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SOME NEW COMPACTNESS CHARACTERIZATICNS FROM GRAPHS

By James E. Joseph

1. Introduction and preliminaries

In this paper, if X, ¥, and Z are topological spaces and ¢ : X—»Z and «:
Y —Z are functions, we denote {(x, YEX XY : d(x)=a(y)} by E(P, a, XXY,
Z). The following result is well-known (e.g. see [5] for a more general
result).

THEOREM 1.1 If Z is Hausdorff, then E(¢p, ¢, XXX, Z) is a closed subset
of XXX for each space X and continuous function ¢ . X—Z.

The results in Theorem 1.2 motivate our main results. In a space, we let
3 (x) represent the collection of open subsets which have x as an element and
cl(K) represent the closure of a subset X of the space.

THEOREM 1.2, The following statements are equivalent for a space Z .

(@) Z is Hausdoxff. ]

(b)) E(b, a, XXY, Z) is closed i XXY for aky two spaces X, Y and
continuous functions ¢ : X—>Z and o :Y—Z.

(¢c) Ep, a, XXX, Z) is a closed subset of XXX for any space X and con-
tinuous fuwctions ¢, o X—Z.

PROOF. Proof that (&) implies (3). Suppose Z is Hausdorff, let X and Y

be any spaces, let ¢ : X—Z and « : Y—Z be continuous and let (p, ¢)Ecl(E(Q,
o, XXY, Z)). There is as filterbase 2 on E(@, a, X XY, Z) with Q—(p, ¢).

If #, and =, represent the projections of XXY onto X and Y, respectively,
then z,(L2)—p, 7,(2)—¢ and for each FEQR we have ¢, (F))=a(z,(F)). So
o(m, (2))—p(p) and CHC?Iy(Q))“'}CI’(Q). Since ng(zrx(Q)):a(ﬂy(Q)) and Z is Haus-
dorff, we have ¢(p)=a(q). The proof that (a) implies (&) is complete.

Proof that (&) implies (¢). Obvious.

Proof that (¢) implies (@¢). Suppose Z is not Hausdorff.

Choose xj, 20&Z with xo#Z2g such that Q={VNW : V&l (x,), WEZ(zy)} is a

filterbase on Z. Let Z(xy, 2) be Z with {ACZ : xy&A or FCA for some FEQ}
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‘as its topology. Let ¢ : Z(xy5, Q2)—Z be the identity function and let o @ Z(x,,
)—Z be defined by a(x)=x if x#x, and a(xy)=z,. It is evident that both ¢
and « are continuous at any x#x, If W&EX(¢(xp)) (W& (a(xy))) then WU {xgt
&3 (xy) in Z(xy, 2) and ¢(WU{xg})=W (a(WU{xs})CW). Thus both ¢ and «
are continuous at x5 However, (x5, x)ECl(E(@, o, Z(xy 2DXZ(xy £, Z))
and (xg, 2 )EE(D, a,Z(xg, QDXZ(xy ), Z), so Z does not satisfy condition
(¢). The proof of the Theorem is complete.

It is interesting to note that formulations which are strikingly similar to thoese
-0f Theorem 1.2 characterize compactness. These formulations are our main
results and are presented in section 2. If X and Y are sets we will let £(X,
Y) represent the class of functions (or bijections) from X to Y. If p&Z(X, ¥ )
we will represent the graph of ¢(G.e. {(x, d(x)) : x€X}) by G(@). If X, Y are
-spaces and ¢=Z(X, Y) we say that ¢ has a closed graph if G(¢) is a closed
-subset of XXY. If X is a space and 2 is a filterbase on X we let ad® denote
the adherence of 2. The following theorem, asserted here without proof.
‘motivates Definition 1.4 which extends the notion of closed graph.

THEOREM 1.3. If X and Y are spaces, ¢ (X, Y) has a closed graph if

and only if {p(x)} is a closed subset of ¥ and adp(Q)CT{p(*)} for each r=X
.and filterbase Q2 on X —{x} with Q—x.

DEFINITION 1.4. If X and Y are spaces then ¢&&(X, Y) has a subclosed
graph if adp(Q)C{p(x)} for each x&X and filterbase Q on X—{x} with 2-—ax.

We let R represent the class of topological spaces or any class of spaces
containing the Hausdorff completely normal spaces. If X is a set and x&EX

and Q is a filterbase on X, then X(x;, Q)={ACX : xyEA or FCA for some
FEQ} is a topology on X and the following result is readily verified.

THEOREM 1.5. If xy is an element of a set X and Q2 is a filterbase on X
with empty intersection on X —{xy}, then X(xy ) is in class R.

2. Main results
Theorems 2.1 and 2.2 are our main results.

‘THEOREM 2.1, The following statements are equivalent for a space Z
(@) Z is compact.
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(b) E(d, o, XXY, Z) is a closed subset of XXY for any two spaces X, Y
n R and g€ (X, Z), a&0(Y, Z) with subclosed graphs.

(¢c) E(p, oo, XXX, Z) is a closed subset of XXX for any space X in R and
0, 00 (X, Z) with subclosed graphs.

PROOF. Let Z be compact, X, ¥ be any sapces, 9&& (X, Z) acd (Y, Z)
with subclosed graphs, and let (p, ¢) be a limit point of E(¢, a, X XY, Z).
‘There is a filterbase 2 on E(@, o, XXY, Z)—{(p, q)} with Q—(p, q). If
7z, (F)={p} (r:y(F)= {g}) for some F&EQ2, then we may assume, without loss, that

n'y(Q) (7,(2)) is a filterbase on Y —{g} (X —1{p}). Since :ry(Q)—:»q (7, (82)—p) we
have ada(z,(Q2))CTla(g)} (adp(z, (L) T{p(p)}). We see readily that {p(p)}C
ad ¢(z,(Q2))=ada(x,(2))Cla(g)} ({a(g)} Cada(z,(L2))=adp(z,(2))CTH{p(p)}). So
O(p)=a(g) and (p, ¢)EE(Q, a, X XY, Z). Otherwise, without loss, we may
assume that 7,({2) and 7,(22) are filterbases on X —{p} and Y —{g}, respec-

‘tively; since 7,.(£2)—p and :ry(Q)—f'q and Z is compact we have gﬁ#ada(rzy(ﬁ))
‘Cla(g)}. Since ada(z,(2))=add(z (DICT{P(p)} we get ¢(p)=a(g) and (p, ¢)
EE(p, o, X XY, Z). The proof that (@) implies (8) is complete.

Now it is clear that if () is satisfied when £&(X, Z) and £, Z) are
restricted to the classes of bijections, and for all X, Y in R then (¢) is also
-obviously satisfied under these conditions. To complete the proof of the
theorem we will show that if (¢) is satisfied under these conditions then Z is
.compact. Suppose Z is not compact and let 2 be a filterbase on Z with adQ
=¢. Choose %y, 20&Z with xy#2; and assume, without loss, that £ is a
filterbase on Z—{xy, 20}. Let ¢ Z(xy 2)—Z be the identity function and define
o L Z(xy 2)—>Z by a(xy)=20, a(zy)=xyand a(x)=x otherwise. ¢ and « are
clearly bijections; we show that G(¢) and G(«) are subclosed and that (x5 x5)
(B, a, Z(xy, D XZ(xy $2),2). 1t is clear that (xy, x))EEQD, a,Z(x, )X
Z (x5 2), Z). This will complete the proof. G(@) (G(a)) is subclosed. Let
& X and let 2% be a filter base on Z— {x} with Q*—>x in Z(xy ). Then x=x,

and £%* is stronger than 2 so ad@(Q*)=adQ*Cad=0¢ (ada(2*)=adl*CadR=0).
"This completes the demonstration that G(¢) (G(«)) is subclosed.

Finally, if F, F*&Q, let p&FNF*. Then (p, ppe(FU{lxx ) X(F*U{xgt) and
(p, DEEW, a, Z(xy DXZ(xy ), Z); thus (x5 x)ECl(E(@Q, o, Z(x5 Q)X
Z(xg 2), Z)).

The proof of the theorem is complete.
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THEOREM 2.2, A space £ is compact if arnd only if for each space X, E(Q,.
6, XXX, Z) is closed in X XX for each o= (X, Z) with a subclosed graph.

PROOF. MNecessity., This follows immediately from equiealence (c)' of
Theorem 2. 1.

Sufficiency. Suppose £2 is a filterbase on the space Z with adQ=¢. We may
choose %y, 2o&Z with x37#25 and assume, without loss, that Q is a filterbase

on £—{xy, 2o}. Let X be Z with {ACX: AN{xy 2zp}=¢ or FCA for some
F&Q) as the topology. Let ¢ : X—Y be defined by d(x)=x if x&{xy. 25}, ¢lxg)
=2y, and ¢(zp)=x,5 Now, let x&X and let Q* be a filterbase on X — {x} with
Q*—x in X. Then x&{x, 2o} and we may assume, without loss, that Q* is:
stronger than 2. So adg(£2*)Cadf2=¢, and G(¢@) is subclosed. Now &(xy)Zp(z0)
s0 (xg, 2QEE(Q, ¢, XXX, Z). However, (xy zo)&cl(E(p, ¢, XXX, Z))

The proof of the the theorem is complete,

We close by observing that other characterizations of T; compact spaces:
from graphs may be found in [1], [2], [3], [4], and [6].
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