSITION 4.6. If T : X—Y is a linear map such that <Tx ,Tx> ,<<x,

x> g5 Jfor all x&X. Then T is a bounded module map.

SUppose AI is reduced, B is a closed *-subalgebra of 4, (X, <., > ), isa B-
‘valued inner product module, (Y, <, «> A), 1s an A-valued inner product mo-
-dule, and T : X—Y is a linear map such that <Tx, Tx> 4 <<, x> 5, for
all z€X. Assume that there exists a nonzero element & of X such that <T¢,
T6> =<§&, £ 5 Then we may be claimed that <T'x,T§> ,=<x,§>p for
all x€X. Let x be an element of X and ¢ be any real number. Then we have
1(<Ts, Ta> ;+<Tx, T > ))—1(<§, x>+ <%, §>5)<<x,2>53—<Tx,Tx>,
Since ¢ is arbitrary, <T§ ,Tx> ,+<Tx, T¢> ,=<&,x>5+<x, >4 It fol-
lows that <T'x,7¢> ,=<x,§>g. Let f be an element of Pp, Then X/N P is
a pre-Hilbert space with an inner product (x+N f,y-{-N f)::f( <x,y>y), Where
.Nf:- reX|f(<x,x>;)=0}. Let (Hf, H-llf) be a completion of X/Nf. Define
X+N—f(<x, §>p) 1s a well-defined linear functional on X/N £ Since
(<%, &> B)(S\Ix+Nf[f IIE—{—Nf[[f, there exists T(f,E)EHf such that f(<x,{> )
=(=+Ng T(f’g)) and IT(f_E)[[fSIE—.LNfo. Let y,=y+N, OSuppose g&EP; such
that |g(x)|<|f(x)|, for all x&EB. Since NfCNg, x—l—Nf——rx—[—Ng of X/Nf into
X/N, is a contractive map and extends a contractive map V(f’ 7, &) of H ¢ into

H . For z€X, let V(f_ o @(a?f):,%g. Then we have the following proposition
by ([2], 3.1 Proposition).

PROPOSITION 4.7 Let A, B, X, Y, and T be as above. Assume that there
exists a nonzero element & of X such that <T¢, T¢> ,=<§, §> 5 and f, gEEP,
with lgCo|<|f(x)], for all x&€X. Then

Ve o T e =Tgey
Kyungpook University
REFERENCES

[1] J.G. Bennett, Induced Representations of C*-algebras and completely positivity, Tr-
ans. A.M.S. 246(1978), 1—36.

[2] W. L. Paschke, Iuner Product modules over B*-algebras, Trans. A.M.S. 182,



74 Younki Chae and Ilbong Jung

(1973), 443—468.

[3] M.A. Naimark, Normed algebres, Wolters-Noordhoff Publishing, Groningen, The:
Netherlands, 1972 (Original Russian edition, 1955).

[4] C.E. Rickart, General Theory of Banach Algebras, Van Nostrand, Princeton, N.]J.
1960,

[5] Dunford, N., and J.T. Schwarz, Linear Operators, Vol.1l, Int. Publ. Inc. New
York, 1958.

(6] W. Rudin, Functional Analysis, McGraw-Hill Inc., New York, 1973.




