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1. INTRODUCTION

The study on the function space topologies has mainly been investigated in the space
of continuous function (1) |

Recently, Skorokhod (2} defined new topologies on the space of all discontinuous of
the first kind connection with a problem in probability theory.

In this paper Skorokhod convergent topologies are generalized hy the form of the bit-
opological space and compared with the other known topologies. (3) (5). That is,

(2-11 theorem): If X and ¥ are completely quasi -metric separable. then pairwise
almost convergent topology is coarser than pairwise Skorokhod convergent topology.

(2-12 theorem): The bigraph topology coincides with Skorokhod /; convergent topol-
ogy. (6

(2 13 corollary): Therefore denoting the statement “the topology S, is stronger than

S2" by S;~——8» we have the following relation:
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(3-1 Theorem) and (3.2 Theorem): Finally, We show necessary and sufficient con-

dition for compactness in pairwise Skorokhnd convergent topnlogy. 1)

2. Pairwise Skorokhod convergent topology

2 1 DEFINITION: Let (X,d,,dy) and (V,d*,, 4%.) bs completely quasi metric’ sepa-
rable spaces where d,(d,*) is a conjugate metric of 2;(d*).

We define the metric R, by

R(Cx, v, (oo, ) y—d ¥ wp, v2) bz, ), 17 1,2,

Then we obtain pairwise Skarokhod convergent topological space (YX, Ry, Ry).
22 DEFINITION: We denote by K(X,Y) the space of all functions f(x) which are
defined on the interval X {0,711, whose values lie in X, and which are every point have
a limit on the left and continuous on the right (and on the left at t=1).

Let us consider certain properties of the functions which belong to K(X,Y). A func-

tion f(x) will be said to have a discontinuity

A* (a0, St DY, 12
at the point xg.
2-3 Lemma: If f(x)=K(X,Y), then for any positive ¢ there exists only a finite
numnber of values of v such that the discotinuity of f(x) is greater than e.
PROOF: This follows from the fact that if there exists a sequence for which x, -~ 1%,
such that

AXC a1, ey O o d 1,2

then at 1, the function f(x) would have no limit either on the right or on the left.
2-4 Lemma: let x;, %, %3, - x4 be all the points at which f(a) has discontinuit-
ies no less than e, Then there exists @ § such that if [x" -x"] <d and if " and x”

both being to the same one of the intervals (0, k), (x1,22), (%2, 23) (a4, 1), then
AXCEx), 7" e 71,2,

PROOF: Assume the contrary. Then there would exist sequences %’, and 1", which
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converge to sume point xp and belong to the samz one of the iutervals (0,%;), (%, 1) and

the sequences would have the property that
d*t'(.f(x/n)’ j‘(x”n))."(:! 1“;“1’2'

Now the points &7, and x”, lie on opposite sides of xp (otherwise d*;( f(x',), f(x",))

=& would be impossible), so that d*,(fex -U), F(xe~0)) .z, 11,2, Therefore xy is one

of the points xj, Xz, v+ x5, which contradicts the statement that x°, and x”, bzlong to
the same one of the intervals (0, x,), (x5, 040, - (x4

2-5 DEFINITION: The sequence of funcltions /,{x) converges uniformly to f(x) at

the point x, if for all ¢>-0 there exists a d such that

lim sup d* (Fx), fx)) g, i212.
#-seo | x—xp}-d
Obviously if /,.(x) converges uniformly to f(x) at every point of some closed set,
then f,(x) converges uniformly to f(x) on this whole sel.
2-6 DEFINITION: The sequence f,(x)} is called J; convergent to f(x) if there exist
a sequsnce of continuous one to one mappings 4, (~) of the interval X=: [0,1] onto itse-

If, such that

lim_ sup R (55 £2(5))s (Auosds a3 120, 0 1,2

The uniform convergent topology {/ and /, convergent topology J, take the form of a
single jump at a discontinuity point xp. In both these topologies, for values of x close to
Xgs the function f,(x) can take on values which are cither close to f(xo-—-0) or to f(x +0).

If we wish to keep this last property, but do not rc.»‘quiro that the transition be in
the form of a single jump, that is, that a function ;,(x) may change back and forth bet -
ween the values f(xy - 0) and f(x 1 0) several times in the neighborhood of a point xg,
then we obtain topology Ja.

2 7 DEPINITION: A sequence f.(x) is said 10 be J, convergent to f(x) if there exists

a sequence of one to one mapping 2.(x) of the interval X ={0, 1] onto itselt such that

lim sup RiL(s5, £a())s (An(s)s S(Aa($))) >0, i=1,2.

N0

2-8 DEFINITION: The pair of of functions (x(s), f(s)) gives a parametric represen-
taion of the graph (x,y) if those and only thosz pairs (x,y) belong to it for which an s
can be found such that y= f(s), where Jj(s) is continuous, and x(s) is continuous and

monotonically increasing (the functians J/(s) and x(s) are defined on the segment {0,11).
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We note that if (f1(s5), x,(s)) and (/(s), x.(5)) are parameiric representations of

x(s), there exists a monotonically increasing function A(s) such thut
F1(8)=f2(2(s)) and x,(s)= % A(s)).

2-9 DEFINITION: The sequence f,.(x) is called M,-convergent to f(x) if there exist
parametric representations (x(s), f(s)) of f(x) and (x.(s), F.(s)) of F.(x) such that

lim sup R[(x.(5), fu(5))s (2(5)y F(8)) S0, i=1,2.
R—pCD

We can characterize the topology M, in the following way from the point of view of
the behavior at a point of discontinuity xy of the function f(x).

The transition from f(xo—0}) to F(xe--0) is such that {irsc (f.(x) is arbitrarily clo-
se to the segment [ f(xo—0), F(x0)] and second that f,(x) moves from f(x—0) to (%)
almost always advancing.

2-10 DEFINITION: The sequence f,{(x) is called M;-convergent to f(x) if

lim sup inf RL(xp31)s (22,92))=0, i=1,2.
n—oo (21, ¥1)EC(F(2)) (%2 ¥2)EC(f2))
Let G be any of our topologies. We shall denote convergence in the topology GG by the

symbol

G
Su(2) > f(x).

Let us consider the relation between our topologies. It is clear that U/ is stronger than
J1s and that this in turn is stronger than Js. It is also clear that M, is stronger than
M. We recall that a topology G, is stronger than G, if convergence in G, implies conve-
rgence in Ga. If X is a linear space, we can use any of our topologies. It is easily seen
that convergence in M, follows from convergence in any of the other topologies, and that
convergence in J, implies convergence in any of other topologies except ordinary uniform
convergent topology U.

Denoting the statement “the topology () is stronger than (" by Gy—— Gi, all the
above can be summarized by

My
s 4y M.
(Skorokhod(2))
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<11 THEOREM: p almost convergent topology is coarser than p-M,-convergent topo-
logy.

PROOL: Let (X,L;, L) and (Y,5;,5:) be bitopological space and we define

AU V)= {fEr*: JU)NV #9)

where UesL; and V&S,,i=1,2.

If 7', is generated by (4L, V)}, (YX, T, T2) is said to be p-almost convergent topology.
Since Mz-metric is

If we take
I = 1
60"“’2‘ di (yuyz). 50 = '2” d,'(xl,xz), Xo and Yo
such that
% = infix | di(x;,5) = di(x, %)}
and

yo = inf {y | d*(yuy) = d*(3, )},
we Call exXpress

U;Sd'_(x0950):{a:dx(xtnz) g} and szdl"(yo,so).
= {2: d*(y0,2) <é0)-

And so, we can make an open sphere Sp;(f,€,) such that
AU, V) = Sulfie) =~ {fEYx: S(REV for any xU}.

212 THEOREM: Lex X and Y are completely quasi-metric separable. The bigraph
topology conicides with the pairwise J;-convergent topology.
PROOF: Let

Go; = {fEYX: C(f) CWeL, xS), i=1,2.
Then G,; is a subbasic open set in bigraph topology. We define
W= (X~ {%}) XY UX XSa;*(y0,€) as s—0,

and Sgi(f,e)={reY*: f(%5)=yo}.
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Since the metrice, in Joconvergent topology, is

Lim  sup K (s, 0(8)), (Aals), 7)Y 0, 21,2,
Hores O : ‘

H A,(8) o S n, 3 J(s) and ¥, = J(4a(5)), then

lim sup o *(v, 9.) — 0 and

n oo F
lim sup d,(x,%,) = 0.
Horcis ¥
Thercfore G, - Se (S, €) where Sg(f,€) is a subbasic open sel in pairwise J;-convergent
topology.
2-13 COROLLARY: Let X and Y be compleiely quasi-metric separable. Then, by (1),

B, (£-11) and (2-12), we have the following relation:

GL)(S ez K" = mi il P.' = j[ D Mg ,) A4,'
i.e.
denothing the statement “the topology S; is stronger than S;” by S; — S, all the above

can be swmmarized by

Gixs = K = U, = Py

* /Jﬂ \x
U i My > 4,

3. Compactness conditions in pairwise Skorokhod convergent topology.

3-1 THEOREM: (necessary condition) If a set of functions K< K(X,Y) is to be com-
pact in one of the topologies fy, Je, M; and M,, it is necessary that for all x&=X and
{(x)EK(X,Y) the values of f(x) belong to a single compact set A of X.

PROOF: If we have a sequence of points J.(x,), then by choosing sequence n, such
that

M,
Julx) = fol#)s Xpp — %,

we find that the distance between f..(x.s) and the segment [ JSo(%—0), Sfo(%)] approa-
ches zero, which means that /,..(%.:) is comact, so that the segment is compact.

3-2 THEOREM: (sufficient condition) The set of function K is compact in a topology
S, where S is Ji, Ja My or My, if (31 Theorem) is tulfilled and if

O
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i s (A, (e, SN+ sup d%(f(0), f))+
T <a<l¢

sup d*l(f(l), f(x)))) = (, i=1,2
I—e¢lx<
. . ) sup
Where 2. ,(e, f(x)):xE[O, 1, x,€ [xasxa‘{’*-%], xzi‘“"?ﬂx'r‘—%, x:o]H(fM), F(x), f(x2)

xo=max [0, x—¢l, & g=minfx, x+e)] and H{ f(x;), F(2), f(xz)) is the distance of f(x)
from the segment [ F(x;), f(x3)]
(by lim sup of a certain numerical set we mean its maximum limit point).

PROOF: Choosing everywhere dense set N of values of values of x which contain 0

and 1, we may take from any sequence f,(x) a subsequence fm;(x) such that if x&=N then

lim Fra(x)

Ny~

exists. Since

Luz (6, f(x) = Ls (6, f(2)),

we have

lim lim  (Aw (¢, fa(x)) + sup  d*(Sf(0), f(x))+

e ny—roo o<l x<c
sup a*(f()* f(x)) = 0.
I—c< x<

According to (), therefore, there exists a f(x)ek(X,Y) such that

sz
fm(x) —— 1(x).

This means that fm,(x) converges to f(x) on everywhere dense set containing 0 and

1, and that

lim  lim sup{ A (e, F(2))+ sup  d* (f(0), f(x)))
c—0 f(x)e=k o< x<e

+  su ar(f(1n), f(x)) =0, i=12,
<1

l—-c<lx
is fulfilled.
s
Hence S (x) —— T(x).

Bearing in mind that J,(¢, f(x)) and M(c, f(x)) are monotonic function of ¢, it is
— 33 -
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easy to obtain the following:
2-3 COROLLARY: {Necessary and sufficient condition for compactness in the topolo-
gies /i, Mp)

let S; denote either J; or M;. Conditions (3-1 Theorem) and

im0 (o (6 ) S (50, () +

- 024,

sup

S AN, )Y =0, =12,

are necessary and sufficient for K to be compact in S;.
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